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Exercise 1.1

1

@ Chapter 1

Z < Q, because every integer can be written as a fraction with a denominator of 1 and there are

. 1 2 23 .
fractions, such as —, — ,——, and so on, that are not integers.
3 13 225

N c Q, because every natural number is also an integer.

C o R, because every real number can be written as a complex number with the imaginary part equal to
zero.

Z > N or N c Z, because every natural number is an integer and there are integers, such as —2, —5, and
so on, that are not natural.

Z D Z orZ" C Z, because the set of positive integers does not include zero and negative integers.

N c R, because every natural number is rational, and therefore real. (Real numbers consist of rational
and irrational numbers.)

The decimal has a period of 2 so we need to multiply it by 10? and then subtract the equations.

x = 2.151515.. } 213 71

=9x =213 =2x=—=
100x = 215.151515... 99 33

The whole decimal part is not periodic so we need to multiply by 100 first to obtain a periodic decimal.
Then we need to multiply by 10 to obtain the same decimal part before subtracting the equations.

100x = 1191.3333... } 10722 1787

1000x = 119133333, [ 200x =10722=x =~/ ==~

The decimal has a period of 6 so we need to multiply it by 10° and then subtract the equations.

x =8.714 285714 285...
1000 000x = 8714 285.714 285

8714277 61
=999999x =8714277T > x=——— = —
999 999 7

The following Venn diagram represents the sets described and will help us to find the solutions to questions
10-15.

A

LLDQ

10 AnB={1,3,57}
11 AUuB={1,2,3,4,5,6,7,8,9}
12 BNnC=9
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Chapter 1

AUuC={1,2,3,4,5,6,7,8} = A
AnC={2,4,6}=C
AUBUC=1{1,2,3,4,5,6,7,8,9t = AUB

a) A:all the even positive integers less than 11. B: all the odd positive
integers less than 10. C: all the positive multiples of 3 less than 10.

The Venn diagram right represents the sets described above and will help us
to find the solutions.

b) i) ANB=Q

ii) AUB=11,2,3,4,56,7,8,9,10}=U iii) A'={1,3,5,7,9}=B

iv) B'={2,4,6,8,10} = A v) AnD={6}

vi) BnNC={39} viij BNCnND=1{9}

viii) (CuD)'=1{2,4,5,8,10} ix) An(CnD)' =1{24,8,10}

c) On the diagram above, ignore set B and the universal set U.

We can represent the sets on the following number line.

Ue
0
P - 0

v

3 2 14 o0 1 2 3 4 5

a) PnQ=]o,1] b) PUQ=[-23]
¢ P'=]14] d) Q'=[-2,0]uU[3,4]
e) (PUQ) =[34] f) (PnQ'=[-20]uU]L4]

(§>4)&5:x>—w

B+4x<=-9)/-3=>MUx<=-12)/+4=>x<-3
1 10
(7—-3x <-=3)/+3+3x = (10 < 3x) ><§=>x>?

Note: When we swap the sides in an inequality, we need to change the sign of the inequality too.
3
6(2—x)<2x+15=12-6x<2x+15=> -3<8x =>x>——

3 7
(9s8x—3<11)/+3:>(12s8x<14)/+8:>5sx<z

(—4<1—5x<16)/—1:>(—5<—5x<15)/x( )=>—3<x<1

1
5

Note: When we multiply an inequality by a negative number, the inequality symbol is reversed.

False. Any x < 0; for example, 2 X (—1) = —1 = -2 = —1, which is false.

True

False. Any x < 0; for example, (—2)* + (=2) > (=2)’ = —10 > -8, which is false.

IV_1 1_1
False. Any 0 < x < 1; for example, (E) = E = Z = 5 , which is false.

True
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True

False. Any x < 0; for example, — (—3) < 0 = 3 < 0, which is false.
2

1
False. ——x<0=

1 1 .
< 0,any x < —lor 0 < x < 1; for example, —$—4:>—Z$—4,wh1ch

x x —4
is false, or % < % =3< %, which is also false.
3

_7_§:2_29 33 |2—(-11)=9
27.4-19.2 = 8.2 35 |7-3=n-3
g 2 U7 37 Q_(_E)‘:@

3 3 7 11 77
—5 < x =< 3, closed and bounded
—10 < x =< -2, half-open from the left and bounded
x = 1, half-open and unbounded from the right
X < 4, half-open from the left and unbounded
0 < x < 2x, half-open from the right and bounded
a < x < b, closed and bounded
]-3, 45 |-4,6]
] =ee, 10] 47 [0,12]
|=oo, 7| 49 [-3,3]
x =6, [6,0] 51 4<x<10,[4,10]
x <0, |—e,0] 53 0<x<25]0,25]
x| <6 55 |x|=4
X <n 57 |x/>1
13 =13 59 [7-11=|-4=4
—5|-5/=—5x5=-25 61 |-3—|]-8=3-8=-5
N3-3=3-3
Note: \/3 —3 < 0 and therefore its absolute value is the opposite number.
A
1

x=5o0rx=-5

x—3=4 x=7
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Chapter 1

x—6=10 x =16
6—x=10=|x—-6=10= or = or
x—6=-10 x=-4

Note: It is always easier to manipulate with the opposite expression if the coefficient of the variable is
negative.

x € @it is impossible since the absolute value cannot be a negative number.

4
x=—=
3x+5=1 3x=-4 3
Bx+5=1= or = or = or
3x+5=-1 3x =—6 x==2

The following problem can be approached in two different ways. One way is to immediately target the
standard form of |ax + b| = ¢, and the second is to simplify the expression as much as possible by using
the properties of absolute value.

2 32
x——=10 xX=—
1 2 2 3 3
MethodI:x—‘=5/><2:>x——‘=10:> or = or
2 3 3
2 28
x——=-10 xX=—-—
3 | 3
32
x=—
1 ) 3x—-2=30 3
MethodII:2x—3‘:5/><6:>|3x—2|=30:> or = or
3x —2=-30 28
x=—?
72
x=—
6-2x| 2 2 |6-2x| 38/ 15 xo1>=57 :
‘ x+:8/—:>‘ x=/><:>|5x—15|=57=> or = or
3005 5 3 >/ 2 5x—15=—57 42
x=-—
5
x+2=2 x=0
x+2
b} 3 =2= or = or
x+2=-2 x=—4

a) False. Any (x <0and y > 0)or (x > 0and y < 0); for example,
x=-land y=2=|-1+2/ = |- +[2| = [I| = 1+ 2 = 1 = 3, which is false.
b) False. Any (x <0and y > 0)or (x >0and y < 0); for example,
x=3and y =2 =3—(-2)| =3 = -2 = [5| = 3— 2 = 5 = 1, which is false.

a) (x<y)/><1,x>0:>(1<y)/><1,y>0:>l<l
X

X y y X
b) (x<y)/><1,x<o:>(1>y)/x1,y>o:>l>l

Note: When we multiply an inequality by a negative value, the inequality symbol is reversed.




Exercise 1.2

1 IR xR =l x| = = B 2 E:ﬁzg
| x |H] = A ==F
3 VI8 x V10 = 392 x VX5 = 65 4 Jz_?z 4_2 27
49 7 707
5 Yixi6=37 x¥7 = {7 = 4 N Zzg

7 5(3+45)=5x3+4x5=3/5+20
8 (2+V6)(2-6)=2"~(V6) =4-6=2

Notice that we have recognized the conjugate form of the factors and hence used the formula for the
difference of two squares.

9 J98=+49x2 =72

Note: In problems such as this, we need to factorize the radical into as many perfect square factors as
possible.

10 41000 = 4/100 X 10 = 4010
11 /48 =3/8x6 =236

Note: In problems such as this, we need to factorize the radical into as many perfect cube factors as
possible.

12 \/12x3y3z\/4><3><x2><x><y2><y=2xy\/3xy

13 Im’ =m 14 Zzﬁzi:ﬂ
Ve N2 V2 2

15 Jx"*(1+x) =x* 1+«

16 137 —10V7 =37

Notice that we simply combine like terms.

17 72 =83 +3V48 = /36 x 2 — 83 + 316 X 3 = 62 — 83 +12/3 = 6:/2 + 4/3
18 /500 + 520 — /45 = /5% 100 + 54 x5 —/9x 5 =105 + 105 — 3/5 = 17/5

o L_1 5 45 20 2_2X¢2_iﬁ_ﬁ
NN 52 572 V2 5x% 5
67 67 N3 621 4 A V2 2

R TE R ®mTAR R

Note: In the first four problems of rationalization, questions 19-22, we were multiplying by the same surd
expression in its simplest form.



Chapter 1

In questions 23-30, we rationalize the denominator by multiplying the numerator and denominator by the
conjugate of the denominator.

g 2 25—l _Z(V5-1) -1
1495 145  J5-1_ A2
w 11 2/5-3  2J5-3 25—

= X = =
34205 3+25° 2U5-3 (2\@)2_32 11

25 \/5 _ \/g X2+\/§_\/§(2+\/§)
2-3 2-3 2+3 22 —(V3)
4 4 G-2  4(V5-2) 4(V5-12)
J_+\f\/_+\f\ff()(ﬁ)2 3

27 Xy __ XY \/_JM(\/;\/;:\/;_\/;

Tty dxivy iy (x~7)

1+J§_1+\/5X2—ﬁ_2+2ﬁ—\6—3_ﬁ_1
2+V3 2+V3 7 2-43 4-3

- \/j \/1—2 \/1—

h Nxthedx  h(Vxthtx)
Jx+h Ux Axih-dx dxthtdx  xth-x

In questions 31-33, we rationalize the numerator by multiplying the numerator and denominator by the
conjugate of the numerator.

31 f—s_f—.% Ja+3 @~=9) 1

a-9 *Ja+3 M(\/E+3) Ja+3
12 Jx - f Jx — f Jx+y M 1
xX—y X—y \/7+\/7 M\/—+\/— \/;+\/;
\/E—\F Jm +7 m-—7

=2J3+3

26

=

28

30 =Jx+h+Jx

33
7—x \/—+f (7—x)(\/a+\/?)
Exercise 1.3
1 3
1 16* = (24)i =2 2 92= (32)3 =3'=27
2 2 4 4
3 643=(4)p=4"=16 4 8 =(2)p=2'=16
1 6
5 32g - (25)2 R 6 (\/5)6 = (22) =2"=38
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4x37  4x2’x 3 16
27 %3 37

Note: In this first approach, the negative exponents change sign when moved from numerator to

denominator, and vice versa.

In the second approach, we use the general power properties and leave the answer with no negative

exponent.
-2
2%2X><33*1 =27 %3 =2t x 37 = 16
3" 4 64
- (xy3)2 =—x'y’ 16 (—2xy’) =-8x7y°
7
<2x3y—5) <2x—1y3)4 - 2x3y—5 x 16X_4)/12 _ 327)’ 18 (41’}’12)73 _ 641”6
3kpt Sk NP R
= =5 20 (-32)5 =(-2°)s =(-2)' =-8
(E) p* 3" 3K (32 =(2f =(2)
2 31
(125)§ = (53)2 =5"=25 22 % = % —x23=x
x3
1 4
RN V. Y 24 (%)(%4):,@”3
(200) @ ax6a” K ad 3 o

6(a—b) 25 (a—b)*

= =2(a-b
3a-3b  %(a—b) (a=b)
1 1 3
(x+4y)5 B (x+4y)5_(_1) _ (x+4y)5 _ (x+4y)«/x+4y
2(x+4y)" 2 2 2
pig _ prg  Jprg PO e
2 2: 2 ZX 2 2: 2 = p +q
Jrr+d P +a Jpi+g PR
53x+1 _ 53x+1 _ 53"71
25 5°
1 1 1 1
txt 0 xt o 1L 111
EEE SRS

8k+2 23k+6
31 —— = =2'=16

3k+2 3k+2
2 2

3n+1 _ 3n—2 — 3n—2 (33 _ 1) =26 X 3n—2

W:{/Sx3x(x2)3(y4)3:23/§x2y4 33 1 n*+n* = Lz(n2+n4)=m

n n

x+&:&M:\E
1++/x M




Exercise 1.4

Chapter 1

The answers to questions 1-8 are given correct to three significant figures (3 s.f.). The first significant figure
is the first non-zero digit counting from the left. To round to three significant figures, look at the fourth
significant figure. If the digit is less than 5, round down. If the digit is 5 or more, round up.

1

3
5
7
8

10
11
13
15

16

17

18

19

20

21

22

253.8 = 2.54 x10° 2 0.00781=7.81x10"
7 405239 = 7.41x10° 4  0.0000010448 =1.04x10°°
49812 =498 x10° = 4.98 6 0.001991=1.99x%x10""

148 940 000 m* = 1.49 X 10° km’
0.000 0899 grams per cm® = 8.99 x 107 & (or899x107 gcm™)

3
cm

Note: Questions 1-8 can be answered by using a calculator. First select the numerical representation
mode. In the first row we need to select the scientific form, whilst in the second row we need to select two
decimal places.

The GDC screens for questions 7 and 8 are shown below.

NORHAL EN 1489480668
FLOAT 0iHE 456783 1,492
[JTEI DEGREE H. BEEES99

MY FAF FOL =EQ 2.99-5

! ooT
EQLES ZIHUL
KEAL Fe"Hi

@148 HORIZ 0G-T
SET CLOCKDERS P 1

149 597 870.691 km = 1.50 x 10° km

0.000 000 000 000 000 000 000 000 000 000 910 93815 = 9.11x10™"

2.7 %107 = 0.0027 12 5x10” = 50000 000
9.035x10™ = 0.000 000 090 35 14 4.18x 10" = 4180 000 000 000
(25%107)(10x10°) = 25 X107 x 10° = 2.5% 10’

6

3'2X102 _ 2 x10°* = 2.0x 10"

1.6x10° a1

1x107)(3.28 x10° . ¥ S s.

( )( - ):328X3+03 =’32/g82><105‘1°=8.2><10‘5
4x10 4x10 A1

(2x10°)" (3.5%10°) = (16 x10™) (3.5 x 10°) = (1.6 X 10" (3.5 x 10°) = 1.6 X 3.5 X 10" = 5.6 x 10"
(0.000 000 03) (6 000 000 000 000) =3x 10~ X 6 x 10" = 1.8 x 10°

1
(1000000)° \/0.00000004 _ (10°)" x(4x10°)2 102 x2x10™" 10° 5 % 10"
2

(8x10°): 4x10°

2
3

(8000 000 000)

410" _4x10t Ax10° 107 = 25 10°
(64x10%)(2.5x107)  1.6x10° A x(4x107") 4 T

(5.4x10%) (—1.1x107)" = 2° x 2.7° X 10" X 1.21 X 10 = 5.555 896 79 x 10' = 5.56 x 10" (0 3 5.£.)




In the process of expanding and simplifying polynomials, we apply the distributive property and then combine
like terms. Sometimes we can use slightly different methods in order to simplify and speed up the working.

Exercise 1.5

In the case of a product of two binomial expressions, the application of the distributive property follows
FOIL: first multiply First terms, then Outer terms and Inner terms, and finally the Last terms.

W

1 (x—4)(x+5)=x"—4x+5x—20=x"+x—20
2 (3h-1)(2h-3)=6h*-2h—9h+3=6h>—-11h+3

Sometimes we use the box method, which involves using a geometrical representation of the algebraic
problem. The dimensions of the box are the given binomial expressions, and the area can be split into four
smaller boxes. Each box on the leading diagonal represents the quadratic and constant term respectively;
whilst the boxes on the opposite diagonal represent the linear terms that we add.

3h -1+

6h? -2h
2h h—9h = —11h

-3 | [~9h 3 (3h—1)(2h—3)=6h* —=11h+3

3 In this case we apply the difference of two squares formula.
(y+9)(y=9)=y -9 =y =81

4  We apply the formula for the square of a sum.
(4x+2)" =(4x)’ +2x4x X2+ 2> =16x> +16x + 4

5  We apply the formula for the square of a difference.
(2n—5)" =(2n)* —2x2nx5+5 = 4n> — 20n + 25

6  Apart from using the distributive property twice, we can apply the formula for the cube of a difference.
(2y-5)" =(2y) —=3%x(2y)" x5+3x2y x5 —5 =8y’ —60y> +150y — 125

7  We notice that we have a product of two conjugate expressions and therefore we can apply the formula
for the difference of two squares.
(6a—7b) (6a + 7b) = 36a” — 49b

8 By grouping the first two terms in both brackets, we obtain two conjugate expressions and hence we can
again use the formula for the difference of two squares.
(2x+3+y)2x+3-y)=(2x+3)+ ) (2x+3)—y)=(2x+3)’ = y* =4x> +12x+9— y°

9  Applying the formula for the cube of a sum:
(ax +b)’ = a’x’ + 3a’bx* + 3ab’x + b’

10 Applying the binomial theorem for the fourth power:
(ax +b)" = a*x* +4a’bx’ + 6a°b’x* + 4ab’x + b*

11 <2+ x\/g) (2 - x\/g) =2’ —(\/gx)z =4-5x’

12 Applying the formula for the difference of two cubes:
2x-1)(4x> +2x+1)=(2x) -1’ =8x" -1
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Chapter 1

In this question we can apply the formula for the square of a trinomial.

(x+y—2) =x+y* +2° +2xy—2xz — 2yz

(x+yi)(x—yi)=x"+y’

Notice that this is the product of two conjugate complex numbers which is the square of the modulus of
that complex number.

(m+3)3-m)=9-m’
Notice that it is the negative term that changes its sign.

2
1=Vt +1) =1-2da 41+ x7 +1=2- 20 +1 417
So far we have been expanding polynomials. Now we are going to use the same formulae but in a
different order. For this question, we will again use the formula for the difference of two squares. This
time we recognize that the expression is a difference of two squares, and therefore we can write it as a
product of two conjugate binomials.
12x° =48 =12 (x* —4) =12 (x> = 2°) =12 (x + 2) (x - 2)
Notice that the common factor of different powers is always the smaller power that appears in all of the
terms.
x’—6x" = x> (x—6)
In factorizing quadratic expressions of the form x> + px + g, we need to look at the factors of the
coefficient q. Then we need to find two such factors that will add up to p.
X +x—12=x"+4x-3x-12=x(x+4)-3(x+4)=(x-3)(x +4)
We are going to apply the same formula as used in question 19, but working backwards since the
quadratic term is the last term and negative.
7—6m—-m’=7—-Tm+m—-m> =71 -m)+m(1—m)=(1-m)(7+m)

xX*=10x+16=x"-2x-8x+16=x(x—-2)—8(x—2)=(x—2)(x - 8)
Y +7y+6=y"+6y+y+6=y(y+6)+1x(y+6)=(y+6)(y+1)

In this problem we notice that all the coeflicients are divisible by 3, and therefore we factor out 3 and
proceed as we did in the previous questions.
3n° —21n+30=3(n" —=7n+10)=3(n’ —2n—5n+10)=3[n(n—2) - 5(n—2)] =3(n—2) (n—5)

In this problem the common factor is 2x, so we need to factor it out first and then proceed with the
method.

2x3+20x2+18x:2x(x2+10x+9)=2x(x2+x+9x+9)
=2x[x(x+1D)+9(x+1)]=2x(x+1)(x+9)

In this problem we recognize the difference of two squares, so we apply the formula.
a-16=a"-4"=(a+4)(a—4)

To factorize a quadratic expression of the form mx” + px + g, we need to apply more general expressions.
Notice that: (ax + b) (cx + d) = acx’ + (ad + bc) x + bd and, by comparing the corresponding
coefficients, we see that: mq = acbd = (ad) (bc).

By equating the coefficients of x we get the sum of the factors: p = ad + bc.

So, in this problem, we need to find the factors of —15 that will add up to —14. Very quickly we can see
that those two factors are —15 and 1.

3y’ —14y-5=3y" —15y+y-5=3y(y-5)+(y-5)=(y-5)(3y +1)



27 Although this expression contains terms of a higher power, the exponent is even, so it can always be seen
as a square; therefore, we recognize the difference of two squares.

25n* —4 = (5n%) = 2% = (5n* +2) (5n* - 2)
28 We notice a common factor of a in all of the terms. After writing a in front of the parenthesis, we
recognize the square of the sum expansion.
ax’ +6ax+9a:a(x2+6x+9)=a(x2 +2><x><3+32):a(x+3)2
29 If we spot that (m +1)* is a common factor, this problem becomes much easier.
2m(m+17 —(m+1)° =(m+1)° (2n-1)
30 In this case we will apply the formula for the difference of two squares twice.
x* _1:(x2)2 -1’ z(x2—1)(x2+1)=(x—1)(x+1)(x2 +1)
31 This problem can be solved in two ways. The first way is by factorizing the difference of two squares.
2 2
9-(y=3) =3-(y-3 =B3-0-3IIB+(-3)]=(6-)»
The second way involves expanding the square of a difference first, simplifying that expression and then
factorizing.

9-(y=3)=9-(y"-6y+9) ==y’ +6y=y(-y+6)= y(6-y)

32 Firstly, we notice that all the terms have a common factor of 2 yz, so we need to factor it out and then, if
possible, proceed with the method described in question 26.
4y* —10y° —96y° = 2y” (2y” — 5y — 48)
We notice that —96 does not have factors that will add up to —5. The closest we get is with the pair of
factors —12 and 8, but they add up to —4, not —5. So, the above factorization is the final one.

33 In this question we recognize the formula for the square of a difference.
4x* —20x+25=(2x)" —2x2xx5+5" =(2x - 5)°
34 When using the distributive property, the greatest common factor is the one with the lowest power. So,

when we have negative powers, in this question —2 and —3, the greatest common factor will be the one
with exponent —3.

(2x+3)7 4 2x (2x +3)7 = (2 +3)7 [(2x 4 3) 4 2x] = 213

(2x +3)°
Note that we have left the answer with no negative exponent.

35 n-2)'-(n-2002n-3)=m-2)((n-2)-2n-3))=(n-2)(1-n)

4 4 2 (2Y 2\’
36 m——m*+—m=m m2—2><m><—+(—) =m(m——)
3 9 3 3 3

In the following ten questions (37-46), the strategy that we are going to use relies on the fact that
simplification of fractions can only be done if the numerator and denominator have a common factor.

3, x+4 x+4 x+4 A% 1 1

X
x2+5x+4_x2+x+4x+4_x(x+1)+4(x+l)_(x+l)M1_x+1

5 -3 _ 1A= 1

6n’ —6n zi{nN 2n

39 4 -V _(a+b) (a~b) a+b
5a-5b  5(a—~D) 5




Chapter 1

x2+4x+4_(x+2)z

40 =x+2
x+2 )X/F/Z
41 Notice that the numerator and denominator are opposite expressions, and therefore their quotient is —1.
2a-5
5—2a
P45’ 2 —(2x) - 14 (4x+h
g QxR —4x'  Qx+h) - (2x) _[x+h)-2x]|[@x+h)+2x] W (x+h)

h h h H1

Note: We could have expanded the numerator first and then simplified and factorized. This alternative
method would lead us to the same result.

(x+1) (3x—5)— (x+1) (8x+3) _ (x+1) (3x" ~2x —5-8x - 3)

43
(x—4)(x+1)° (x—4)(x+1)
C3x7—10x-8 (3x+2)(x—4) 3x+2
S (x-)(x+D) (x—4)(x+1)  x+1
a Y+3)-202y+1) 3y +9y—4y-2 3y’+5y-2 Gy-DO+T  3y-1

(y+2) (y+2) (y+2) (y+2°  y+2

2
2 4]
45 b _

1 1
B
I+ 1 x/f%f x—1 x+x-1
1+—— 1+
46 X—1= x—1 — X _ X =(2x_1)(x_1)
1— 1 x—1-1 x—2 x—=2 x(x-2)
x—1 x—1 x—1 x—1
1 1- 2 2—4(2x-1 -
47 ——1=-—" 48 4= (2x-1) _6-8x
n n 2x —1 2x—1 2x —1
-1 — -1 -2 1 1 —
49 x X :3x 5(x ):5 x 50 ___:b a
5 3 15 15 a b ab
2 2
51 1 __ 3 1 3(x 23): 10 392 5y X +l:x +x+3 X 2-I—x+3
(x=3) «x-3 (x—=3) (x=3) x+3 x x(x +3) x4+ 3x
1 1 X +x 2 3 5 -3+5 2 -2
53 + = % % =— a > 54 + = = (or )
x+y x—y (x+y)x—y) x -y x-2 2-x 2-x 2-x xX=2

55 2X=6 3% =ZMX 3
X x—3 1 ;//5

56 X6 1 ZZMX 1 _ 2
7 x*-9 7 (x=3)(x+3) 7x-21

57 a+b>< 1 a*b

1 1 1
a a@-bv  a ><(a—b)ﬁg/vl/b’f_a(a—b) (or az—ab)

=6




58 3xz—3>< 5x° _,Z(xz—l)xsx\x _M(XJFDX 5x _ 5x(x+1)
6x 1-x 28X 1-x 2 (—I)M_ 2
3 5 3 5 3(y=5)+5 3y—10
59 +— = + = =
y+2 y'=3y-10 y+2 (y+2)(y-5) (y+2)(y-5) (-5(»+2)
o 8 . 2x 48 /M(Hz) _4(x+2)
9-x P —x—6x I)M(3+x) A 3+ x

In the following four questions (61-64), we will again multiply both the numerator and denominator by the
corresponding conjugate expression.

61 1 _ 1 Xx+\/§_x+\/§
x—2 x—vV2 x+v2 x2-2
o 5 5 2-x3 _5(2-xV3)

2+x\@ 2+x\f 2 - x\f 4 —3x°

63 \/7+\/7 \/7+\/7 \/7+\/7 X+ 2Jxy +y
Jx =y Jx- \f Jx+y  x-y

1 1 W Jx  Nx+h-x
Jxthidx dxthvdx Jxth-dx h

64

Exercise 1.6
n n hm—n
1 mh-x)=n=>h—-x=—=>h—-—=xorx=
m m m
v+t

2 v=Vab-t=>v=ab-t=v +t=ab=a=

h 24 2A 2A—bh
3 A:E(bl+b2):>7:bl+b2:>7_b2:b10rb1: h :

x
6 at=x-bt=at+bt=x=t(a+b)=x=t=——

a+b
7 V=lﬂr3h:>£:r3:>r=3£
3 7th \ 7th
8 —L:)(ml+m2)k:§:>k:L
mk +m,k F F(m, +m,)

In the following four questions (9-12), we can use many different methods to find the slope-intercept
(explicit) form of a straight line. We will explore a few methods.

9  Firstly, we find the value of the slope that passes through the two points:
V2= W -7-1 _-82_ 2

m=2—L—m= =—=-=

X, — X, 3-(-9) 73 3
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Then, using the equation of the line and one point, we can find the y-intercept.

——Ex+c=>c——7+3><}/——5
y 3 /3/

Therefore, the equation of the line is y = — 3 x—5.

10 We notice that both points have equal y-coordinates; therefore, the line passing through them is
horizontal and its equation is y = —4.

11 It is possible to derive a formula for the equation of a straight line that passes through two given points,

B =(x,, y,)and P, = (x,, y,). We know that the formula for the slope between two points is

m=22"21 and then we take any point on the line, P = (x, y), and again use the slope between P
X, T X
and P,.
Y~ — V2=~ N =y-—y = Y2~ N (x_xl)
X—x, X, —X X, — X,
So, the final formula that we use is: y = Yoo h (x—x,)+y,
X, =X

When we apply it in this question we get:
~11-(-9)
4-(-12)

Note: The equation of a line can also be written as y - y; = m(x - x;) (point-slope form).

(x—(—12))+(—9):y:%(x+12)—9:yz%x+15—9:yz%x+6

12 We notice that both points have equal x-coordinates; therefore, the line passing through them is vertical
) . 7
and its equation is x = 3

13 We know that two parallel lines have equal slopes. Given that the slope of the line
4x+y—-3=0= y =—4x + 3 is —4, the slope of the parallel line is —4. We can now use the slope and
the point to find the y-intercept: y = -4x +¢c = -17=-4X7+c=>c=-17+28 =11

So, the equation of the parallel line is y = —4x +11.
14 We know that two perpendicular lines have slopes that are mutually opposite and reciprocal. Given that
the slope of the line2x -5y —-35=0= y = % x—=71is % , the slope of the perpendicular line is — % .
We can now use the slope and the point to find the y-intercept:
5 11 5 11 25

=—=—xt+c=> —=—=—X(S)+tc=c=—-—7=-7
4 2 2 2 =5) 2 2

5
So, the equation of the perpendicular line is y = — 5 x—7.
Note: Two non-vertical lines are perpendicular if m, = —mL, which is equivalent to m, -m, = —1.
2

In the following four questions (15-18), we are going to use the distance formula between two points,

B =(x,,y,)and P, = (x,, y,): BP, = \/ (x,—x,)" +(», — )", where P P, represents the distance between the
two points.

X, +x +
We are also going to use the midpoint formula: x,, = % sV = %

15 a) PP =/(4—(-4)) +(-5-10) = /64 + 225 = /289 =17

—4+4 10+(-5) 5 5
b) «x, = =0,y, = # = E; so the midpoint is M = (0, —).

2 2
14




16 a) PP =(5-(-1)) +(4-2) =/36+4 =40 = 2110

-1+5 2+4
b) x, = 5 :2,yM:T:3;sothemidpointisM=(2,3).

2 2
17 szzJ(_é_l) Y TR
2 2 3 9 9 3
(3 :
SH 5 1+
_gz—l _ 3_7 7)

) = —— = —; 5o the midpointis M =| -1, —
Yum 5 6 p ( G

18 a) PP =.[(-10-12) +(9—2)° =484+ 49 = /533

12 +(-10 2+9 11 11
b) xM:%zl,ylw:T:?;sothemidpointisM=(1,?).

The following two questions (19-20) are going to be solved with and without the use of a calculator.

Solution Paper 1 type

19 J(k=57 +(2= (=1 =5= k> =10k +25+9 = 25 = k> =10k +9 = 0

We can always use the quadratic formula to solve equations of this type, but, in this case, factorization might be slightly
faster since the coefficients are 'nice’

k=9)(k=1)=0=k =9k =1
So,k=1ork=09.

Solution Paper 2 type

19 In this case, we can use the distance formula as a function of the parameter k. When using a calculator, the variable
k will be denoted by x, since the function mode does not accept other variables. We then have to find the points of
intersection of the function with the horizontal line y = 5.

Flotl Flokz Flok:

SNMETCCH-52e+90
=YzE5
W=

why=
=Ne=
~Ne= Intersection
wMe= S

Inkerseckion
w=g _|

The calculator gives both the x- and y-coordinates of the points of intersection with the x-axis. We only use the
x-coordinate, sok=1ork=09.

Solution Paper 1 type

20 (1= (=2)) + (k= (7)) =5=> 9+k>+ 14k + 49 = 25 = k + 14k +33 =0

This time we will use the quadratic formula to solve the equation.

44i¢@6—4x%__44i¢@1_44i8:

kw,zz
2 2 2
So,k=—110rk=—3.

k=-11k =-3
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Solution Paper 2 type

20 We will use the distance formula as a function of the parameter k. Then we have to find the points of intersection of the
function with the horizontal line y = 5.

Flatl Flotz Flots
SR O+ CHEFT I ED - L~

*ﬁzES /
W= ™
i e e

wE= Intersection Inkgrsection
S ik H=-i1 Y=E H=-3 z
Again we are only interested in the x-coordinates of the points of intersection. So, k= —11 or k= —3.

21 If the triangle is right angled, then two sides should be perpendicular. Therefore, the two slopes between
the pairs of vertices should be opposite and reciprocal.

Let’s denote the vertices by A(4, 0), B(2, 1) and C(—1, —5).
We need to calculate the slopes between pairs of points:
1-0 1

1
e =>mAB><mBC=—5x2=—1:>(AB)J_(BC)
j— :2

)
Another way of solving the same question would be by using the converse of Pythagoras’ theorem. For
that, we need to calculate all the distances between the points.

AB=(4—-2+(0-17 =4+1=1/5
BC=J2- (1)) +(1—(=5)] =/9+36 =45 =35 [ =
CA = J(-1—-4) +(=5-0)" =25+ 25 = /50 = 5v2

(V5) +(3v/5) =5+45=50=(5v2) = AB* + BC* = CA?

Mpe

Therefore, there is a right angle at vertex B.

22 If the triangle is isosceles, then two sides have the same length.
Let’s denote the vertices by A(1, —3), B(3, 2) and C(—2, 4).
We need to calculate the distances between the points:
AB=1J(1-3) +(=3-2)" =J4+25 =29
BC=\GB-(=2) +(2-4) =/25+4 =29 {= AB=BC
CA=(2-1) +(4—(=3))* =J9+49 =/58

Therefore, the triangle is isosceles.

Note: We did not need to calculate the distance CA, but we wanted to see whether the triangle was not
just isosceles but possibly equilateral.

23 If the points are vertices of a parallelogram, then pairs of opposite sides are parallel and their slopes are
equal.

Let’s denote the vertices by A(0, 1), B(1, —2), C(4, 4) and D(3, 7).



24

25

26

If we plot the points in the coordinate system, we would have a better idea S

as to which sides should be parallel. R T
7-1 —2-1

mAD = 3T = 2 mAB = T = —3 A(O,f) ,,,,,,,,, .

= (AD) || (BC), = (AB) || (CD ER I

dra_ [SEDIEO. T T) = (BICD) {EERI"FIRESEES

m = = = — = —

BC T 4 P43

Therefore, the quadrilateral ABCD is a parallelogram.

Another way of solving the same problem would be to verify that the lengths of the opposite sides are
equal; so we calculate:

AB=\(0-1 +(1-(-2)" = V1+9 =10
CD=J(4-37 +(4-7) =1+9 =10

AD = J(0-3)7 +(1-7) =/9+36 =45 = 3./5
BC=(1—-4) +(-2-4) =/9+36 =45 = 3./5
Therefore, the quadrilateral ABCD is a parallelogram.

Note: A third way of solving the problem would be to prove that one pair of opposite sides was equal and
parallel.

For the elimination method, one of the variables must have either equal or opposite coefficients. In this
case, the coefficients of x are both equal to 1. When the coefficients are equal, we subtract the equations;
whilst if they are opposite, we add the equations.

/+3y=8
X —-2y=3
3y—(2y)=8-3

Now we need to find x by using either of the equations. We will use the second equation, so:
X—2X1=3=x=5

=5y=5=>y=1

The solution can be written as x =5, y = 1, or (5, 1).

If none of the coeflicients are equal or opposite, we multiply or divide the equations by a number(s) to
make them so.
x 767 =1

x—6y=1 } 9x +67 = 39
=

=x=4

(Bx+2y=13)/x3 10x = 40

1
To find y we will use the second equation, so: 3x4+2y=13=2y=1= y = 5
1 1
The solutionis x =4,y =—,or (4, —).
2 2
8x+47 =8

4 5x 447 =—1
6x+3y=6)/x— y
( 4 )/3 =
3x =9

=x=3

5x+4y=-1
To find y we will use the first equation divided by 3,s0: 2x3+y=2= y =—4
The solution is x = 3, y = —4, or (3, —4).
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A +3y=-1
X-2y=7 8
27 =5y=-8=y=—-
3y—(-2y)=-1-7 5
. . 8 16 19
To find y we will use the second equation, so: x — 2 —5 =7 :x=7—?=>y=?
19 8 19 8
The solutionis x = —, y =——, or (—,——),or (3.8,-1.6).
5 5 5 5

2533y =1 )
(SX—12y:4)/+4} 2% ¥y =2
28 .

= x ¢ R, y ¢ R; no solution.
—2x+3y=2 0=3

Note: If the graphs of these two straight lines were drawn, they would not intersect as they are parallel.

55% +77y =99

(5x+7y=9)/x11 =55% —25y =5
=

(-11x =5y =1)/X5 52y =104

29 =>y=2

To find x we will use the first equation, so: 5x +7Xx2=9=5x=-5=x=-1
The solution is x = —1, y = 2, or (-1, 2).

30 For the substitution method, we select the variable with the smallest coefficient from either of the
equations and make it the subject.

2x+y=1 y=1-2x y=1-2x y=1-2x
el el el -
3x+2y=3 3x+2(1-2x)=3 3x+2—-4x=3 -x=3-2

y=1—2><(—1)}:> y=3

x=-1 x=-1

The solution is x = —1, y = 3, or (—1, 3).

3x—2y=7 }:} 3x—2y=7}:> 3x—2(5x+7)=7}:> 3x—10x—14=7}:>

3 5x_y=7 5x+7=y y=5x+7 y=5x+7

—7x =21 - x=-3 - x=-3 :>x:—3
y=5x+7 y=5%(=3)+7 y=-15+7 y=-8
The solution is x = —3, y = —8, or (—3, —8).

(2x +8y = —6)/+2 } x+4y=—3}
=

32
(=5x —20y =15)/+(-5) x+4y=-3
We can see that the equations coincide and hence we have an infinite number of solutions: all the pairs of

1
(x, y) that satisfy the equation x + 4y = =3 or (x,—zx—Z),x eRor (-3-4y,y),yeR.

Geometrically, the solution of this problem would be one straight line: y = — 1 X — 3 .

4
D



(X+y=8)/><1o 2x+5y =80 2(20- y)+5y =80 40-2y+5y =80
33 \5 2 = 0 = 5 - =20 -
x+y=20 x=amy ¥=20-y e
_40 _40
3y =40 773 773
20—y [ w0 [~ 20
x=0y x=20-2 x=2
3 3
20 40
The solution isx=E, y=@, or (—,—)
3 3 3 3 1
=2x+2 =2x—+2 =3
2x—y=-2 2x+2=y y=2x+2 4 4 2 Y
34 = = 1 = = 1
4x+y=5 4x+2x+2=5 6x =3 x == _1 x==
2 x=3 2

1
The solution is x = %,y =3, or (5 s 3) .

(0.4x +0.3y =1)/x 10 } 4x+3y=10} 4x+3(—2.5x—2.5)=10}
35 = =

(0.25x +0.1y = —0.25)/x 10 25x+y=-25 y=-25x-25
17.5
4x-75x-75=10 |  -B5x=175 | = x=—T=-5 _, x=-5
y=-25x-25 y=-25x—25 ‘ y=10
y=-25x(-5)-25

The solution is x = —5, y = 10, or (—5, 10).

36 There is another algebraic method, Cramer’s method, for solving two linear simultaneous equations in
two variables. In this method we use determinants.
ax+by=e
Given the simultaneous equations | . . dy = Ve define three determinants of order 2 x 2,

b A A
A=|?9 b VA, = € ,and A = ac , and the solution is x = X,y=—y.
cd fd ol f A A
3x+2y=9
In the question | - 11y =2 the values of the determinants are:
= 3121 =3><11—2><7=19,Ax=‘9 2 |_9x11-2x2=99—4=95 and
A =|2?|=3x2-9x7=6-63=-57
4 7 2

95 —-57
Therefore, the solution is x = ) =5y= To = -3, 0r (5,-3).

In questions 36-38, we are going to demonstrate the different features of a graphic display calculator which
can be used to solve simultaneous equations.

36 'The first feature is an application called PolySmlt (older version) or PolySmlt2 (new version) on the TI-84
Plus calculator.

SINULT EQN OLYER HODE

= i: FOLY KOOT FINDER EQUATIONZEA 4567 B9 10
tPrab Sim EH ZIHULT EAN ZOLYER UnKnOHNn: Bz4567 B9 10
tPuzzPack = REOUT DEC IFRAC|
tPEriod Y: FOLY HELF LM =01 ENG
t5ciTools C: SIHULT HELF FLOAT R T L,
1S5cToolE=s B: QUIT FOLYSHLT RADIAN [EAAES
JScToolFr [HATINI THELFIRERTI
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SYSTEN NATRIR (2xz) SOLUTION
#1 B3

(RATRINOCENCLEILOACNZOLVE| |[(HRATTAODENSY=HN =0 ar4rDi| Note that x; gives the value of x and x; the value of y.

37 In this problem we are going to use matrices on the calculator. There are two different features that we
can use in order to solve the simultaneous equations. The first method involves the use of matrix algebra.

MATEIXIA] 2 =2 MATEIXI[B] 2 x1 [AI-+*[E]

- - [[14.1]
ngz ﬂ } Elﬁ% } [18.4]11

z:z=".H2 za1=.92

The solution is x = 14.1, y =10.4, or (14.1,10.4).

For the second method, we are going to use the augmented matrix of the system and Gauss’ method,
which can be found as a reduced row echelon form (rref) feature on the calculator.

MATEIXIA] 2 =3 r‘r‘E-F'E

[ Z.B2 -E.88 - 1
[.0B -0z Iﬁ]

[A]>
[1 B 14.1]
(8 1 18.411

2 x=,."92

Again the solution is x = 14.1, y = 10.4, or (14.1,10.4).

38 The last method which we are going to demonstrate here is a graphical method. A linear equation in two
variables can be represented geometrically by a straight line and, as such, solving simultaneous equations
is equivalent to finding the point of intersection of those two lines. Therefore, we need to rewrite the
equations in explicit form.

_ 2x —4
2x -3y =4 2x —4=3y Y=
= =
S5x+2y=1 2y =1-5x _1-5x
2
Flotl Flotz Flots #kFrac
wMiBCEE-d 23 1119
MeBO1-SE 2 YrFrac
WM -18-19
Hﬁq: {
~Me=
~iE= Int-zr's-z-:ti-:-{
wMr= H=EFROYFER |v=-.9y47zEEY

L 11 18 11 18
The solutionisx =—,y=——,or [ —,——|.
19 19 19 19
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Exercise 2.1

1 a) Theequation y = 2x represents a straight line that passes through the origin and has a slope of 2;
therefore, the correct graph is G.

b) Itisalinear function. The graph passes the vertical line test.

2 a) Theequation y = -3 represents a horizontal line that passes through the point (0, —3); therefore, the
correct graph is L.

b) Itis a constant function. The graph passes the vertical line test.

3 a) Theequation x — y =2 = y = x — 2 represents a straight line that passes through the point (0, —2)
and has a slope of 1; therefore, the correct graph is H.

b) Itisalinear function. The graph passes the vertical line test.

4 a) Theequation x* + y* = 4 represents a circle of radius 2 with the centre at the origin; therefore, the
correct graph is K.

b) Itis nota function. Any vertical line between —2 and 2 intersects the circle at two points.

5 a) Theequation y =2 — x represents a straight line that passes through the point (0, 2) and has a slope
of —1; therefore, the correct graph is J.

b) Itisalinear function. The graph passes the vertical line test.

6 a) Theequation y = x* + 2 represents a normal parabola that opens upwards (a > 0) and has a vertex at
the point (0, 2); therefore, the correct graph is C.

b) Itis a quadratic function. The graph passes the vertical line test.

7 a) Theequation y° = x = y = J/x represents a cubic root graph that passes through the origin;
therefore, the correct graph is A.

b) Itis a cubic root function. The graph passes the vertical line test.
8 a) Theequation y = % represents a rectangular hyperbola that is symmetrical with respect to the line
y = x; therefore, the correct graph is I.
b) Itis a reciprocal function. The graph passes the vertical line test.

9 a) Theequation x’ + y =2 = y = 2 — x’ represents a normal parabola that opens downwards (a < 0)
and has a vertex at the point (0, 2); therefore, the correct graph is E

b) Itis a quadratic function. The graph passes the vertical line test.
The remaining three graphs represent the following:

Graph B is a vertical line that passes through the point (—3, 0); therefore, the equation is x = —3 and it is not
a function.
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Graph D is a rectangular hyperbola that is symmetrical with respect to the line y = —x and it looks

1
like it is passing through the points (—1, 1) and (1, —1); therefore, the equationis y = — —, x #0,
x

and it is a function.

Graph E looks like a cubic graph which passes through the origin and the points (—2, —2) and (2, 2);

1
therefore, the equation is y = " x” and it is a function.

10 We know the formulae for the area A and the circumference C of a circle with radius r:

11

12

13

14

15

16

17

A =r’rm, C = 27r. Since both formulae contain the same factor r, we are going to make r the subject

of the circumference formula and then substitute it into the area formula.
CcY C? C?
r=—=A=—| n= ==
21 (27:) 47rz /L{ 4

The area A of any triangle is calculated using the formula A = % , where [ represents the length of

a side and h represents the length of the height to the side I. The height of an equilateral triangle is also a
median and therefore it divides the triangle into two right-angled triangles.

In one such triangle, we calculate the height by using Pythagoras’ theorem:

2 2 2
12:h2+(1) :h:ﬁ: 3 _ B
2 4 4 2

Now we substitute that into the area formula:

ll\g
Lo Ixh_ T, PV3
2 2 4

Alx)=2X18X x +2x 12X x +4x” = 60x + 4x°

h(x)=x*+x* = xJ2

P 23.5x%1
a) k:—V:>k=M:9.4
T 375
kT 94 x375 3525
b) Vv=—-=Vv-= =
p p p

a) F=kx
25
b) 25=k(16-12) = k=""=625

2
<) F=I5(18—12)=7—25=37.5N

D(f)={-62,-15,0.7,3.2,3.8}

Notice that we have simply listed the first component from each ordered pair. The second components
are values from the range.

D(f)={reR|r>0}

Note: A radius cannot be a negative number or zero.
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19

20

21
22
23

24

25

D(f)=R
Note: The domain of a linear function is always the set of real numbers.
D(f)=R

Note: The domain of a quadratic function is always the set of real numbers.

An irrational function with an even surd exponent must always have a non-negative radical (the
expression under the root). Hence: 3—t = 0 = D(f) = {t e R| ¢ < 3}.

An irrational function with an odd surd exponent can accept any radical. Hence: D(f) = R.

The denominator cannot be equal to zero. Hence: x* —9 #0 = x> # 9 = D(f) = {x € R| x # +3}.

In this question we have a combination of a surd with an even exponent and a denominator which
cannot be equal to zero. Hence: x # 0, %—1 =0=1-x"=20=>D(f)={xeR-1sx<1,x#0}.

A linear equation ax + by = c represents a function only if b # 0, because, in that case, the equation
represents a vertical line, that is, not a graph of a function (does not pass a vertical line test).

a) i) h21)=21-4=417 ii) h(53)=53-4=/49=7
iii) h(4)=V4-4=0

b) Since the radical must be non-negative, the function is undefined for negative values of the radical.
Hence: x -4 <0 = x <4.

¢) D(h)={x € R|x = 4}, as we can see in the previous part. Since the determinant of the surd is

positive, the range is R(h) = {y € R| y = 0}.

In questions 26—30, the asymptotes are drawn in red and the graphs in blue. The values from the domain can
always be found on the x-axis, whilst the values from the range are on the y-axis.

26

a) D(f)={xeRlx=5},R(f)={yeR|y=0}
b) 4Ty

x=5

y=0

4+
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27 a) D(g)={xeRlx<-3orx>3},R(g)={y eR|y>0}

b)

x=-3 x=3

28 a) D(h)={xeRlx#-2},Rh)={yeR|y=2}

8Ty

b)

x=-2

f f
-6 -4 4




29 a) D(p)={xeRl—\/§<x<\/g},R(p)={yeR|0$y$\/§}

b)

(0, 2.236)

x=—V(5I2) x=\(512)

1+

30 a) D(f)={xeR|x=0},R(f)={yeR|y=-4}
b)

—— =%

y=—4
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Exercise 2.2

Solution Paper 1 type

1 Let f(x)=2xand g(x) = ] X # 3.
x—3
. (R l_
ai (Fog)s)=f(g(s)= (5 3) f(z)—2x2—1
. _ 1
it (gofB)=g(f()=9(2x5)=g(10)= ===
b i (fog)x)=F( (x))—f(L)—Zx L __2 .3
g ="\ T \x-3) x—3 x-3'
it (gof)x)=g(f(x) = g(2x) = —— x %>
2x —
Solution Paper 2 type
1 We can use a calculator to solve part a.
Flotl Flekz Flekz Yioe (S0
~N B2 1
MRl CR=30 Yel\MCSa 2 kFrac
M= 1-7
~My=
wNe=
~MNe=
“Nr=

Note: Part b can also be solved by using a calculator which has symbolic manipulation features, but, as yet, these
calculators are not permitted for the IB exams, although they are allowed for the Internal Assessment.

The following demonstration of the solution is done using a TI-Nspire CAS calculator.

Deﬁnef(x):2~x Done @

Define g()c):L Done
x=3
Aell) 2
x—3
glx)) 1

2.3

i

4/99

Solution Paper 1 type

2 let f(x)=2x—3and glx)=2—x".
a (fog)0)=f(g(0)=f(2-0")=f(2)=2x2-3=1
b (gof)0)=g(f(0)=g(2x0-3)=g(-3)=2-(-3)=2-9=-7
C (Fof)4)=F(f(4)=f@2x4-3)=f(5)=2x5-3=7
d @ogX—a= (9(-3)=9(2-(-3)=g(-7)=2-(-7) =47
e (Fogl-)=f(g(-N)=f(2-(-1f")=f()=2x1-3=1



Solution Paper 2 type

2

3

f (goN=3)=9g(f(-3)=g(@x(-3)-3)=g(-9)=2-(-9) =2-81=-79
g (foq)x)=f(g(x)=f(2-x")=2x(2-x")-3=4-2x"-3=1-2x
h (gof)x)=g(f(x))=g(2x—3)=2-(2x-3) =2—(4x" —2x2xx3+3’)

=2—4x’+12x -9 =—4x> +12x—7

i (fof)x f(f(x)) f(2x=3)=2(2x—-3)-3=4x-6-3=4x-9
i geaW=g(a(x)=g(2-x")=2-(2-x") =2-(2" —2x2x 2+ (x*))

=2-4+44x" —x'=2+4x" —x' =—x"+4x" -2

For parts a—f, we are going to show the solutions on an allowed calculator model. Parts g—j are done using a model that
is, at present, not permitted for the IB courses.

Flotl Flotz Flet YA CED D NELA R
M BZ2R-3 1 -47
~NeB2-RHE Ve (B Yoo -1
“MNe= ' -1
~My= VR A Yz -3
“e= T -3
~Ne=
e = a—c d-f
Deﬁnef(x):})ﬁB Done m
Define glx)=2-x2 Done
Aglx)) 10y
gltx)) 4ex2+120x-7
AAx) 4x-9
g(g(x)) 4422 &
g s00] Note: Not permitted for B exams.

f(x)=4x—-1,g(x)=2+3x
(feg)x)=f(g(x))=f(2+3x)=4x(2+3x)-1=12x+7,D(fog)=R
(goflx)=g(f(x))=g(dx—-1)=2+3%x(4x-1)=12x—1,D(go f) =
flx)=x"+1,g(x)=-2x
(fe@)®)=f(g(x) = f(-2x)=(-2xf +1=4x* +1,D(fog) =R
(goNx)=g(f () =g(x"+1)=-2x(x"+1)=-2x"-2,D(go f) =R
f(x)=\/m,x>—1;g(x):1+x2
(fog)(x):f(g(x)):f(l+x2):J(1+x2)+1 =Jx*+2

Since the expression under the square root always has a positive value, x> +2>0= D (f o g) = R.

(gOf)(x)Zg(f(x))zg(\/xﬂ):1+(\/x+1)2 =lt+x+l=x+2,x=-1=
D(gof)={xeR:x=-1}

Note: In order to have the composition, we need to be able to calculate the value of f(x) first; therefore,
even though the composite function is linear, we cannot include the points where the function fis not
defined. To verify this we are going to graph the composite function.
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Flatl Flatz Flat:
sMi=ToE+10
wMr=l1+HE
x$35¥2i¥1b

wMy=
wMe= l
wME=
M=
6 f(x)= 2 x#z—4;9(x)=x-1
x+4 '8

2 2
(fe@d)=flgW)=flx-D=r— ="

Since the denominator cannot be equal to zero, we get

x+320=>x#-3=>D(fog)={xeR:x=-3}.

(gOf)(x):g(f(x)):g( 2 ) 2 1:2—X—4_—x—2__x+2

x+4
The denominator, just as in the domain of the function f, cannot be equal to zero; therefore,
D(gef)={xeR:x#—-4}.
x—5

x+4_ x+4 x+4 x+4

7  f(x)=3x+5,g(x)= 3
(Fo9)0) = £l = F(552) = Ax2 T2 45 x-545-5D(Fo )= R

3
(g°f)(x)=g(f(x))=g(3X+5)=w=%=x»D(g°f)=R

8 f(x)=x"-2xg(x)=-x"-2x= (fog)x)=f(g(x))=f(-x"—2x)=(-x" —2x)2—2(—x2—2x)
=x'+4x’ +4x° +2x  +4x =x"+4xX° +6x° +4x > D(fog)=R
(gof)(x)zg(f(x))zg(x2—2x)=—(x2—2x)2—2(x2—2x)

=—x"+4x’ —4x’ = 2x +4x = —x"+4x’ —6x’+4x = D(go f) =R
Note that in both cases we have polynomial functions, and therefore there are no restrictions on the

domains.
9 f(x)= 2x ,x¢4;g(x):i2,x;t0:>
4—x X
2
(Fo9)0) = £ (g() = £ (5 )= =2 = sy = Do) = fr e Rl 0,2
X 4-— 4x° -1 2
x

Note that we had to exclude 0 because function g is not defined at 0.

Flatl FIokz Flokz E=VYED
W 2RO E—G

wMr=loke

wMrEY1 O

wMy=

wMe=

~ME=

wMe= H=n V=

2 4-x)’
(go N0 =g () = g2 ) = 4=

Note that we had to exclude 4 because function fis not defined at 4. Try to trace the value at 4 on the
composite graph yourself.

= D(go f)={xeR|x #0,4}



10

11

12

13

f(x)=2—x3,g(x)=31—x2 =

(fog))=f(g)=f(V1-2")=2-({1-x) =1+x* = D(fog)=R
(go ) =g () =g(2-x)=1-(2-x') =Yax’ —3-x° = D(go f) =R

Again in this question, we did not have a problem with the domain since the odd root of any real number

can be taken.

f(x)zg(x)zﬁ—3,x¢—3:

(fof)(x)f(%%)( ; ;)%-3: e

x+3

D(fof)={xeR/x#-3}

Since the functions are identical, it is sufficient to simply do this one composition. Again note that even
though the composite function is the identity function, the domain has to be restricted by the value

where the function itself is not defined.

Flatl Flakz Flak: CEETRITEE
WMe=Z2AC R+ a=3 [
SNeBY1 O

W=
ez
N & b
f(x)= xl,xil;g(x)=x2—1:>
X — 2 2
(Fo )= f (g) = f (¥ =1) = == 5 = D(fog) = {x e Rlx » 12}
_ _ x ) ([ x 2_ _/7«/[+2x—1_2x—1
(gof)(x)_g(f(x))_g(x—l)_(x—l) = (x—1)° _(x—1)2:>

D(go f)={xeRjx #1}
Note: The composition of a polynomial function and the rational function will always have a domain
that is equal to the domain of the rational function, whilst the domain changes when we have the other

composition.
g(x)=Vx-1,x=1Lh(x)=10-x>=
a) (gOh)(x)=g(h(x))=g(10—x2):J10—x2—1 =9«

To find the domain, we need to look at all the non-negative values under the square root.

9-x"=0=-3<x<3= D(goh)=[-3,3]

Regarding the range, we notice that the determinant of the square root is positive and that the
quadratic expression achieves a minimum and a maximum value on the domain. The minimum
value occurs at x = 3 = y = /9 — (£3)* = 0, whilst the maximum occurs at the midpoint where

x=0= y=+9-0 = 3. So, the range is R(g o h) = [0, 3].

To support our solutions, let’s look at the graph.
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Flatl Flakz Flot
wWy=foE-12
wNr=1h-x¥e
Rl Nk R

“My= l
wMe=

b) (hog)(x)=h(g(x)=h(Vx—1)=10-(Vx-1) =10~ (x~1)=11-x
In this problem, since the inner function is irrational, we will have the same domain, and therefore
D(ho g)={x € Rl x = 1}. Since we are not taking all the real values, just those that are greater than
or equal to 1, the range will not be the whole set of real numbers, but just that part we get by taking
those values from the domain. Therefore, R(ho g) = |-oo, 10].

Flotl Flokz Flot:
WMasfoE-10
WMr=1R-KE
~HeRYe oW
“My=
wMe=
“ME=
wNe=

14 f(x):l,xio;g(x):lo—x2:>

X
1
) (fo))=f(g(0)=f(10-x") = =

To find the domain, we need to look at all the non-zero values of the denominator.

10-x" #0= x # +J/10 = D(f o g) = {x € Rl x = +/10}

Regarding the range, we notice that the quadratic expression can be positive, (—\/10 <x <A 10) , or
negative, (x < —J10 orx > \/10). For the positive values, the expression achieves a maximum value
on the domain; therefore, its reciprocal value will be a minimum of the composite function. The

1
minimum value occurs at the point where x =0= y = o All the negative values will be achieved,

so the range is R(f o g) = J-oo, 0] L [% , +oo|: .
Flekl Flukz Flot:
=1k
WWe=1B-wE
~NEEV OYeED

why=

wNe=

“NeE= Hiniraum

wMe= Hz-PEEIE-? Iv=d

Notice that the calculator, due to numerical approximation, does not calculate the exact value of x at
the minimum as 0 but —7.523 X 107, which is very close to it. If we use a better window, zooming in
on the region around the origin, we will get a better picture.

3Ty
05 Y
5]

05

b) (g°f)(x)=g(f(x))=g(%)=10—(%) =10—i2
D




In this problem, since the inner function is rational, we will have the same domain, and therefore
D(geo f)={x € R| x # 0}. Regarding the range, we notice that we square the value of x and, as such,
we will always subtract a positive value from 10; therefore, we will never exceed 10. On the other
hand, when we take extremely large values of x, the value of the function approaches 10; therefore,
we can say that y = 10 is the horizontal asymptote. Hence: R(ho g) = }-eo,10[ .

Flatl Flokz Flots
NV A

ST = -

=zEYz N0 W {
=Ny=
wNe=
=N E=
wNe=

In questions 15-22, we have to recognize the inner function and the outer function. Sometimes this process
will not give us a unique answer, especially in those cases where the composition can be found with more
than two functions.

15 h(x)=x+3,g(x)=x"= f(x)=g(h(x)=(x+3)
16 h(x)=x-5¢(x)=Vx=f(x)=gh(x)=Vx-5
17 h(x)=vx,g(x)=7-x= f(x)=g(h(x) =7~ x
18 h()=x+3.g()=—= /() =gh(x) = —
19 h(x)=x+1,g(x)=10" = f (x) = g (h(x))=10""
20 h(x)=x-9g(x)=Yx = f(x)= g (h(x)) = Vx—9
2 h() =" =98 () =l = S () =g 40 = -9
2 h(0)=x-5.g()= 7= f ()= g (h(x) = =

Notice that this last composition could have been found as the composition of three functions:

h(x) = x=5,g (1) =x, £ ()= = = £ (g (h()) =
(Alternative solution: h(x) = Vx =5, g(x) = i)

1
Nx =5

fx)=Vx = D(f)={xeR|x =0}

23 g(x)=x"+1=>D(g)=R

}=>f(g(X))=f(x2+1)=Vx2+1:>D(fog)=

” flx)= _:D(f):{xeRlx;tO} = f(gx)=f(x+3)= —:>D(f g)={x e Rl x#-3}
g(x)=x+3=>D(g)=R

3
25 / x* -1 ) © = fgx)=flx+1)= : zx&:ﬂ

g(x)=x+1=>D(g)=R (o1 -1

=D(fog)={xeRx#0,-2}

Notice that in the denominator we had a difference of two squares which we factorized by using the
difference of two squares formula.
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f(x)=2x+3=>D(f)=R

2

g(x)=£:>D(g):R =>f(g(x))=f(£)=2(%)+3:x+3 =D(fog)=R
2

Exercise 2.3

1 a) fQQ=-5=f"(-5=2 b) f(6)=10= f(10)=6
2 a) f(-1)=13= f'(13)=-1 b) f(b)=a= f(a)=b
3 gx)=5=3x-7=5=3x=12=x=4=¢"'(5)=4

4

8

h(x)=-12=x’ -8x=-12=x" -8x+12=0= x=<Z,x, =6 =>h'(-12)=6
Since the domain of & was given as x = 4 we discounted one of the solutions.

(f°g)(x)=f(g(x))=f(X—6)=(x—6)+6:xand
(gof)x)=g(f(x)=g(x+6)=(x+6)—6=x.

667 ¥V

f1 (x):x+6

10 PR 10

f2(x)=x*6

» -6.67

(fog)<x>=f(g<x>)=f(§)=4x§=xand(gof><x>=g<f<x>)=g<4x>=‘{T":x.

667 47 [flx)=arc”

10 1 70

» 647
(f"g)(x)=f(g(x))=f(%x—?:):3(§x—3)+9:x—9+9:xand

(g°f)(x)=g(f(x))=g(3x+9)=%(3x+9)—3=x+3—3=x.

(Fo8) )= f (g0 = £(1) =1 - cand (g 0) =g () =g (+) =

=x,x#0.

ISy \r—-l»—t



667 1V

f1 (x):—

= | =

-10 11 10

» T

9 (fog)(x)=f(g(x))=f(\/x+2)=(\/x+2)2—2:x+2—2:xand
(gof)(x):g(f(x)):g(xz_2): (x2—2)+2=|x|=x,sincex>0.

6.67 TV

f1 (X):{x2*2,x20

5 7 10

» s

5—x

10 (fog)(x)=f(g(x))=f(s;x)=5—7><T:5—5+x:xand
5-(5-7x) _7x
7 7

(o)) =g(fx)=g(5-7x)=

667 ¢V
f1 (x):5f7‘x

» s
1—x 1 1 X
11 (f°g)(x)=f(g(x))=f( " )= 1—x=x+1—x:T=xand
1+
X X
) L 1+x—-1
(gOf)(x)=g(f(x))=g(1ix)= 11+x: )zil/x =x,x#—land x # 0.
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6.67
()=o) 2 it x
10 W 10
ﬁ(x):{(rxz,xzo
» -6.67

13 (fog)(x)=f(g)=f(1+Vx—2)=(1+Vx—2) —2(1+x—2)+3
=1¢2«Z2(+x—2—2;2m%+3:xand

(g°f)(x)=g(f(x))=g(x2—2x+3)=1+J(x2—2x+3)_2 —1+(x* 1)

=1+x—1=14+x-1=x,since x =1

667 1V
f1 (x):{xzfz-x+3,x21

05 1.

> 333

14 (fog)<x>=f(g<x>)=f(zx3—6)=3@:@:“1@

(gOf)(x)=g(f(x))=g(3 x;’6)=2(3 xf) —6=2><x;6—6:x+6—6:x.

x+3
2 b
=4x=y+7= f'(x)=4x-7,D(f")=R

15 x=2y-3=x+3=2y= f'(x)= D(f)=R

+7
16 x=y

17 x=y = f'(x)=x%,D(f")={x e Rl x =0}
:>y+2=l:>f*1(x)=l—z,D(f*1)=R—{0}
X X

18 x=
y+2

19 x=4-y' ' =>x-4=y"= f(x)=Jx—-4,D(f ) ={x e Rlx =4}

20 x=y-5=x’=y-5= f'(x)=x"+5D(f ") ={x e Rlx =0}
x—b
a

21 x=ay+b=>x-b=ay= f'(x)= ,D(f)=R



22

23

24
25

26

x+1=y2+2)/+1:>(y+1)2=x+l=>y+l:m:y:m_1:>

f(x)=vx+1-1,D(f")={x e Rl x = -1}
y -1 I+x

= Sxl4+x=yp - 1=2x+1=y"1-x)=y= =
YR Y Ty ¥rl=yU-x=y=\_,
. 1+ .

f 1<x>=B’D<f H=[-L1]
x=y+1=y =x-1= f'(x)=Yx-1,D(f") =R

The function f1is bijective on the whole of its domain, D(f) = R — {1}, and therefore we can find the
inverse function.

x:2y+3:>xy—x=2y+3:>xy—2y:x+3:>y=x+3:>
y—1 x—2

- x+3 -

f 1(X):x_z,D(f N=R-{2}

667 1V

-10

f20d=23
» -6.67 ) X2

The function fis not injective so we need to restrict it either on x < 2 or x = 2 and then we can find the
inverse functions for each restriction.

x=(y-2l=>y-2=t/x = y=2/x +2

For the first restriction, x < 2, the inverse function is f(x) = —/x + 2, D(f ) = {x € R|x = 0} ;
whilst for the second restriction, x = 2, the inverse function is f~'(x) = Jx +2, D( f={xeRx=0}

f1 (x):{(xfz)Z,fg '

-10

. 5 -
»> -6.67 > ’3 33

27 'The function fis not injective so we need to restrict it either on x < 0 or x > 0 and then we can find the

inverse functions for each restriction.

X_L:> 2—1:> ——}—L
52 Y P J *Ix

1
For the first restriction, x < 0, the inverse function is f x)=— T ,D(f N={xe R| x > 0}; whilst
x

1
for the second restriction, x > 0, the inverse function is f ™' (x) = T ,D(f")={x e Rl x > 0}.
x




Chapter 2

667tV

f1 (x)[i,xm

»> - -6.67 » ‘333

28 The function fis not injective so we need to restrict it either on x < 0 or x = 0 and then we can find the
inverse functions for each restriction.

x=2-y'=>y'=2-x=>y=12-x
For the first restriction, x < 0, the inverse functionis f~'(x) = -2 —x, D(f ™) = {x € R| x < 2} ; whilst

for the second restriction, x = 0, the inverse functionis f ' (x) =42 —x,D(f ™) = {x e R| x < 2}.

Voo 667 }V

29 We will divide the whole set of real numbers into three intervals, but the domain of function f will
actually have two restrictions on which the function is injective. The first restrictionisx < —lorx =1
and the secondis -1 < x < 1.
2y 2 2 Yy 2 y 1 1 1)’ 1
x = s xy +x=2y=>y —2-=-1l=2y -2-+—S=—=-1=>|y——| =—5-1=
1+y X X X X X X

1 1 1 1-x°
y——=%|5-1=>y=—=% >
X X X X

Hence, the inverse functions are as follows:

1+1-

2
For the first restriction, x < —lorx =1, f'(x) = SrNIEX ,D(f™) =[-1,1]-{0}; whilst for the
x

V1

1_ _ 2
second restriction, -1 < x <1, f'(x) = AL D(f™)=[-1,1]-{0}.
X

> s

In questions 30—35, we will find the inverse functions.
x=y+3=>x—3=y:g’1(x)=x_3

+4 1
x=2y—4:x+4:2y:x7:y$h*(x)=zx+z



0 (g6 =g (7o) =" (3)-
31 (K og)(9)=h"(¢7(9)=h"(6)=5
(g'egH@=g"(g'@)=g" (-1)=—4
(' oh™)(2) = b (K7(2) = h™ (3) = %

(g ohM(x)=g" (h_l(x))=g_1 (%x+2)=%x+2—3=lx—l

(hogM)(x)=h" (g (x))=h" (x—3>)=%(x—.’a)+2=lx+l

3
2

32

33
34

35

36 (goh)(x)=g(h(x)=gRx—4)=2x—-4+3=2x-1=

x:2y—1:>x+1=2y=>xT+l=y:>(goh)“(x)=x+1
(hog)(x)=h(g(x))=h(x+3)=2x+6-4=2x+2=

37

X=2 iy XT2_x
x—2y+2:>x—2—2y:>T_y:>(hog) (x) = 5 5 1
38 (fof)(x)zf( "b-b]= ¢ -b:h(’;b)-b:xw-b:x

X+ 77{5%

x+b

Since the composition of the function by itself gives the identity function, we can conclude that the
function is its own inverse.

Exercise 2.4
1

The graph of a normal parabola y = x*has
T\ been translated down six units.

The graph of a normal parabola y = x”has
been translated six units to the right.
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-

& eh——=—T

The graph of an absolute value y = |x| has
been translated up four units.

The graph of an absolute value y = |x| has
been translated four units to the left.

In this question we have two transformations:

the graph of a square root y = x has been
translated two units to the right and then
translated up five units.

Note: We can swap these two transformations
and still obtain the same graph.

1
The graph of an inverse function y = — has
x

been translated three units to the right.



In this question we have two transformations:
the graph of an inverse square function

1
y = — has been translated five units to the

left and then translated up two units.

; — Note: We can swap these two transformations
and still obtain the same graph.

In this question we have two transformations:
the graph of a cubic function y = x* has been
reflected in the x-axis and then translated
down four units.

In this case we cannot swap the order of the

5 I/
I’ \
1
N transformations, since the translated graph is
not symmetrical with respect to the origin.

In this question we have three
transformations: the graph of an absolute
value y = [x| has been reflected in the x-axis,
then translated one unit to the right and then

translated up six units.

10

In this question we have two transformations:
the graph of a square root y = \/x has been
reflected in the y-axis and then translated

three units to the right.




Chapter 2

11 S= v

The graph of a square root function y = \/x
has been vertically stretched by scale factor 3.

12

13

14 y:(_

The graph of a normal parabola y = x” has

1
been vertically shrunk by scale factor 5

1 1Y
Note: Since y = = x* = (— x) , We can

2 V2
interpret this transformation as a horizontal
stretch by scale factor v/2.

The graph of a normal parabola y = x* has
been horizontally stretched by scale factor 2.

1 Y 1
Note: Since y = (5 x) = x*, we can
interpret this transformation as a vertical

1
stretch by scale factor e

The graph of a cubic function y = x” has been
reflected in the y-axis.

Note: By using the power properties, we can
write y = (—x)’ = —x°, so we can interpret
this transformation as a reflection in the

Xx-axis.
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16

17

18

19

The normal quadratic function has been reflected in the x-axis and then translated up five units.
y=x'—>y=-x>y=-x"+5

The square root function has been reflected in the y-axis.

y=Jx > y=J-x

The absolute value function has been reflected in the x-axis and then translated one unit to the left.
y=l—=y=-ld—>y=-x+1

Note: The two transformations applied in reverse order produce the same result.

The inverse function has been translated two units to the right and then translated down three units.

_1 > y= L -y = ! 3
4 X 4 x—2 4 x—2
The same function can be written in a different form:
1 1-3x+6 7-3x
y = — 3 = =
x—2 x—2 x—2

Again note that we can swap the order of the transformations.

Even though this question should be solved without using a calculator to draw the graphs, we are going
to use the TI-Nspire calculator. However, for each question part, we are also going to describe the
transformation so that we can sketch it without using a calculator or a computer.

We define a piecewise function (GDC screen on the left) and the function graph is shown below right.

Define glx)—Func Done & Nl

If x=-5 and x<0 Then
Return x+3
FlseIf x>0 and x=<2 Then

Return 3—x
Elself x>2 and x<5 Then

1 1
Return —+x+—
3

EndIf
EndFunc ~

1/99]| [ fibk)-gk) B

To find the graph of each transformation, we just need to input the function in the order that it is given in
the question. On each diagram we will show both the original and the transformed graph. The graph of
the transformed function is shown by the thicker line.

a) We translate the graph down three units. b) We translate the graph three units to the right.

51y

AN
(
AN

[« 2i-al)-d [~ [« fl)-gk-) A
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c) We vertically stretch the graph by scale d) We horizontally shrink the graph by scale

1
factor 2. factor E .

633 &Y 402 1Y
20x)-2-glx) v 2(x)=g(2] M
05 N
5

«  rl)-2al) B [« l)-gl2a) B

e) We reflect the graph in the x-axis. f) We reflect the graph in the y-axis.

2217 22247
text
< ah

B < =h-ald [~

Fs

g) We vertically stretch the graph by scale factor 2 and translate it up four units.

o4 N

SN
[/

[« rl)-2gldet (2

20 We start with y = x°. The first transformation is a translation of three units to the right to obtain
y = (x — 3)*, followed by a translation of five units up to obtain the final graph, y = (x —3)* +5.

21 We start with y = x°. The first transformation is a reflection in the x-axis to obtain y = —x?, followed by a
translation of two units up to obtain the final graph, y = —x* + 2.

22 We start with y = x”. The first transformation is a translation of four units to the left to obtain

y = (x +4)’, followed by a vertical shrink by scale factor % to obtain the final graph, y = %(x +4)%

1
23 We start with y = x>, The first transformation is a horizontal shrink by scale factor — to obtain

y= (3x)?, followed by a translation of one unit to the right to obtain y = [3 (x — DT, and, finally, a
translation of six units down to obtain the final graph, y = [3 (x —1)]* — 6.

24 On the following graphs, the original function is in grey, whilst the transformed functions and the
asymptotes (if any) are in black and red respectively.
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a)

Vertical
asymptote:

x=8

25 a) o

Horizontal
asymptote:
y=0

y-intercept:

0,4
y= %x4

x-intercept:
8,0

x-intercepts:
(-8,0) and
8,0

N
2

y-intercept:

©,-4)

»\y_

Vertical
asymptotes:
=-2 and

(x

—4)(x+2)

y=0

Horizontal
asymptote:
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10 T

x-intercepts:

y-intercept:
(0,8)

y=|6-HE+2)

(-2,0) and
4,0)

x-intercepts:
(4,0) and
(4,0)

26 a)

y=(A=9(x+2)

y-intercept:
0,-8)

Vertical
asymptote:
x=0

_ 1

ny

-5 -4 -3 E

Horizontal
asymptote:
y=0




b)

x-intercept
and
y-intercept:
(0,0)

-3

x-intercept
and
y-intercept:

(0,0)




In questions 1-4, we will use synthetic substitution to evaluate P(x) for the given values of x.

1

@ Chapter G

Exercise 3.1

N S R A A N

1 2 =3 —4 -20
2 8 10 12
1 4 5 6 —8=P(2)
! 2 -3 —4 —20
-3 3 0 12
1 —1 0 —4 —8=P(—3)
2 -1 3 0 —15 -9
-2 3 -6 6 9
2 -3 6 -6 -9 0=P(—1)
2 =1 0 =15 -9
4 6 18 36 42
2 18 21 33=P(2)
1 5 3 -6 -9 11
-2 —6 6 0 18
1 3 -3 -9 29 =P(2)
1 3 -6 -9 11
36 156 600 2364
1 39 150 591 2375 =P(4)
1 —c—3 3c+5 —5¢
c —3c 5¢
1 -3 5 0=P(c)
1 -c—3 3c+5 —5¢
2 —2c—2 2c+6
1 —c—1 c+3 —3¢c+6=P(c)



7

p(_l
3

a)

w|—

N——

.

.

.

=
(=)
A —
I
|
S

.

.

.

-2 k 2 —10 3
—2k 4k — 4 —8k+ 28
k —2k+2 4k — 14 —8k+31=P(—2)
P(-2)=15=-8k+31=15= k=2
-2 —10 3k 3
—1 1 3 —k—1
1
-3 -9 3k+3 —k+2=P —;
=0=>-k+2=0=k=2
3 -5 —4
—6 —12
-3 4 —-16=f(—3)
3 =5 —4
—4 2 6
—1 -3 2=f(—2)
3 -5 —4
-2 =1 6
1 —6 2=f(—1)
3 =5 —4
2 5 0
5 0 —4=1(1)
3 -5 —4
4 14 18
7 9 14=1(2)
3 -5 —4
27 66
9 22 62 = f(3)
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x -3 -2 —1 0 1 2 3
y -16 2 2 —4 —4 14 62
The graph must cross the x-axis three times.
YZ /
N | /
+— '/ ' \' - '
L b \.o /
// R/
Y
-3 0 —4 -2 1
-3 9 —15 51
-3 5 =17 52 =1f(—3)
-2 0 —4 -2 1
-2 4 0 4
-2 -2 5=f-2)
—1 0 —4 —2 1
=1 1 3 —1
=1 -3 1 0=1(—1)
fo)=1
1 0 —4 —2 1
1 1 -3 =5
1 -3 -5 —4=1(1)
2 0 —4 -2 1
2 4 0 —4
2 0 —2 -3=1(2)
3 0 —4 -2 1
3 9 15 39
3 5 13 40 =1(3)




b)

X -3 -2 -1 0 1 3
y 52 5 0 : 4 - 0
The graph must cross the x-axis four times.
9 A
= \ 0\\ | >
Y
9
J 1 a =5 7a
2 2a+4 40— 2
1 a+2 2a-—1 11a—2=A£(2)
12
f(2)=10:>11a—2:1o:>a=H
10
ﬂ b -5 26 10
b3 3b-5V3 5673 = 15
b b3 -5 5b-5v3 563 -5 =£(\/3)

-15 33
(\V3)=-20=5b/3-5=-20=b=—==— —_3
/ 53 3

ii)

11 a) i)
I3

¥

For P(x)=2x* —6x> + x> +4x -1,
the end behaviour of the function is

().

|

o]

“u

For P(x) = —2x* —6x° + x* + 4x — 1,
the end behaviour of the function is

N\,
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iii) \
y

i

\

iv)

i

/

Y

For P(x) = 6x° + x” — 4x — 1, the end

For P(x) = —6x° + x* + 4x — 1, the end
(%) behaviour of the function is (I/ /) )

behaviour of the function is ('\, \4) .

V) \ X vi) f\
For P(x) = -2x°+ x° + 2x" = 3%’ + 4x* = x +1,

the end behaviour of the function is

N\,

For P(x) = x* — 4x — 1, the end
behaviour of the function is ('\, / ) .

vii) viii)

———"

| \

ForP(x)=x"+2x* = x> +x* —x +1,
the end behaviour of the function is

)

For P(x) = —x° + 2x* — x> + x> — x + 1, the
end behaviour of the function is ('\, \.) .

b) If the leading term has a positive coefficient and even exponent, then the end behaviour is (\, /).
If the leading term has a negative coeflicient and even exponent, then the end behaviour is (/ , \4) .
If the leading term has a positive coeflicient and odd exponent, then the end behaviour is (./ /) ) .

If the leading term has a negative coefficient and odd exponent, then the end behaviour is ("\, \).

Exercise 3.2

1 a) f(x)=x>-10x+32=(x"—-10x+25)+7=(x-5)"+7
The axis of symmetry is x = 5; the vertex is (5, 7).

b) There are two transformations that need to be applied to y = x? to obtain y = x> - 10x + 32: a
horizontal translation of five units to the right and a vertical translation of seven units up.

¢) Minimum: (5, 7)




b)

V)

a)

b)

<)

a)

b)

a)

b)

<)

fx)=x+6x+8=(x*+6x+9)—1=(x+3)" -1
The axis of symmetry is x = —3; the vertex is (—3, —1).

There are two transformations that need to be applied to y = x? to obtain y = x> + 6x + 8: a horizontal
translation of three units to the left and a vertical translation of one unit down.

Minimum: (=3, —1)
flx)=-2x"—4x+10==2(x>+2x +1)+12 = 2(x +1)* +12
The axis of symmetry is x = —1; the vertex is (—1, 12).

There are four transformations that need to be applied to y = x? to obtain y = —2x? - 4x + 10: a
horizontal translation of one unit to the left, then a reflection in the x-axis with a vertical stretch by
scale factor 2, and, finally, a vertical translation of twelve units up.

Maximum: (—1, 12)
1 1 1Y
f(x):4x2—4x+9:4(x2—2-5x+z)+8:4(x—5) +38

1 1
The axis of symmetry is x = 5 ; the vertex is (5 , 8).

There are three transformations that need to be applied to y = x> to obtain y = 4x? - 4x + 9: a
horizontal translation of half a unit to the right, then a vertical stretch by scale factor 4, and, finally, a
vertical translation of eight units up.

1
Minimum: (E , 8)

fx) =

1 1 3 1 3
— X +T7x+26=—(X +14x+49)+ > =—(x+7)" +=
2 2 2 2 2

3
The axis of symmetry is x = -7 ; the vertex is (—7, 5)

There are three transformations that need to be applied to y = x to obtain y = %xz +7x+26:a

horizontal translation of seven units to the left, then a vertical shrink by scale factor %, and, finally, a
vertical translation of one-and-a-half units up.

Minimum: (—7, %)

X+2x—8=0=>x"+4x-2x-8=0=x(x+4)-2(x+4)=0=
(x+4)(x-2)=0>x,=—4,x,=2

X=3x+10=2x"-3x-10=0=>x"+2x-5x—10=0 =
X(x+2)=-5(x+2)=0=>(x+2)(x-5)=0=>x, =-2,x, =5

6x2—9x=0:>3x(2x—3):0:>x1=0,x2:5

3

64+5x=x"=x"-5x—-6=0=>x"-6x4+x-6=0=
x(x-6)+(x-6)=0=>(x+1)(x-6)=0=x,=-1,x,=6
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11

12

13

14

15

16

17

18

19

20

21
22
23

24
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x’+9=6x=x"-6x+9=0=>(x-3=0=>x,=x,=3

3x° +11x—4=0=3x" —x+12x—4=0=>x(3x - 1) +4(3x-1) =0 =
(x+4)(3x—1):0:>x1=—4,x2:§

3x° +18=15x = 3x* —15x +18=0=x" - 5x+6=0=>x" - 2x-3x-6=0 =
x(x=2)-3(x-2)=0=>(x-2)(x-3)=0=>x,=2,x,=3

9x—2=4x" =4x" - 9x+2=0=4x" - x—-8x+2=0=

1
x(4x—l)—2(4x—1)=0:>(x—2)(4x—1)=0:x1=2,x2ZZ

X +4x-3=0=>x"+4x+4-4-3=0=>(x+2) =7
x+2=ixﬁ:x1,2=—2i\ﬁ
x'—4x-5=0=x"—4x+4-4-5=0=>(x-2)'=9=
x—-2=+3=x,=2+3=5x,=2-3=-1

X =2x43=0=x"-2x+1+2=0=>(x-1)1’=-2=
x—1=4i2 = x =1+iV2,x, =1-i"/2

(There is no real solution.)

2x°+16x+6=0=x"+8x+3=0=x"+8x+16-16+3=0=(x+4) ' =13 =

x+4=+JI3 > x =-4+V13,x, =—4-13

x*+2x-8=0=x"+2x+1-1-8=0= (x+1’=9=
x+l=43=x, =-143=2,x,=-1-3=—4

9 9 11
—2x2+4x+9=0:xz—2x—5=0:>x2—2x+1—1—5=0:>(x—1)2Z?:

11 N22 2++22 2-+22
x—1==% 7=>x=1i7:>x1= 3 , X, =

2

For f(x)=x* —4x —1 we have:
4+\(-4) —4-1-(-1) 44320 4+25
a) x'—4x-1=0=x,= NG D _ = =245
' 2-1 2 2
x1+x2_(2+\/§)+(2—\/§)_2
2 2
¢) Asa=1>0, the parabola opens up; thus, the minimum value is f(2) =2° —4-2—1=-5.

b) The axis of symmetry is x =

For x* + 3x + 2 = 0, the discriminantis A=3>—4-1-2 =1 > 0, so there are two distinct real solutions.
For 2x* — 3x 4+ 2 = 0, the discriminant is A = (=3)> —4-2-2 = —7, so there are no real solutions.

For x> —1 = 0, the discriminantis A = 0> —4-1-(=1) = 4 > 0, so there are two distinct real solutions.

9 9y 81 47
For2x2—Zx+1:O,thediscriminantisA=(—Z) —4-2-1=E—8=—E<O,sothereareno

real solutions.
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26

27

28

29

30

31

32

33

The equation 2x” + px + 1 = 0 has one real solution when the discriminant is equal to zero. So:
A=p'—4-2.1=0=p’—8=0= p,, = +/8 = 22V2.

The equation x” + 4x + k = 0 has two distinct real solutions when the discriminant is positive. So:
A=4—-4-1k>0=16-4k>0=k <4,

The equation x° — 4kx + 4 = 0 has two distinct real solutions when the discriminant is positive. So:
A=(4k)-4-1-4>0=16k’-16>0=k’-1>0= (k—1)(k+1) > 0.

We have two possibilities:

{k—1<0:>k<1 k-1>0=>k>1

= k<-1 or { =k>1

k+1<0=k<-1 k+1>0=k>-1

The graph of the function g(x) = mx’ + 6x + m does not touch the x-axis when the discriminant is
negative. S0: A=6"—4-m-m<0=36—-4m’ <0=9-m’><0= (3-m)(3+m)<0.
We have two possibilities:

3-m>0=>m<3

= m>3 or { =>m<-3

3+4m<0=>m< -3

3-m<0=3<m
3+m>0=>m>-3

For 3x> —12x + k > 0 to be true for all real values of k, the discriminant must be negative. So:
A=(-12-4-3-k<0=144-12k<0=k>12.

The function f(x)=x —2— x> = —x” + x — 2 has a negative discriminant, A = 1> —=4 - (-1) - (=2) = -7,
and as its leading coeflicient, a = —1, is negative, its graph opens downwards and never intersects the
x-axis, which means that the expression x — 2 — x” is negative for all real values of x.

Zerosof x, =—1,x, =4 = f(x)=a(x +1)(x —4)and
f(0)=8= f(0)=a(0+1)(0-4)=8=-4a=8=a=-2

So: f(x)=-2(x+1)(x—4)=-2(x" —3x—4) = -2x" + 6x + 8.
Zeros of x, =%,x2 =3= f(x) =a(x—%)(x—3)and

f(—l):4:>f(—l):a(—l—%)(—1—3):4:>6a=4:>a:§

So:f(x)=§(x—%J(x—3)=§(x2 —Z+i)=§x2—§x+l.

The equation 2x> + (3 — k)x + k + 3 = 0 has two imaginary solutions when the discriminant is negative.
So:

A=(B-k)-4-2-(k+3)<0=9-6k+k’-8k-24<0=

k> —14k-15<0= (k+1)(k-15)<0
We have two possibilities:

k+1<0=k<-1
{k—15>0:>k<15

k+1>0=k>-1

= not ibl
1T possibe oF {k—15<0:>k<15

= ke (-1,15)
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The function f(x) = 5x* — mx + 2 has two distinct real zeros when the discriminant is positive. So:
A=(-m)—-4-52>0=>m"-40>0=

(1 +¥30) (1 — V30) > 0 = (m + 2410) (1 — 2410) > 0

We have two possibilities:

m+2v10 <0 = m < 2310
m—210 <0 = m < 2310

m+ 2310 >0 = m > -2410
:>m<—2\/ﬁor{ :m>2\/ﬁ

m—2v10 >0 = m > 2410

The function f(x) = ax’ + bx + ¢ passes through:
(=3,10) = f(=3) = a(-3)* + b(-3) +c =10

4" 16 4 4 4 16
(L6)= f(1)=a(l)’ +b(1)+c=6

This is a system of linear equations:

a+b+c=6 8a—4b =4

9a — 3b 10 2a-b=1
a—-3b+c= = =

1 1 9 16 4 16
—a+—b+c=——

16 4 16

= -13a=-39=a=3b=5c=-2= f(x)=3x"+5x -2

f(x)=-2(x-1>+10 = f(2)=-2(2—1)> +10 = 8. Since f(3) = f(-1) for the function

f(x)= ax® + bx + c, the axis of symmetry is x = % =1, and the maximum value is 10. Therefore,
the vertex has coordinates (1,10) = f(x) = a(x —1)* +10.
f3)=2=aB-1+10=2=>4a=-8=a=-2.

f(x)=-2(x-1+10= f(2)=-2(2-1)>+10=8.

dx+1<x*+4=>x"—4x+3>0=>(x-3)(x-1)>0

The graph of the quadratic function f(x) = (x —3)(x —1) opens upwards and has zeros of 1 and 3; so, the
solution of the inequality is x <1 or x > 3.

The discriminant of the equation 2x*> + (2 —t)x +t* +3 =0 is

A=Q—-t) —4-2-(t*+3)=4—4t+1* —8t> =24 = -7t —4t - 20

2
=-7 l‘2+2'zl‘+i +§_20:_7 t+% _g<0‘
7 49 49 7 7

Since the discriminant is negative for every t € R, the equation has no real solutions.

ax’ +bx+c=a(x— a)(x— ) =a(x’—ax — Bx + aff) = ax’ —a(o+ B)x + acf
By comparing the corresponding coefficients, we conclude:

a) lo:—a(oc+,8):>oc+ﬁ:—é
a

b) c:aaﬂ:aﬁ:£
a



40 ax’-a’x—x+a=0=>ax(x—a)—(x—a)=> (ax-1)(x—a)=>x,=—,x,=a

Exercise 3.3

1

-3 3 5 =5

3 —4 7
Hence: 3x> +5x—5=(x+3)(3x —4)+ 7.

2
2 3 -8 0 9 5
6 —4 -8 2
3 =2 —4 1 7
Hence: 3x* —8x° +9x+5=(x—2)(3x’ —2x" —4x+1)+7.
3
4 1 =5 3 -7
4 —4 —4
1 —1 —1 -1
Hence: x° —5x” +3x -7 =(x —4)(x* —x—1)—11.
4
1
g 9 12 ) 1
3 5 0
9 15 0 1

1) 1
Hence: 9x° +12x° —5x+1=3(x—5)-5-(9x2 +15x) +1=(3x —1)(3x* +5x) + 1.

5 Not suitable for synthetic division, so:

x—x+1

x2+x—7)x5+x4—8x3+0x2+x+2
 +xt—7x°
—x’+0x*+x

—x’ — x> +7x

xP—6x+2
XX +x-7
-7x+9

Hence: (xs+x4—8x3+0x2+x+2)=(x2+x—7)(x3—x+1)+(—7x+9).
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6
1 2 =17 22 -7
2 —15 7
2 —15 7 0
2x° —17x> +22x -7 = (x = 1)(2x* = 15x + 7)
15++/15°—4-2-7 15+13 1
Then: 2x* —15x+7=0= x,, = = =Sx,=—,x,=7
’ 2:2 4 2
Hence: 2x° —=17x> +22x =7 = (x = 1)(2x = 1)(x = 7).
7
1
-— 6 -5 —12 —4
2
-3 4 4
6 -8 -8 ()}
6x° —5x> —12x —4 = (2x +1)(3x” — 4x — 4)
4+(-4) -4-3-(—4) 4+8 2
Then: 3x> —4x—4=0=>x,, = G ) _ =SxX,=—=,x;=2
’ 2-3 6 3
Hence: 6x° —5x° —12x —4 = 2x +1)(3x + 2)(x — 2).
8
-= 3 2 -36 24 32
3
-2 0 24 —32
2 3 0 -36 48 0
6 12 —48
3 6 —24 0
2 2
3xt +2x° —36x7 +24x +32 = (x +§)(3x3 —36x +48) = (x +§)(x —2)(3x* + 6x —24)
—6+6"—4-3-(—24) —-6+£18
Then: 3x* +6x—-24=0=x,, = 24) _ =x,=—4,x,=2
’ 2-3 6
2
Hence: 3x* +2x° —36x° +24x +32 = (x + 5)(338 —36x +48) = (3x +2) (x —2)*(x + 4).
9
3 1 -5 4
3 -6
1 -2 -2

Qx)=x—-2,R(x)=-2




10

11

12

13

14

15

16

o

3x2—7xi9x2—x+5

.

.

.

.

S| =

-2 0 —4
1 0 2 -3
Q(x)=x>+2,R(x)=-3
3
9x* —21x
20x +5
Q(x)=3,R(x)=20x+5
1 0 3 0 0 —6
1 1 4 4 4
1 1 4 4 4 -2
Qx)=x"+x"+4x> +4x+4,R(x) =2
2 -3 4 —7
4 2 12
2 1 6 5
1 =2 0 3 20 3
=1 3 -3 0 —20
1 -3 3 0 20 -17
5 30 —40 36 14
—35 35 35 —497
5 ) =5 71 —483
1 0 =1 1
1 1 1_5
4 16 64
] 1 15 49
4 16 64

PQ2)=5
P(-1)=-17
P(-7) = —483

d

1
4

)

_
64
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17 x, =-6
—6 1 2 —-19 30
-6 24 —30
1 —4 5 0

X +2x° =19x+30 = (x +6)(x* —4x +5)

4t (-4)-4-1-5 4++-4

Then: x> —4x+5=0=x,, = = =2%i
' 2 2
18 x, =x,=2
2 1 =5 7 —4
2 —6 4
2 1 -3 1 0
2 -2 =2

1 —1 -1 0

Then: x’ —x—-1=0=x,, =

14172 —4-1-(-1) 1%+5 1++/5 1-+/5
2 Ty 77
19 f(-3)=0= (-3 -(3)-kK(-3)=0=3k"-36=0=k’=12=

k=2V3 ork=-2/3
20 f)=0=>2-1"-5-"-14-"+a-1+b=0=a+b=17
f(4)=o:>2-4“—5~43—14~42+a-4+b=0:>401+b=32:mzs’b=12
21 P(x)=(x+2)(x—-Dx-4)=("+x-2)(x—4)=x"-3x"—6x+38
22 P(x)=(x+1)(x+2)(x—-3)" =(x"+3x+2)(x* —6x+9)=x" —3x> = 7x> +15x + 18
23 P(x)=(x-2)=x"—-6x>+12x-8
24 P(x)=(x+D[x—-0-d)][x-0Q+)]=(x+D)(x—1+i)(x—1—1)
=(x+1)(x2—2x+2)=x3—x2+2
25 P(x)=(x—-2)(x+4)(x—(=3i))(x — 3i)
=(x2+2x—8)(x2+9):x4+2x3+x2+18x—72
26 P(x)=[x—-0C+i)][x+GB+i)][x—1-2)][x -1+ 2i)]
=(x—-3-i)(x=3+i)(x —1+2i) (x =1 2i) = (x> — 6x +10) (x* — 2x +5)
=x"—8x’ +27x* —50x + 50
27 x,=2-3i=x,=2+3i
(x—x)(x—x,)=(x—2+3i)(x—2-3))=x" —4x +13
x—3
x* = 4x +13)x° = 72" +25x — 39
x’ —4x° +13x
—3x% +12x — 39
—3x° +12x -39

D T




28 a) The remainder theorem gives us:

29

30

31

32

PR)=72=6-2°+7-2"+a-24+b=72=2a+b=—4
=a=-1,b=-2
P(-1)=0=6-(-1°+7-(-1)*+a-(-)+b=0=—a+b=-1

b)
1 _ _
o 6 7 1 2
3 5 2
-1 6 10 4 0
-6 —4
6 4 0

So, P(x) = (x +1) Z(x - %)% (6x +4) =(x+1)Q2x —1)(3x +2).

The remainder theorem gives us:

1) =— _ 3 _ _ __ 4 1
PEh=-l=@E) by =—1=-atb=-1_ 2, 1
P(2)=27=(2a+b)’=27=2a+b=3 3 3

2+4(-2)—4-1-(-3) 2t4
XZ—ZX—?):O:}le: \/( ) ( ): :>X1=—1,.x2:3
’ 2 4
ﬂ 4 -6 ~15 -8 3
-4 10 5 3
43‘ 4 —10 -5 -3 0
12 6 3
4 2 1 0

2 24422 -4-4.1 _ 2+J-12 2423

4x"+2x+1=0=>x,, = — _
' 2-4 8 8
1 V3, 1 3.
=Sx,=——+—i,x, =————I
4 4 4 4

The remainder theorem gives us:
P2)=0=>2"+a-2"+b-2+c=0
P(-2)=0= (2 +a-(-2)’+b-(-2)+¢c=0

P(3)=10=3"+a-3"+b-3+c=10
We have a system of three linear equations:

4a+2b+c=-8
4b =-16

4a-2b+c=8 = =b=-4a=-1,c=4
5a+b=-9

9a+3b+c=-17

x,=3,x,=1+4i=x,=1-4i

P(x) = (x = 3) (x — (1 + 40)) (x — (1 — 4i)) = (x — 3)((x — 1) — 163°)

=(x—-3)(x* —2x+17) = x* = 5x* + 23x — 51

So, for P(x) = x° + px2 +gx + r, we conclude: p = -5, = 23,r = -51.
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33 The remainder theorem gives us:
P(-2)=5-(2) -3-(=2) +a(-2)+7=-45-2a=R
Q-2)=4-(-2+a(-2+7-(-2)—4=-50+4a=2R
We have a system of two linear equations:
2a + R =—45
{4a—2R:50 =81=-40=a=-5R=-35
34 If the polynomial x* + mx* + nx — 8 is divisible by (x + 1+ i), it means that one of its zeros is
x, =—1—1i and, thus, x, = —1 +i is the second zero. Let x, = a be the third zero. Then:
X +mxt+nx—-8=(x—-a)(x+1+i)(x+1—-i)= (x—a)(x2 +2x+2)
=x’+Q2-a)x*+(2-2a)x—2a
By comparing the corresponding coefficients, we obtain the following system of equations:
2—a=m
2-2a=n =>m=-2,n=-6
2a=-8=a=4
35 If the roots of the equation are consecutive terms in a geometric sequence, they are
X, =a,x, =ar,and x, = ar®. So, the equation can be written as:
x’ —9x* +bx — 216 = (x —a) (x — ar) (x - arz) = (%’ —ax —arx + azr)(x - arz)
=x’—ax’ —arx’ +a’rx —ar’x’ +a’r’x +a’r’x —a’r’
=x"—(atar+ arz) X +(ar+a’r + a2r3)x -a’r’
By comparing the corresponding coefficients, we obtain the following system of equations:
a+ar+ar’=9
a’r+a’r’ +a’r’ =b

—a'r’ =216 =>ar=6

By rearranging the equations, the system becomes:
a (1 +r+ rz) =9
ar(l+r+r’)=b=(ar)a(l+r+r’)=b=6-9=b=b=>54
ar =6

36 a) When a polynomial is divided by (ax - b), the quotient is Q(x) and the remainder R is a constant.
Then:

P(x)=(ax—b)Q(x)+R=>P(b)=(a'é—b)Q(é)+R:R:P(é)

a a a a
0

3
b) R:P(—%):9-(—g) _(_E)+5=_§+3+5=3
3 3 3 3 3




Exercise 3.4

1 fx)=——

x+2
No x-intercept since the numerator # 0.

Vertical asymptote for x +2 =0 = x = 2.

For:
Xx<-2,f(x)<0= f(x) > —casx - -2~ .

x>-2,f(x)>0= f(x) > +casx > 2"

As x = too = f(x) = 0 = y = 0 is a horizontal asymptote.

3
2 X)=—— A
8 x—2 ¢
No x-intercept since the numerator # 0. :

Vertical asymptote for x —2 =0 = x = 2.

For: -
x<2,8(x)<0= g(x) > —ccasx — 27 _\

x>2,8(x)>0= g(x) > +oasx — 27
As x — teo = g(x) = 0 = y = 0 is a horizontal

A\
v

asymptote. 2, 4
1-4x
3 hix)= "
— 1 7
x-intercept since for1 —4x =0 = x = T 1
Vertical asymptote for 1 - x =0 = x =1.
1-4-0.9
Whenx — 17 : h(0.9) = T oo <0 = h(x) > —co.
N 1-4-1.1
Whenx —> 17 : h(1.1) = ﬁ > 0= h(x) — +eo.
l —4 & \ >
x O —_— 4 . 3 -2 ° 2 4 6 N 8
As x — too = h(x) = =——=4=y=4is ‘
1, o0-1 '
x -2
a horizontal asymptote. Y
x X

4 R(x) =

x*=9 (x+3)(x—3)
x-intercept for x = 0.

Vertical asymptotes for x +3=0=x=-3andx-3=0= x =3.

-3.1
When x — -3 : R(-3.1) = ————— < 0 = R(x) — —oo.
(-3.1)" -9
. -29
When x — =37 : R(-2.9) = ————— > 0 = R(x) —> +oo.
(2.9 -9
_ 2.9
Whenx — 3" : R(29) = ———— < 0= R(x) = —oo.
(297 -9

3.1

Whenx — 3" : R3.1) = ———
(3.17% -9

>0 = R(x) > +oo.
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" 1
Asx — foo = R(x) = %9 =~ 0 — 0 = y = 0 is a horizontal asymptote.
x—

X X

Y|

2 _ 2
x*+2x-3 (x+3)(x-1)
No x-intercept since the numerator # 0.

> plx)=

Vertical asymptotes for x +3=0=>x=-3andx-1=0=x=1.

2
Wh -3 :p(-3.1)= 0 oo,
enx — p( ) G 12303 >0= p(x) >+
When x — -3": p(-2.9) = 2 < 0= p(x) > —oo.

(2.9 +2(-2.9)-3

Whenx =1 : p(0.9) = <0 = p(x) = —oo.

2
(0.9)* +2(0.9)-3

Whenx — 1" : p(1.1) = >0 = p(x) — +oo.

2
(1.1)* +2(1.1) -3

2
As x — too = p(x) = x = 0 — 0 = y = 01is a horizontal asymptote
=P x) 2 3 1+0-0 4 POt
ot
x* x x




x> +1

M(x) =
No x-intercept since the numerator # 0.

Vertical asymptote for x = 0.
(-0.1)* +1

Whenx — 0™ : M(-0.1) = <0 = M(x)— —oo.

(0.1 +1

Whenx — 0" : M(0.1) = >0 = M(x)— +oo.

1

As x — Foo = M(x)=x+— — x = y = x is an oblique
X

asymptote. There is no horizontal asymptote.

x X
¥ +4x+4  (x+2)]

flx)=

x-intercept for x = 0.

Vertical asymptote for x +2 =0 = x = 2.

2.1
Whenx - -27: f(-21)=————— <0 = f(x) = —oo.
A (-2.1+2)° S
When x — 2 & f(-1.9) = — =2 <0 = f(x) >
' ' (-1.9+42)° '
X
1
As x = too = f(x) = X = — 0 = y = 0 is a horizontal asymptote.
f&=2 x 4 x+4+40 y Lo
L
x x X
A

-05

x*+2x  x(x+2)
x—1 x—1

h(x) =

x-intercepts for x =0 andx +2=0= x = 2.

Vertical asymptote for x —1=0= x =1.

When x — 1" : h(0.9) = % <0 = h(x) = oo,

When x — 17 - h(1.1) = w S 0 = h(x) = oo,

Since the degree of the numerator is higher than the degree of the denominator, the function has an

oblique asymptote. We divide:
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1 1 2 0
1 3
1 3 3

3
The function can be written as: h(x) = x + 3+ 1

When x — too, — 0.

x—1
So, the oblique asymptote is y = x + 3.

2x+8 2x+8
Pox—12 (x—4)(x+3)

9 g(x)=x

x-intercept for2x + 8 =0 = x = —4.

Vertical asymptotesfor x +3=0=x=-3andx-4=0= x = 4.

Whenx — -3 : g(-3.1) = 22_3'1) 8 > 0= g(x) > +oo.
(=3.1)* = (=3.1)—12
. 2(-29)+8
Wh — =3":¢(-2.9) = <0= — —oo,
enx §(=29) (=29 = (=2.9)-12 g(x)
2-39+8

Whenx — 4 : ¢g(3.9) = <0 = g(x) > —co.

(3.9 -39-12 -

2-41+8
2P0 S 0= g(x) o 4.

(4.1 —4.1-12 )
2,8 ]
x5 0+0 < —

As x = Foo = X)= = 0= 5
g(x) Y 1 12 1-0-0
x x X ’

y =0 is a horizontal asymptote.

Whenx — 4" : g(4.1) =

xiV

x—2 x—2
10 C(x): > =
x"—4x  x(x—4)

x-interceptforx —2=0= x = 2.

Vertical asymptotes for x =0 andx -4 =0 = x = 4.

-0.1-2
Whenx — 0™ : C(-0.1) = S <0 = C(x) —> —oo.
(-0.1)° — 4(-0.1)
0.1-2 4‘\
Whenx — 0" : C(0.1) = —————> 0 = C(x) — oo, ’
(0.17° —4-0.1
39-2
Whenx — 4 : g(3.9) = 29— < 0= C(x) = —oo.
(39 -4-3.9
41-2 *
Whenx — 4" : C(4.1) = ————— >0 = C(x) — +oo.
(417 —4-4.1
r_2
2 —
As x — Foo = C(x) =% x4 =10 — 0 = y = 0 is a horizontal asymptote.
x f—
x* x



11

12

13

14

2x* 45 2x* +5
= T =2

THOON
HWMmin= -6
R U

wacl=1

j‘:.j:T”HE-H:] L

Ymin=-18
Ymax=18
V=l=1
wres=10

Hn=o ‘[-)i:'\:\'i.ES

Vertical asymptotes: x = =2 and x = 2.

5

2+ >

Horizontal asymptote: x — feo = f(x) = ’Z —
1-—=

Domain: {x: x € R, x # £2}. x

5
Range: y:ys—zory>2 .
x+4 x+4 1

g(x):x2+3x—4:(x+4)(x—1):x—1

Vertical asymptotes: x =1 and x = —4.

Horizontal asymptote:

R | =

0
=——=y=0.
1 1-0 4

x
Domain: {x: x € R, x #1,—4}.

X = too = g(x) =
]__

Range: {y: y e R, y # 0}.

6
x*+6

h(x) =

No vertical asymptotes since x* + 6 # 0 for x € R.

Horizontal asymptote:

2 0
X — foo = h(x) = % =——=y=0.
+

Domain: {x : x € R}.

Range: {y:0<y=<1}.

x’—2x+1  (x—-1)7

r(x) =
(x) x—1 x—1

Domain: {x: x e R,x #1}.

Range: {y:yeR,y #0}.

2+0
—— = y=2.
1-0 4

Vel=1
wres=11

Vel=1
wres=11

1=6/(HE+E]

THOOL]
AMmin=-G
AMaxN=5
necl=1
Ymin= -4
“max=d
Yecl=1
#res=10




15

16

Chapter 3

2x—5 _ 2x—5
. -
2x* +9x —18 2(x—;)cx+6)

flx)=

3
Vertical asymptotes: x = 5 and x = —6.

Horizontal asymptote:

2 5
x  x 0-0
X — teo = f(x) = X X __ — =y=0
9 18 _
24218 240-0
X x

5
x-intercept: 2x —=5=0= x = 5

. 0-5 5
-intercept: 0= —— ="—.
4 P f( ) 0+0-—-18 18

Vertical asymptote: x = 1.
No horizontal asymptotes.

Oblique asymptote; we divide:

1 1 1 1

1 2
1 2 3

3
The function can be written as: g(x) = x + 2+ ——.

— 0.

When x — oo,
x—1

So, the oblique asymptote is y = x + 2.

No x-intercept since x* + x +1 # 0 for x € R.

0+0+1
0-1

y-intercept: h(0) = -1.

THOO
amin=-18
HMaxN=5
wecl=1
“Yrmin=-4
“max=d
Yeizl=1
wres=10

1=izh-Cal 2 nz+0H-18]

g

!

n=n SR |

v

THOO
BMin=6
AmMax=5
necl=1
Ymin=-18
Ymax=14
Yacl=1
sres=11

A

»
w
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18

19

3x’

h(x)= ———
(x) X +x+2

No vertical asymptote since x* + x + 2 # 0 for x € R.

Horizontal asymptote:
3 3

= =
2 1+40+0
2

x — too = h(x) = y=3.
1+—+
X x

x-intercept for x = 0.

0
-intercept: h(0)= ——— =0
4 P © 0+0+2
1 1
xX)= =
gx) X —x"—4x+4 x*(x-1)—4(x-1)
1 1

T’ -4) (x-D)(x-2)(x+2)
Vertical asymptotes: x = =2, x =1 and x = 2.

Horizontal asymptote:

b
3 0
x —> too = g(x)= X = =
§(x) 1 4 1-0-0+0
Tt
. X x° x
No x-intercept.

y-intercept: g(0) =

B xX—a
(x=b)(x—¢)
a) a<b<c:a=-2,b=1,c=3

N\
N

b=-2,c=1a=3

y

¢) b<c<a:

I
—ha.]I

THOC]
BMin= oG
HMARTE
Ascl=1
Ymin=-2
Ymax=&
Vel=1
wres=10

A

Y

THOOLI
wmin= g
Emax=d
mecl=1
Ymin=-3
Ymax=3
Y=iol=1
wres=10

x=-2

b) b<a<c:b=-2,a=1,c=3

S

~
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25¢
20 C(t)=
® t*+4
a) A
c()
A~ ~N
\\
/ ~
/ Wl
25-2 50
b) C2)=5—"="=625
224+4 8

At t = 2 minutes the concentration is at its highest: 6.25 mg/1.
c) The concentration continues to decrease and approaches zero as time increases.

d) We are looking for the intersection of C (t) and ¢ = 0.5.

Flotl Flatz Flot: THOON
SN EZaESCRe+d mmin=E
~NMezEE.S mmaxn=eH
~z=l wecl=5
WMy = “min=8
“Me= “max=7
“Mg= Yezl=1
WMa= sAres=101

Inkepseckion-—__
H=yd, 91607z Sy=.E i

The concentration drops below 0.5 mg/I after 49.9 minutes (49 minutes 54 seconds).

Exercise 3.5

1 Jx+6+2x=9 Check:
x76=9—2x x=3:/3+6+23=9=3+6=9
2 2 2 2

(Vx+6) = (0-2x) x=2 26422 o0
_ _ 2

x+26—81 36x +4x ﬁ §_9:>Z+§_9:>17¢9
37 + \/(_37)2 —4.4.75 37+13 Therefore, x = 3 is the only solution.

b 2-4 I

24 50 25

x1=—=3’x2=—=—
8 8 4



2

Nx+7+5=x
Nx+7=x-5

(x/x + 7)2 =(x-5)"

x+7=x"-10x+25

x*=11x+18=0 5
CLEN(-11)—4-11  11%7
b 2 2
x,=2,x,=9
Check:
x=2:V2+7+5=2=3+5=2=8%#2
x=9:v9+745=9=4+5=9=9=9 6

Therefore, x = 9 is the only solution.

N7x+14-2=x
N7x+14 =x+2

(V7x+14) = (x +2)?
7x+14=x"+4x+4
x*=3x-10=0

7
3+4(=3)"-4-(-10) 37

12 = 2 )

x, =-2,x,=5

Check:

x=-2:J7(2)+14-2="2=-2=-2

x=5:V7-5+14-2=5=7-2=5=5=5

Therefore, x = —2 and x = 5 are both solutions. 8

V2x+3-Jx-2=2
V2x+3=2+x-2
(\/m)2=(2+\/m)2
2x+3=4+4x-2+x-2
x+1=4Jx-2
(x+1)2=(4m)2

x* +2x+1=16x — 32

x’—14x+33=0

14++/(-14) —4-33 1438
L2 = 2 P
x =3,x,=11

Check:

x=3:42343-V3-2=2=3-1=2=2=2
x=11:4/2-1143-11-2=2=5-3=2

Therefore, x = 3 and x = 11 are both solutions.

5 4 21

X+4 x 5x+20
5 4

21
———=/5x(x+4)
x+4 x 5(x+4)

25x —20(x +4) =21x

80
-16x=80=>x=—-—=-5
16

x+1 5x-1
2x+3  7x+3
(x+1)(7x+3)=(5Bx—-1)(2x +3)

7x* +10x+3=10x" +13x -3

3x> +3x-6=0

X +x-2=0

(x+2)(x-1)=0

x,=-2,x,=1

1 1 1/

—= = x(x+1)(x+4
x x+1 x+4 ( )( )

(x+D(x+4)—x(x+4)=x(x+1)

X +5x+4—x—4x=x"+x

x*=4=0
(x+2)(x-2)=0
X, =-2,x,=2
2x 1
l—xz—'_x+1:2
2x 1

(l—x)(1+x)+x+1=2/'(1—x)(1+x)

2x+1-x=2(1-x)(1+x)
x+1=2-2x"

2x*+x—-1=0

—-1+41’—4-2-(-1) -1%3
x1,2: =
2:2 4
xlz—l,xzzz

x = —1 cannot be a solution because that would
mean division by zero in the original equation.

1
Therefore, x = E is the only solution.
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9 x'-2x"-15=0 13 [Bx+4/=38
We substitute t = x: 3x+4=8 or 3x+4=-8
=4 =-12
£ -20-15=0 3x 3x
4
_ZiV(_2)2_4(_15)_2i8 ng x=-4
1,2 2 2 4
t=-3,t,=5= The solutions are:x=§orx=—4.
¥ =5=x=5,x,=-5 14 |x+6/=3x — 24

2 = - i . PR}
x" = =3 = notreal solution There are four possibilities:

2 1
10 2x3—x3—15=0 (i) x+6=3x—24

1 .o
We substitute ¢ = x : (i) x+6=—3x + 24)

208 —t—-15=0 (iii) —(x+6) =3x — 24
o 14(-17 —4-2-(-15) _1£11 (iv) —(x+6) = —(3x — 24)
1,2 — -
2-2 4 Equations (i) and (iv), and (ii) and (iii), are
10 5 . . ..
t, =— " =—=,t, = equivalent, so we only need to solve (i) and (ii).
2 5 5Y 125 X+6=3x-24 or x+6=-3x+24
X =——=x=|-= L=
2 2x =30 4x =18
3 9
¥ =3=x=3=x,=27 x=15 x:E

6 _ 3 _ 9
1 =35x+216=0 The solutions are: x = Eorx =15.

We substitute t = x°:

t* —35t+216=0 15 PBx+1=2x
35+4/(-35)% —4- 216 35%19 5 +1=2x or 5x+1=-2x
b 2 2 3x =1 7x = -1
t, =8,t, =27 1 1
5 X =—— = — —
x"=8=x =2 3 7
=27 = x.=3 We substitute these values into the original
2
equation:
12 5x7—x"'=2=0 1 5 1 2 2
x=——:241]=2|-=|=Zz-2
We substitute t = x: 3 3 3
2 _ 49— 1 5 1 2 2
S5t t-2=0 x=——:—;+1=2-(—;):>;¢—;
1£V(-1)* -4 5- (=2) _1£41 . . - .
12= > 5 = 10 Neither value satisfies the original equation, so
there is no solution.
L 1+441 10 1541
x =

=x= .
10 1+/41 1341
1017 V41) 1541

—40 —4
—1++/41 —1-+/41
X, = 1 VX, = .



16

17

18

lx—1+|x|=3 19

There are four possibilities:

(i)

(ii) x — 1 — x=3= —1 =3, which is not
possible

XxX—1+x=3=22x=4=>x=2

(iii) —(x — 1) + x=3 = 1 = 3, which is not
possible

(iv) —(x—1)—x=3=>—2x=2=>x=—1

The solutions are: x =2 or x = —1.

x+1
=3
x—1
x+1 x+1
=3 or =-3
x—1 x—1
x+1=3(x—-1) x+1=-3(x-1)
x+1=3x-3 x+1=-3x+3
2x =4 4x =2
1
x=2 X =—
2

1
The solutions are: x =2 orx = E

&—%:1

Jax -6
— -
x—6
Jx
x—6=+x

(x—6) =(Va)
x> —12x+36=x
x*—13x+36=0

_13+4(-13)°—4- 36 13%5

20

1

=1

b2 2 2
x,=4,x,=9
Check:
6
x=4:J4—-—=1=2-3=1=-1%1
J4
6
x=9:/9-—=1=3-2=1=1=1
J9

Therefore, x = 9 is the only solution.

Va—x —Jo+x =14+2x

(Va—x - V6+x) = (V14 +2x)
4—x-2J(4—x)(6+x)+6+x=14+2x
—4-2x=2(4-x)(6+x)

(2-x) =(Ja-06+x)
4+4x+x" =(4-x)(6+x)
4+4x+x"=24-2x—x"

2x* +6x-20=0

x*+3x-10=0

—3+43*—4(-10) -3%7
xl,Z = =
2 2
x, =-5x,=2

Check:

x = =5:+/4—(=5) = /6 +(=5) = /14 + 2(-5)
=Vo-Vi=Va=3-1=2=2=2

x=2:v4-2-V6+2=+14+2-2

=2-8=118
Therefore, x = —5 is the only solution.
6 1 10 / vl ,
=— xT(x"+1)(x" +4
+1 x* x*+4 ( )( )

6x7 (x> +4) = (x* +1) (x* +4) +10x> (x* +1)
6x* +24x> = x* +5x> +4+10x* +10x°

4x* —9x* +4=0

We substitute t = x:

5t —9t+4=0

_9+4(-97°-4-5-4 9+l
b2 2.5 10

4
f1=g,f2=1

4 4 2 25
xzz—:xlz—_ —:i—:ii

5 5 5
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xX—~x+10=0
x=+x+10
x* = (x/x+10)2
x*=x+10
x*—x—-10=0
112 —4(-10)  1£+41
b2 2 2

Check:

- 1
Since < 0, the left side of the equation
, , 1-+/41 ,
is negative for x = ; s0, the only solution
, 1++/41
isx = .
6x—37x +56 =0
We substitute ¢t = +/x:
6t>—37t+56 =0

_374(-37)’—4- 6- 56 _37+5
2 2-6 12
42 7 32 8
tl :—:—,t2 = — = =
12 2 12 3

7 49
Greloyg 2

2 4

8 64
oo, o8

3 9
3x* —4 < 4x

3x —4x -4 <0

We solve the quadratic equation to factorize the
expression.
3’ —4x—4=0=
4+ (-47 —4-3-(—4) 4+8
12 = = =
' 2-3 6
2

—,X, =2
3 2

The inequality can be factorized as:

3(x+§)(x—2)<0

X, =-

(x+§)(x—2) "

24

25

We analyze the signs of the two factors in a ‘sign
chart”:

2 2
3
< »> X
X+ = - 0 + E +
x—=2 - E - 0 +
0 - 0 +

2
The solution is: — 5 <x<2.

2x—1
=1
xX+2
2x—1
X _1=0
xX+2
2x—1—(x+2)20
x+2
x—320
x+2

We analyze the signs of the numerator and
denominator in a ‘sign chart”:

-2 3
< > X
x+2 -0 + E +
| :
x=3 - ! - 0 +
x=3 + X - 0 o+
x+2

x # —2 because this would result in a
denominator of zero.

The solution is: x < —2 or x = 3.

2x% +8x <120
2x* +8x—-120=<0
x> +4x-60=<0

We solve the quadratic equation to factorize the
expression.



1-4x|>7 =
X 44x—60=0= 26 1 -4
1—-4x < -7 or 1—-4x>7

2
_ —4+47 —4-(-60) —4J_r16:> —4x < -8 —4x >6

X2
2 2 3

x, =-10,x, =6 x>2 x<_E

The inequality can be factorized as:

3
The solution is: x < ——or x > 2.
(x+10)(x—6)<0 2

We analyze the signs of the two factors in a ‘sign

chart”: 10 6
= > X
x+10 -0+ +
x—6 - E - 0 +
(x+10)(x—6) + 0 - 0 +

The solution is: —10 < x < 6.

Solution Paper 1 type

27 |x =3 >|x—14|

Since the expression on both sides must be positive, we can square both sides and remove the absolute value signs.
(x=3)" > (x —14)°
X —6x+9> x¥ —28x+1%
22x > 187
2x >17

x> —
2

17
The solution is: x > 7

Solution Paper 2 type

27 [Flotl Flotz Flots
=i1BabsCx—30
-NMzBabsCk-142
===
=Ny=
=Ne=
~NE=
=Ne=

The solution set is all real numbers for which the graph of the function y, (full line) is x‘;
above the graph of y, (dashed). We use the intersect command on the GDC: “xx

17
The solution is: x > ? "
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Solution Paper 1 type

28 |¥' —4 <3 We have two inequalities:
X 2 2
- -4
o x°—4 =3 x <3
3= =3 X X
X 2 _ 2 _
x" =4 +3=0 x° =4 _3<0
X
2 2 _ —
x+3x—420 X" —3x 4$O
X X
(x+4)(x—1)>0 (x+1)(x—4)$o
X X
‘Sign chart'for the first inequality:
-4 0 1
< : > X
x+4 - 0 4 Pt | +
x—1 - - ! - 0 +
1
% - - 0 1 4+
1
(x+4)(x—1) !
— 0 I i - 0 4
X
The solution of the first inequality is: =4 < x <Qorx = 1.
‘Sign chart'for the second inequality:
-1 0 4
< : > X
P - 0 + : + | +
x—4 = - ; - 0 f
1
£ - - 0 1 ‘ +F
1
(x+N(x—4) :
B 0 I ' - 0 +

The solution of the second inequality is: x < —lor0 < x < 4.

The complete solution is the intersection of the two previous solutions,ie. -4 < x < -lor1< x < 4.

Solution Paper 2 type

28 The solution set is all real numbers for which the graph Flotl Flotz Flobs
of the function y, is below the line y, = 3. We use the ;“'"'I‘ Babst Cnz—d424
intersect command on the GDC repeatedly. MeE3 /
M=
N ALV
The solution is: —4 < x < —Tor 1< x < 4. ShE=

=~ 5=0

Int-zr’:-z-:ti-:-n-—M—‘—‘ II'I'Z'H"S'EC'ZI':II'I ‘l\“// Inttr:ection-l\é—‘—‘ Int-zr:-zcti-:-n-—hi—/—/j—‘—‘
=4 ¥ v Hzi ¥ H=y ¥

N
N




Solution Paper 1 type

29

X 1
x—2 x+1
ol ——l—>0
x—2 x+1

x(x+1)—(x—2)
(x=2)(x+1)
x*+2

—— >0
(x=2)(x+1)

Since the numerator is the sum of the square and 2, it is always positive; so, the inequality can be reduced to (x + I)(x — 2) > 0.

We analyze the signs of the two factors in a‘sign chart”:

- -1 %
x+1 = (.) i i 4
x=2 - i = 6 +
(x+N(x-2) + (I) = 0 4

The solutionis: x < —Tor x > 2.

Solution Paper 2 type

29

30

—_ |

We see that the solution is: x < —lor x > 2.

4x -1 <3 Flatl Flotz Flats
X —2x—3 h?é?i4H—1}fiH3—2

4x —1 <3 hﬁzEE
(x+1)(x — 3) o=
wWe=
~ME=

R

=

\\— The solution set is all real numbers for which the graph of the function y, (thick line) is
above the graph of y, (thin).

The solution set is all real numbers for which the graph of the function y, is below the line y, = 3. We use

the intersect command on the GDC repeatedly:

!

),

R

R

SC
-.BEEERET Y=F n=h

%Ettr I:i-:-n\ Inttr’st-:lti-:-n\

LY==

Taking into consideration that the function is not defined for the zeros of the denominator (—1 and 3),

.. 2
we see that the solution is: x < —1 or — 5 <x<3orx>4.
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31 The type of solution for the quadratic equation px*> — 3x + 1 = 0 depends on its discriminant:
A= (-3 —-4p=9-4p.

9

a) The equation has one real solutionif A=0=9-4p=0=p = 1
. . . 9

b) The equation has two real solutionsif A>0=9-4p>0= p< e

9
c) The equation has no real solutionsif A<0=9-4p<0=p> e
32 For f(x)=x"+x(k—1)+ k>, f(x) > 0 for all real values of x if the discriminant is negative so that the
function has no zeros, i.e.

A=(k-17 -4k’ =k> - 2k+1-4k>=-3k*-2k+1<0

_2E4(=2)" — 4(-3) _2%4

-3k*-2k+1=0=k, =
: 2(-3) -3

The inequality can be factorized as: —3(k +2) (k - %) <0=(k+2) (k - %) >0

2
:>k1=—2,k2=§

We analyze the signs of the two factors in a ‘sign chart’:

2
< > X
k+2 -0 + E +
k_Z - E - 0 +
3 |
0 - 0 +

2
keafi-2) -

2
The solution is: k < -2 ork>§.
33 For m>n>0,m,n R, we have:
a) m>n>0=>mn>n =>mn-2n+1>n" -2n+l=mn-17>0=

1
mn—-2n+1>0=>mn-2n+1>0=>mn+1>2n=-m+—>2
n

b) m—-ny>0=m’-2mn+n’>0=m’+2mn+n’ >4mn =

1 1
(m+n)’ >4mn:>(m+n)(m+n)>4mn:>(m+n)(—+—)mn>4mn:
n m

(m+n)(i+l)>4

m n

34 For (xz + x)2 = 5x” + 5x — 6, we introduce the substitution ¢ = x* + x. Then:



t* =5t—6

t?—5t+6=0

(t-2)(t-3)=0

t,=2,t,=3

x> +x=2 X +x=3

x*4+x-2=0 xX*+x-3=0
—1£1> —4(-3

(x+2)(x-1)=0 Xy, = 5 (=3)
~1+13

x, =-2,x,=1 X5,y :T

35 Since a, b and c are positive and unequal, we have:
(a=b)Y+b-c)+(c—a)>0=a>-2ab+b*-2bc+c* +c* -2ac+a’ >0=

2a> +2b* +2¢* = 2ab—2ac — 2bc > 0 = 3a*> +3b* + 3¢ = 2ab—2ac - 2bc > a* + b +¢* =

3a* +3b° +3c> > 2ab+ 2ac+2bc+a’ +b* + ¢’ :3(az+bz+cz)>(a+b+c)2

36 a) |2X70|<1
X
2 —
-1< a 3<1
X
2x—3 2x -3
-1< and <1
X X
2x -3 2x -3
+1>0 -1<0
X X
-1 -3
150 ALY
X X

We analyze the signs of the numerator and denominator for the first inequality in a ‘sign chart”:

0 1
= > x
X -0 + E +
I :
x-1 - - 0 +
x(x=1) + 0 B 0 N The first solution is: x <0 orx > 1.
Next, we analyze the signs of the numerator and denominator for the second inequality:
0 3
= > X
X -0 + E +
i |
x=3 - ! - 0 +
x(x=3) + 0 - 0 + The second solution is: 0 < x < 3.

The final solution is the intersection of the two solutions, i.e. 1 < x < 3.
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THOOL Flotl Flokz Flokz j \x
H“min=-5 WM ESACE-1 -2 08 — —
Mmax=o H1a
aacl=1 ~MeE1
Wmin=-8 =M=
Ymax=3 wMy=
Y=cl=1 wMe= {
Hres=10 wME=
! i ! i
Inkerseckion Inkerseckion
n=-c 11IY=1 bk 1IY=1
We see that 3 - is below the line y =2 for: x < -2,-1<x <1,x > 3.
x—1 x+1

37 If aand b have the same sign, then |a + b = |d| + || .
If a and b are of opposite sign, then |a + b| < |a| + |b| =

la+b <ld+.
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Exercise 4.1

In questions 1-6, we have to substitute n (or k) = 1, 2, ..., 5 into the given formula.
1 sm)=2n-3=s501)=-1,5(2)=1,5(3)=3,5(4)=5,s5(5)=7
2 g(l)=2"-3=g)=—1,8(2) =1, g(3) = 5, g(4) = 13, g(5) = 29

3 3 3 3 3
3 k) =3x2"= f()=—,1f2)=—, fB)==, f4)=—, f5)=—
f(k) f()2f()4f()8f()16f()32
a, =>5
4 =a,=5a,=8a,=1l,a, =14,a, =17
a,=a, +3
5 a =0-1)"'Q2")+3=4g =14a,=7,a,=-5,a,=19,a, =-29
b=3 b =3,b,=7,b =13,b, =21,b. =31
el =), = s = N = s =
b,=b_,+2n ! 2 ’ 4 >
In questions 7-14, we have to substitute n = 1, 2, ..., 5 into the given formula.

7 -1,1,3,5,7;a,=2-50-3=97
8 2,6,18,54,162;b,, = 2-3" = 4.786 x 10*

o 250 100 50
9 _)__)_’__>_;u50:(_1) 2 = - =
3 3 11 9 27 50" +2 2502 1251

10 1,2,9,64,625;a,, = 50" =1.776 x 10%

In questions 11-14, we start with the first term and substitute it in the given formula to find the second term,
and so on. To find the 50th term, we will use a GDC in sequential mode.

11 3,11,27,59,123 asy = 4.50 x 1015

Flatl Flotz Flot: (5]

alin=1 4. SA3599527FELS
~uCr I BluCE=10+5

UiwMinaBI5:
L=

winfini=
L=

wiwfini=

33 =f—;’§ s = 1.00
27 +1

12 0’ 3)2)

Flotl Flotz Flots
aMin=1

Bl C2un—12
+10

UiwMina B
=

winfing=
L=

(5]
1. 808808864
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13 2,6,18,54,162 bsy = 4.786 x 102

Flatl Flokz Flokz TS

nMin=1 4. FESBESES eSS
SR IBINCn—12

uinMina820
LR =
winMina=
L=
winpMina=

14 -1,1,3,5,7 asy =97

Flotl Flotz Floks Lok

aMin=1 =
UL BuCn—10+2
UtmMin8-10

L=
wimkina=
L=
WwinMins=
1 1 4a° 1
15 u,=—u, ,u =— 16 u,=—u, ,u,=—a
4 3 3 2
17 un:un71+a—k,u1=a—5k 18 lzln=l’l2+3
2n—1
19 u,=3n-1 20 u, =—
n
21 n:2”‘1
n+3
22 For the Fibonacci sequence, 1,1, 2, 3,5, 8,13, 21, 34, 55, 89, ..., we have:
E 1 E 2 F, 3 E 5 E 8
a) alz—zz—: ,a2:—3:—= ,03:_4:_,04:_5:_,05:_6=_,
E 1 E 1 F, 2 F, 3 E 5
F, 13 E 21 E 34 E, 55 F, 89
a6:_:_’7:_:_ 8:_:_’9:_:_’ 10——:—
F, 8 E 13 F, 21 F, 34 E, 55
E F +F F 1 1
b) a = n+1= n—1 n:_n+ n—l:1+ _1+_
! Fn Fn Fn n F" an—l
E_,
1 [(1+V5) - (1-5)
23 ForF, =— - we have:
J5 2
1++5)=(1-+/5
0 pe ()
: 1 ((1+25+5)=(1-25+5) 1
NG 4 -
1 ((14+3V5+15+55) - (1-3V5 +15-5V5)
F3:— =2
J5 8
1 (1445 +30+20V5 +25) - (1- 44/5 + 30 — 204/5 + 25)
H:— :3
J5 16
: 1 ((145V5 + 5045035 +125 + 25v5 ) — (1= 55 + 50 — 5035 +125 — 25/5) ;
NG 32 -
. 1(1+6\@+75+100\/§+375+150\/§+125)—(1—6\@+75—100\/§+375—150\/§+125)J
6~ o =
5 64




E =13,F, =21,F, =34, F, =55

This sequence is equal to the Fibonacci sequence.

625 _(1£25+5) (1x5)

b) 3+5=

¢ FE_ +E =

Exercise 4.2

1

a =3

a, =7

G I R R

5~

2 2
(105" ~(1=8)") 1 ((145) ~(1=5)
2! NG 2"
[2(145) +(1+5)' 2 1—@)"'#(1—@)”]
2" 2"

(1+5)" (n2+ 1+5) (1-+5)" (n2+ 1- ﬁ)]

2" 2"

(1+5)7 (3+45) (1-v5)" (3~ @)}

(1+45)" (1435)  (1=5)" (1-\5) ]

2" 2 2y 2

n+l

2n+1 2n+1

h+£r;uﬁr1

4
ag=a,+5d =7 =3+5d =d=_-=08

19 23 27 31
The sequence is: 3,?,—,—,—,7.

5 5 5

a) Arithmetic: a,,, —a, =[2(n+1)-3]-(2n-3)=2=d=2=a,=0a,+49d =-1+49-2=97

b) Arithmetic: b,,, —b, =(n+1+2)-(n+2)=1=d=1=b,;=b +49d =3+49-1=52

¢) Arithmetic: ¢, =-1,¢c,=1,¢;=3=>d=2=1¢,=c¢, +49d =-1+49-2=97

d) u is not defined, so the sequence cannot be determined.

e) e, —e=5-2=3,¢e,—¢,=7-5=2

There is no common difference, so the sequence is not arithmetic.
f) Arithmetic: f,— fi=f, - f,=f,-f,=-T7=d=-7= f, = f, +49d =2+49-(-7) = -341
a) g =-2,d=4a,=a,+7d=-2+7-4=26
b) a =-2+(n-1)-4=4n-6

¢) a,=a,, +4,a =-2

n
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4 a) aq=29d=-4a,=a+7d=29+7-(-4)=1
b) a =29+(n—-1)-(-4)=—-4n+33
¢) a,=a,, —4a =29
5 a) a=-6d=%a,=a,+7d=—-6+7-9=57
b) a =—6+(n-1)-9=9-15
¢) a,=a, +9a=-6
6 a) a =1007,d=-012a,=a, +7d=10.07+7- (-0.12) = 9.23
b) a, =10.07+(n—1)-(—0.12) = —0.12n +10.19
¢) a,=a, —012,a =10.07
7 a) a =100,d=-3:a,=0a,+7d=100+7- (-3)=79
b) a =100+ (n—1)-(=3)=—3n+103
¢) a,=a,, —3,a =100

5 5 27
8 a) al:2,d=——:a8:a1+7d=2+7~(——):——
4 4 4
5 5 13
b) an=2+(n—1)-[——):——n+—
4 4 4
5
<) anzan_l—z,a1=2
9 4 =13
a, =—23
4, =a+6d=-23=13+6d =d=—-6
The sequence is: 13,7,1, -5, 11, -17, -23.
10 a =299
a, = 300
- 1
as=a1+4d:>300=299+4d:>d=z=0.25
The sequence is: 299, 299.25, 299.5, 299.75, 300.
11 a,=6
a, =42
a,+4d =6
a,+13d = 42
d=4,a,=-10 =a,=-10+(n—-1)-4=4n-14
12 a, =-40
a, =—18
a,+2d =-40
a,+8d=-18
142 142 11 11
=—— a,=——+Mm-1)-—=—n-51
3 3 3




13

14

15

16

17

18

19

a=9
d=-6
a, =-201
a,=a+n-1)d =-201=9+(n—-1)-(-6) = n=36
1
a =3—-
8
1 1 9
d=4—-3-—=—
4 8 8
51,1:142
8
115 25 9
an=a1+(n—1)d:>—=§+(n—1)-§:nzll
1
alzg
1 1 1
d:———:—
2 3 6
a, =2-—
17 1 1
a,=a,+mn-1)d = —=—-—+mn-1)-— = n=16
6 3 6
a =1-k
d=(1+k)-Q1-k)=2k
a, =1+19%

a =a+(n-1)d=\+19% =\ -k+(n-1)-2k =20k =(n-1)-2k =>n=11

a =15
a, =21
36
a, =a1+6d:>—21=15+6d:>d:—z=—6
The sequence is: 15,9, 3, -3, -9, —15, -21.
a =99

a, =100
1
a5=al+4d:>100:99+4d:>d=z

The sequence is: 99, 99.25, 99.5, 99.75, 100.
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21

22

23

24

25
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a, =11  [a,+2d =11
=d=4,a =3

=
a, =47 |a, +11d = 47
The sequence is defined by: a, =3,a, =3+ (n—-1)-4=4n—1forn>1.

a, =—48 a, +6d = —48 19
{am =—10:>{al+12d:—10:>d:?’a1 =%
The sequence is defined by: a, = -86,a, :—86+(n—1)-?:@forn > 1.
a, =147
d=4
Ay, =a,+29d =147 =a, +29-4 = a, =31
a,=a+m-1)d=31+(n-1)-4=4n+27
a, =—7
d=3
a, = 9803

a,=a+mn-1)d=9803=-7+n-1)-3=n=3271
Yes, 9803 is the 3271th term of the sequence.

a, = 9689
a4, = 8996

a, =a, +(n—1)d = 8996 = 9689 +99d = d = -7
a,, = a, +109d = 9689 +109 - (-7) = 8926

a,=1= 9689+ (n—1)-(-7)=1= n=1385

Yes, 1 is the 1385th term of the sequence.

a, =2
a,, =147
a, =a+n—-1)d =147=2+29d =d =5

998
an=995:>2+(n—1)-5=995:>n=T

As a fractional result is not possible for 1, we conclude that 995 is not a term of this sequence.

Exercise 4.3

1

3’ 3a+1’ 32a+1 , 33a+1 - 2 O, 3, 6, 9, ves

The sequence is geometric.

3a+1 32a+1 33a+1 .
3 = 3a+l = 32a+l = 3

7’9 =3. (3a)9 — 39a+l

r =

0 = U

The sequence is arithmetic.

d=a,—a, =0Bn-3)-[3(n-1)-3]=3
a,=a,+9d=0+9-3=27

8,16,32,64, ...

The sequence is geometric.

r=b:b_ =2":2""=2

b, =br’ =8-2° = 4096



10

-1,—4,-10,-22, ...

¢, = —1534

The sequence is neither arithmetic nor
geometric.

4,12, 36,108, ...

The sequence is geometric.
r=u,:u,, =3

u, =ur =4-3 =78732

2,5,12.5,31.25,78.125, ...

The sequence is geometric.

r=5:2=125:5=3125:125
=78.125:31.25=25

1953125

U, =ur’ =2-25 = ~ 7629.39

2,-5,12.5,-31.25,78.125, ...

The sequence is geometric.
r=(=5):2=12.5:(-5)=(-31.25):12.5
=78.125:(-31.25) = 2.5

1953125

u, =ur =2-(-25) = ~ —7629.39

2,2.75,3.5,4.25,5, ...

The sequence is arithmetic.

d=275-2=35-275=425-35
=5-425=0.75

U, =u+9d=2+9-0.75=28.75

18,—12,8,—2,2,...
39

The sequence is geometric.
16
T:(—IZ):18=8:(—12):(—?):8

_2.(_2)__2
9 U 3 3

o 2Y 1024
u, =ur =18-|-—| =———==-0.468
3 2187

52,55,58,61, ...

The sequence is arithmetic.
d=55-52=58-55=61-58=3
Uy =t +9d =52+9-3="79

11

12

13

14

15

16

17

18
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-1,3,-9,27,-81, ...

The sequence is geometric.

r=3:(-1)=(-9):3=27:(-9)
=(-81):27=-3

u, =ur’ =(-1)-(-3)’ =19683

0.1,0.2,0.4,0.8,1.6,3.2, ...

The sequence is geometric.

r=02:01=04:02=08:04=16:0.8
=32:16=2

u, =ur’ =01-2" =512

3,6,12,18, 21,27, ...

The sequence is neither arithmetic nor
geometric.

6,14, 20, 28, 34, ...

The sequence is neither arithmetic nor
geometric.

2.4,3.7,5,6.3,7.6

The sequence is arithmetic.

d=37-24=5-37=63-5=76-63=13

uo =1, +9d=24+9-13=141

a) Arithmetic:
d=2—-(-3)=7-2=12-7=5
a,=a,+7d=-3+7-5=32

b) a =-3+n-1)-5=5n-38

© a=-3a =a_ +5forn>1

a) Arithmetic:
d=15-19=11-15=7—-11=-4
ag=a,+7d=19+7-(-4)=-9

b) a =19+n-1)-(—4)=23—-4n

o a=19a =a,, —4forn>1

a) Arithmetic:
d=3-(-8)=14-3=25-14=11
a,=a, +7d=-8+7-11=69

b) a =-8+(n-1)-11=11n—19

¢ a =-8a =a, +11forn>1
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19 a) Arithmetic: 25 a) Geometric:
d=9.95-10.05=9.85—-9.95 r=(-6):3=12:(-6)=(-24):12=-2
=9.75-9.85=—0.1 a,=a -7 =3 (-2) =384
a, =a,+7d =10.05+7-(=0.1) = 9.35 b) a =3-(-2)"
b) a, =1005+(1’l—1)(—01):1015—01n C) a, =3, a, :_Q’a’171 forn>1
¢ a,=1005a,=a,, —01forn>1 26 The sequence is neither arithmetic nor
20 a) Arithmetic: geometric.
d=99-100=98—-99=97-98=-1 27 a) Geometric:
=a, +7d=100+7-(-1)=93 9 27 9
“=a - r=3:(—2>=(“)‘3:_:("):_
b) a =100+ (n—1)-(-1)=101—n 2 4 -
3) 2187
¢ a,=100,a,=a, —1forn>1 a,=a, -r = (—2)-(—5) 2?: 34.17
21 a) Arithmetic: 3\ 3n-1
1 15 3 b) 4 :_2.(__) _
d=—-2=-l-—=-2—(-1)=—2> " )
2 2 2 =1 2 2 3 (=2)
3 17 =— B
a8=a1+7d:2+7.(_5):_? <) a 2,a, ( 2)an_lf0rn>1
28 a) Geometric:
3 7—=3n
b) an=2+(n—1)-(——)= 12 25 12
2 2 F=25:35= 122,552 022,15 >
7 49 7 7

n n

3
¢) a=2a :afl—Eforn>1 ~N
= . 7: o — ~
22 a) Geometric: Gy =d -1 =35 (7) 3.32
r=6:3=12:6=24:12=2 o
b =35 > =2
a,=a,-r =327 =384 ) a,=35—] =5

b) a,=3-2""

5
¢) a =35a =—a,_, forn>1
1 n 7 n—1

¢ a =3a,=2a,  forn>1
29 a) Geometric:
23 a) Geometric:

r=12:4=36:12=108:36 =3 f=(—3)=(—6)=(—%)1(—3)=(—Z)3(—§)=
a,=a, -r' =4-3 =8748 ] 1Y 3

b) a =4.3" a,=a,-r :(—6)'(5) =—6—4z0.0469

© a =4,a =3a, forn>1 1\ 3

24 a) Geometric: b =_6.(5) T

r=-=5:5=5:(-5)=-1 <) aI:—6,an=lan_1forn>1
a,=a,-r" =5 (-1 =-5 30 a) Geometric: ’

b) a =5 (1) r=19:95=38:19=76:38=2

¢) a =5a =-a,, forn>1 a;=a, -r =95-2" =1216

b) a =95-(2)""

¢ a,=954a,=2a, forn>1
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32

33

34

35

36

37

a) Geometric:
r=95:100=90.25:95=0.95

a; =a, -r =100-0.95" = 69.83
b) a, =100-(0.95)""
¢) a =100,a, =0.95a, , forn>1

a) Geometric:

3 =96=r"=32=r=2

(3), 6,12, 24, 48, (96)

a =7

a, = ar' = 4375

7r'=4375=r' =625 =r' =5" = r=5
(7), 35,175, 875, (4375)

a =16

1
a, =ar’ =81
3 Y -

81 9
lor’ =8l=r'=—=rn,=*—
16 "

There are two solutions for the common ratio 7,
but, as we require the geometric mean, the only

correct one is the positive one. Therefore, the
sequence is: (16), 36, (81).

a =7

a, =ar’ =1701

7r° =1701 =1’ =243 = r =3
(7), 21, 63,189,567, (1701)

a =9

64 8
I =6d=>r'=—=r,=%t—
9 :

There are two solutions for the common ratio 7,
but, as we require the geometric mean, the only

correct one is the positive one. Therefore, the
sequence is: (9), 24, (64).

38

39

40

41

)
S
Il
R
<
Il
o)}

24 4 2

We have two solutions:

1 R 1y 24
Forr=52a4=alr =24 |=| =—=3

1 n—1
a, =24 (—J = 3_4
2 2"

1 3
Forr=——:>a4=alr3:24.(__)
2
24
:——:—3
8
1 n-1
an:24(——)
2
2
r=—
7
14
a, =ar :?
, 14 (2)3 2401
a=a,:r=—:|-| =—/—
3°\7 12
, 2401 (2)2 49
a=ar =——:\-| =—
12 \7 3
6,18, 54, ...
a =6,r=3
a, =118 098

a,=ar"” =118098=6-3"=
3" =19683=3"=3 =
n—-1=9=n=10

So, 118098 is the 10th term of the given
sequence.
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a, =18

729
"8
ar’=18 (1)

729
6117’6 = T (2)

a,

We can divide (2) by (1) to obtain:

, 81 [s1 |3 3\F
7’2—:>7’=3_=3_=_3_
16 16 2t 2\2

and so:
1818 32
S TR
16
Now we can proceed as in the previous question:
59049
! 128
4\n-1
. 59049 32 (3)3
a,=ar” = =—-[|= =
128 9 2
4n—4 4n—4 12
(3)3 531441 (3) 3 (3)
2 4096 2 2
4n—4
P —n2=a=10

Since n is a natural number, we can conclude

59 049
that

a, =18

243
~ 4
ar’=18 (1)

243
alrS = T (2)

as

We can divide (2) by (1) to obtain:

, 27 3
r=—=r=—
2
18 18
a=—=—=38
1 r2 2
4

is the 10th term of the sequence.

44

45

46

47

48

Now we can proceed as in the previous question:

19 683
a, =
64
19683 3\
a, =ar =8| = =
64 2

(3)"‘1 19 683 (3)"‘1 (3)9

— = =\ — =\ — =
2 512 2 2
n—-1=9=n=10

Since 7 is a natural number, we can conclude

19683
that

is the 10th term of the sequence.

The interest is paid n = 2 times per year. For
t =10 years, annual interest rate r = 0.04, and
principal P = 1500, we have:

nt . 4 210
A= P(Hf) - 1500(1+%)
n 2

=1500-1.02% = 2228.92
Jim will have €2228.92 in his account.

P=500,r=0.04,n=4,t =16

nt 416

0.04

A= P(1+1) - 500(1+T) ~ 94523
n

Jane will have £945.23 on her 16th birthday.
A =4000,t =6,n=4,r =0.05

nt nt
A=P(1+1) :>P=A:(1+£)
n n

0.05\*°
= 4000 : (1 + T) ~ 2968.79

You should invest €2968.79 now.

This situation can be modelled by a geometric
sequence whose first term is 7554 and whose
common ratio is 1.005. Since we count the
population of 2007 among the terms, the
number of terms is 6.

a, = 7554 - 1.005° = 7744.748
The population in 2012 would be 7745 thousand.
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50

a =7 51 P=1000,n=4,t=18,r =0.06

T &
r=3 0.06

nt 418
. A= P(l + 1) = 1000 (1 +—) ~2921.16
a, =137781= 73" =137781 = n 4

3"1'=19683=3"=3" =>n=10 William will have £2921.16 on his 18th birthday.
137781 is the 10th term.

P =2500,n=2,t=10,r =0.04

nt 20

04

A= P(l + f) = 2500 (1 + %) ~3714.87
n

Tim’s account will hold €3714.87.

Exercise 4.4

1

Firstly, we need to determine the number of terms in the series.
a,=11,d=6

a, = 365

a,=a +(n-1)d=365=11+(n—-1)-6 = n =60
60

The sum of the series is: S, = 7(11 +365) =11 280.

The series is geometric. Firstly, we need to determine the number of terms in the series.

3
a =2,r=——
2
177 147
a, =-—
1024
. 177 147 3\ 3\ 177147 3\ 3\"
a, =ar"” = - =2:|-=| =|-=| =- =|-=| =|-Z| =>n=12
1024 2 2 2048 2 2
3 12
2((_ 2) _1) 105 469
The sum of the series is: §,, = = - =~ —103.
3.4 1024
2
13
Y (2-03k)=2+17+14+..+(-1.9)
k=0

The series is arithmetic with 14 terms, a, =2andd =-0.3.

14 7
The sum of the series is: S, = ) 2+(-19)=0.7= 0
4 8 16 2
— —+ — ———+...is an infinite geometric series with a, =2 and r = — —.
5 25 125 5
2 10
The sumis: S, = —F——~=—
2 7
)
5
1 3 1 V3 3 L o 1 J3
—+—+—+—+ ——+ ... is an infinite geometric series with a, = 3 andr = —.

3 12 16 64 256
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1

3 4 4+J3 16+43
V33(4-3) 443 39
4

6 In each case we have an infinite geometric series:

The sumis: S_ =
1 —

a) 0.52=0.52525252.. = 0.52 +0.0052 + 0.000052 + ... = 52-10 2 +52-10"* +52-10° +...

52 1

a =——,r=——-

100 100

52
— 100 52
052=5, =100 >
_ 99

100

b) 0.453 = 0.453 535 353... = 0.4 + 0.053 + 0.000 53 + 0.000 0053 + ...
=04+53-10°+53-10° +53-107 +..= 04+ S_

53 1
a,=——,r=——
1000 100
53
= 4 44
0453=04+5. =04+-1000 _ 4 5 449
[—_1 10 990 990

100

¢)  3.0137 = 3.013737 37... = 3.01+ 0.0037 + 0.000 037 + 0.000 000 37 + ...

=3.01+37-10"+37-10°+37-10° +..=3.01+ S_
37 1
a, = NG
10 000 100

37
10000 301 37 29836 7459

= + = =
[__1 100 9900 9900 2475
100

3.0137 =3.01+S_=3.01+

7  Maggie invests £150 (R) at the beginning of every month for six years, so we are calculating future value
(FV) for annuity due. For annual rate r = 0.06 and m = 6 - 12 = 72 periods, we have:

0.06
i=——=0.005
12

1+i)"" =1 1+0.005)" —1
FV =R L—1 =150 %—1 =13026.135
i 0.005

There will be £13026.14 in her account after six years.

8 Theseries 9 +13+17 + ...+ 85 is arithmetic. Firstly, we need to determine the number of terms in the
series.
a =9d=4

a, =85
a,=a+mn-1)d=8=9+(n-1)-4=n=20

20
The sum of the series is: S,, = 5Y (9 + 85) = 940.
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The series 8 + 14 + 20 + ... + 278 is arithmetic. Firstly, we need to determine the number of terms in the

series.
a,=8,d=6

a, =278
a,=a +(n-1)d=278=8+(n—-1)-6 =>n=46

46
The sum of the series is: S, = > (8 +278) = 6578.

The series 155 + 158 + 161 + ... + 527 is arithmetic. Firstly, we need to determine the number of terms in
the series.

a, =155,d =3
a, =527
a,=a +(mn-1)d=>527=155+(n-1)-3=>n=125

125
The sum of the series is: S, = - (155 +527) = 42 625.

a,=2+3k=a =2+3-1=5,a,=2+3n

S =§[5+2+3n]=M

For the arithmetic series 17 + 20 + 23..., we have:
a,=17,d=3

3n+31
S, =§[2a1 +(n—1)d]:g[34+(n—l)-3]=%

31+ 31
S, >678:>%>678:>3n2+31n—1356>o

The solutions of the quadratic equation 3n” + 311 — 1356 = 0 are 16.71 and —27.05, so the solutions of
the inequality are n > 16.71 or n < —27.05. Since n € N, we conclude that we need to add 17 terms to
exceed 678.

For the arithmetic series =18 — 11 — 4..., we have:
a, =-18,d=7
n(7n — 43)

n n
S, —5[2111+(n—1)d]—5[—36+(n—1)-7]— 5

7n— 43
S, >2335:>%>2335:>7n2—43n—4670>0

The solutions of the quadratic equation 7n* — 43n — 4670 = 0 are 29.08 and —22.94, so the solutions of
the inequality are n > 29.08 or n < —22.94. Since n € N, we conclude that we need to add 30 terms to
exceed 2335.

First sequence:
a,a+2d,a+4d, .. a+98d

S5 = %(a+a+98d) =25(2a+98d)=T

Second sequence:

a+d,a+3d,a+5d,..,a+99d
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Combined sequence:

a,a+d,a+2d,a+3d,..,a+99d

smfz%?(a+a+9%ﬂ=5M2a+9%D=S

Then:

2T +200 =S = 2-25(2a+98d) + 200 = 50(2a + 99d) =
100a + 4900d + 200 = 100a + 4950d = 50d = 200 = d =4

15 a)
a=3d=4
a, = 999

For the arithmetic sequence 3,7,11, ..., 999, we have:

a,=a+mn-1)d=99=3+(n—-1)-4=n=250

250
2

S0 =

(3+999) = 125 250

b) The removed terms, 11, 23, 35, ..., 995, form an arithmetic sequence with 83 terms and

b,=11andd =12.

83
883=7[2-11+82-12]=41749

The sum of the remaining terms is then 125 250 — 41 749 = 83 501.

16 We have the following system of equations:

a+(a+d)+(a+2d)+ ..+ (a+9d) =235
(a+10d)+ (a+11d)+ ..+ (a+19d) = 735

%ﬁa+m+9dﬂ=z%

% [(a+10d)+ (a+19d)] = 735

2a+9d =47
=d=5a=1 Flokl Flatz Flabs Eumiseaiuyinlma. 1
2a+29d =147 nMin=1 .
UL aBnt+l 2898
a ugnﬁlg}ﬂ{ﬁ} ||
17 For +1 in DCin ntial mode: [~“LR A=
7 Fo kzz;(k ), using a GDC in sequential mode T e
L=
winMini=
Flotl Flotz Flob: ELUME e LR e
aMin=3 2172
. utnaBloine+30 . 296457 EESY
1 uenMinaBL. 843351
18 FOI'Z.2 : |v||:;rlu:|=
is i +3 vinMiny=
L=
wipMing=

100

3
19 For Z (-1)" —:
n=1 n

Flokl Flokz Flokz

aMin=1
P = Ll B R

a
utaMin2B84L -3
AR RES |

winMina=

L=

SUNE?Eﬂiuﬂﬁ?:ﬂzl
C T Lo, BdS16538
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For the arithmetic series 13+ 19 + ... + 367, we have:
a,=13,d=6

a, =367

a,=a +n-1)d=367=134+(n-1)-6 =>n=60

60
S0 =" (13+367) = 11400

. . 4 8 16 4096
For the geometric series 2 — —+ — — — + ... — , we have:
) 3 9 27 177 147
a =2,r=——
3
4096
a, =—
177 147
2\ 4096 2\ 2\"
an:alr"_1:>2-(——) =- :>(——) :(_—) =n=12
3 177 147 3 3
2 12
)
S, = a, =2 ~1.191
=)
3
11
2 (3+0.2k) =3+3.2+3.4+..+5.2 is an arithmetic series with:

k=0

a,=3,d=02,n=12.
11

12
So: Y, (3+02k)=S, = 5 (3+5.2) = 49.2.

k=0
. . . . 4 8 16
For the infinite geometric series 2 — — + — — — + ..., we have:
) 9
a =2,r=——
3
= — 2
l=r 4,2 5
3
o .1 V21 2 02
For the infinite geometric series — + —= + — + —= + — ..., we have:
2 2J3 3 243 9
1 J2
a =—,r=—
1 2 \/g
1
C e G B B 3+eds

ST T i 2(B-2) 2(h-2) ez 2
N
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3
25 Foru = 5_” , we have:

3
Sl=§

3 3 18
S,=+—=—

5 25 25

3 3 3 93
, = —+—+—

5 25 125 125

3 3 3 3 468
==t —+—+—

5 25 125 625 625

n 1 _ B
L 4 5
5
1 1 1
26 Forv, =— = - , we have:
n+3n+2 n+l n+2
1 1
Slz—:—
6 2-3
1 1 3 1 2
Szz—+—:—:—:—
6 12 12 4 8
1 1 1 6 3
S3:—+— _— — = —
6 12 20 20 10
g L, 1 1 1 _ 10 1 _4
Y6 12 20 30 30 3 12
n
S, =
2n+4

27 For u, =/n+1—+/n, we have:
S
S, J1
S, =(V2-V1
S, (JE V1
S,

28 The heights that the ball reaches after each bounce form an infinite geometric sequence:
16-0.81,16-0.81%,

a) After the 10th bounce: 16-0.81" = 1.945 m

b) 16+2-(16-0.81+16-0.81° +16-0.81' +..) =16+2- ~184.42 m

1 1
29 The shaded area in the first square is 2 - . 16° = e 16° = 64.
In each successive square, the shaded area is one-half of the shaded area of the previous square; so, in the

1
second square, the shaded area is 5 64 = 32, in the third 16, etc.
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1
Total shaded area forms a geometric series with a, = 64, r = 5
1 10
1= () 1023 64
a) S, =64 21 = =22 = 127.875 b) 5 =——=128
1—— 1-=
2 2
1 11
a) 'The first shaded areais: 4-2—-2-1=6. The second shaded areais: 1- 5752 = .
11 11 3 3 3 819
The third shaded area is: —-———- —=— Total shaded areais: 6+ —+ — = —.
4 8 8 16 128 8§ 128 128
b) If the process is repeated indefinitely, the total shaded area forms an infinite geometric sequence with
1 6 32
a=6r=—:§ =——F—=—
16 1- 1 5
16
Arithmetic series: a, =7,d =5
a, =342
a, =a+m-1)d=342=7+(n-1)-5=>n=068
68
S = (7+342) = 11866
Arithmetic series: a, = 9486,d = -7
a, = 8912
a,=a, +(n-1)d = 8912 =9486+(n—-1)-(-7) = n =83
83
Sy = - (9486 +8912) = 763517
Geometric series: a, =2,r =3
a, = 9565938
a,=ar" =2-37=9565938 = 3" =4782969 = 3" =3" = n=15
5 _q 15
Se=a—— =2 =14 348907
r — —
Geometric serlies:
a, =120,r =—
5
24
a, =
78125
. 1 n—1 24 1 n—1 1 1 n—1 1 8
a, =ar" =120-| = = == = = - =|=| =>n=9
5 78125 5 390625 5 5
1 9
()
S, =120 —32- =150
1 N
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Exercise 4.5

51 1:2:3-4-5
1 a) °p= =120
(5- 5)' 1
b) 5!=1-2-3-4-5=120
20! 1-2-3-..-19-2
9 ®p= o 3 9:20 _
(20-1)!  1-2-3-..-19
8! 1.2:3-4-5-6-7-8
d °p= =6-7-8=1336
(8=3)!  1.2-3-4.5
5 5
2 a) = =
5) (5-5)150
b [5)o_ 3% _
0) G=w!o!
10! 1-2734-5-6-7 -8-9-10
c) 107 = =120
3 (10-3)!13!  (I-2734-5.6-7)1-2-3
10! M 8-9-10
a |1 ~ 120
7 )T @077 (1.2 3)1- 237 4-5-6-7
! | ! 173.4-.5-6-
3 09 (77 )7, 7 _, 7, 234567
3 4 ) (7-3)131 (7-4)!4! 4131 (T72-3-4)(1-2-3)
8!  1:.2:3-4.56:7-8
b |8 — 70
4 ) B-4)141  (1.2-3.4)
10 10 10! 10!
9) + = +
6 7 10-6)!6! (10-7)!17!
M M
7-8:9'10 1 8910 _ 510+120 =330
(1-2-3- 4)M (1-2-3)1- 273 45-6-7
11! 12737 45-6-7 -8-9-10-11
a | 1= - — 330
7 (11-7)17! (1-2-3-4)1-27345-6-7

4a)8_8_8!_8!_8!_8!_
5 3 (8—5)!5! (8=3)!3! 315! 513!
b) 11-10!'=11-1-2-3-4-5-6-7-8-9-10=1-2-3-4-5-6-7-8-9-10-11=11!=39916 800
10) (10)_ 10! 10! 10! 10! _
3 7 (10-3)!13! (10=7)!7! 7131 317!
o [10)o 10 12 3456-7-89-10
1 (10-1)!1! (12737 45-6-7-8-9)-1

~—

C
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11

12

13

14

15

10! 1-2-3-4-5-6-7-8-9-10
— = = 30240
5! 1-2-3-4-5

21=2

10!
= —#2!
5!

a)

b) (5!)’=(1-2-3-4-5)*=14400
251=1-2-3-4-5-6-7-8-9-10-11-12-13-14-15-16-17-18-19-20-21-22-23-24-25
=1.551121x10%

= (5! #25!
o (101)_ 101! 101!
8 ) (101-8)!8! 93!8!

101)_  1oil 101!
93 ) (101-93)!93! 8!93!

101 101
- =
8 93
Fundamental principle of counting = 3-2 -4 = 24 different systems to choose from.
Fundamental principle of counting = 3-4 -2 -3 = 72 different choices.

Fundamental principle of counting = 8-3-13 = 312 different combinations of choices.

Fundamental principle of counting = 4-4-...-4 = 4" =16 777 216 ways to answer all the questions.
12 times

Fundamental principle of counting = 2-2-...-2-4-4-..-4 = 2°4° = 262 144 ways to answer all the

questiOHS. 6 times 6 times

Fundamental principle of counting = each letter can be chosen in 26 ways and each digit in 10 ways, so
there are 26’ -10° = 1757 600 000 different passwords.

The first and last digit can be chosen in 9 ways (cannot be 0) and the three middle digits in 10 ways, so
there are 9-10” - 9 = 81000 such numbers.

a) Eight people can be seated in a row in 8! = 40 320 different ways (permutations).

b) If every member of each couple likes to sit together, four couples can be seated in a row in 4!
different ways, and for each member of a couple there are two possible places; so, altogether, there
are 4!- 2* = 384 different ways that they can be seated.

a) Eight children can be arranged in single file in 8! = 40 320 different ways (permutations).

b) If the girls must go first, the five girls can be arranged in 5! ways and the three boys in 3! ways; so,
altogether, there are 5! 3! = 720 different orders.

In alphabetical order:
AEJN, AEN], AJEN, AJNE, ANE], ANJE, EAJN, EAN]J, EJAN, EJNA, ENAJ, ENJA,
JAEN, JANE, JEAN, JENA, JNAE, J]NEA, NAEJ, NAJE, NEAJ, NEJA, NJAE, NJEA
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16 ACG AGC CAG CGA GAC GCA
ACl AlC CAl CIA IAC ICA
ACM AMC CAM CMA MAC MCA
AGl AlG GAl GIA IAG IGA
AGM AMG GAM GMA MAG MGA
AlM AMI IAM IMA MAI MIA
Cal G Gdl GIC ICG IGC
CGM CMG GCM GMC MCG MGC
@]\ CMI ICM IMC MCI MIC
GIM GMI IGM IMG MGl MIG

17 a) Three letters can be chosen in 26° ways and four digits in 10* ways; so, altogether, there are
26” -10" =175 760 000 possible codes.

b) The letters can be chosen in 26° — 97 ways and the four digits in 10* ways; so, altogether, there are
(26° —97)-10" =174 790 000 possible codes.

18 a) The president can be chosen in 17 ways, the deputy in 16 ways, and the treasurer in 15 ways; so,
altogether, there are 17 -16 - 15 = 4080 ways.

b) If the president is male, he can be chosen in 7 ways, and, thus, the deputy can be chosen in 16 ways
and the treasurer in 15 ways; so, altogether, there are 7-16 - 15 = 1680 ways.

c) The deputy (male) can be chosen in 7 ways, the treasurer (female) in 10 ways, and the president in
15 ways; so, altogether, there are 7-10-15 = 1050 ways.

d) If the president and deputy are both male, then they can be chosen in 7 - 6 ways; if they are
both female, in 10 - 9 ways. The treasurer can be chosen in 15 ways; so, altogether, there are
(7-64+10-9)-15 = 1980 ways.

e) Ifall three are male, they can be chosen in 7 - 6 - 5 ways; if all three are female, there are
10-9-8 ways. So, there are 4080 — (7-6-5+10-9-8) = 3150 cases where all three officers are not
the same gender.

19 Since the order is not important, we have combinations.

T . . . 8
a) Three officers of the same specialization can be chosen as 3 mathematicians out of 8 (in 3 ways),

or 3 computer scientists out of 12 (in ( 132 J ways), or 3 engineers out of 6 (in ( 2 J ways). So,

12

3 )+(§J=56+220+20=296ways.

altogether, there are [ i )+(

b) There are a total of ( 236 J ways to choose three officers from 26 people. Three officers that are not
engineers can be chosen as 3 out of 20 mathematicians and computer scientists in ( 230 J ways. So,

there are ( 236 )— ( 230 ) = 2600 — 1140 = 1460 combinations with at least one engineer.
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¢) Two mathematicians can be chosen in 8 ways, and the third member in 18 ways out of 12
computer scientists and 6 engineers; so, altogether, there are i -18 = 28 -18 = 504 ways.

Three numbers each in the range 1 to 50.

a) There are 50° = 125 000 different combinations.

b) There are 50-49-48 =117 600 combinations without duplicates.

c) If the first and second number are matching, then the first number can be chosen in 50 ways, the
second in one way (must be the same as the first), and the third in 49 ways; so, altogether, there are
50-1-49 = 2450 combinations.

d) If two out of three numbers are matching, it may be the first and the second, or the first and the
third, or the second and the third; so, altogether, there are 3 - 2450 = 7350 combinations.

Five couples can be permutated in 5! ways, but, as they are sitting around a circle, all circular
permutations that come in groups of five (ABCDE, BCDEA, CDEAB, ...) are equivalent, so there are

5!
actually = arrangements. For each couple, there are two different ways of sitting (male right or left of

5!
female); so, altogether, there are — - 2° = 768 different seating arrangements.

a) Two elements out of nine can be chosen in ( z ) = 36 ways, so there are 36 two-element subsets.
9 9 9
b) Thereare . one-element subsets, 3 three-element subsets, s five-element subsets,

( 3 )seven—element subsets, and ( z J nine-element subsets. Altogether, we have

(?J+( 2 J+( 2 )+( 3 J+( g j=9+84+126+36+1:256subsetswithanoddnumberof

elements.

a) Four students out of 9+ 12 = 21 members can be chosen in ( 241 ) = 5985 ways.

b) Two juniors out of 12 can be chosen in 122 ways, and two seniors out of nine can be chosen in
( Z J ways; so, altogether, there are ( 122 )( z ] =66-36 = 2376 teams.

¢) More juniors than seniors can be realized if there are three or four juniors, so there are

(132 )( ? ]+( 142 ):220-9+495=2475 such teams.

a) Teams with one ‘mathlete’: 2 ( 230 ) =2-1140 = 2280
b) Two juniors (one is Tim) can be chosenin 1- ( 1 ) ways, and two seniors (no Gwen) can be chosen in

( 5 j ways; two juniors (no Tim) can be chosen in ( 121 ) ways, and two seniors (one is Gwen) can be

chosenin 1- 213 ways. Altogether, there are

1( 111 )(§)+( 121 J-l-(?)z1-11-28+55-1-8=748teams.
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1) (8

2 1

¢) More juniors than seniors can be realized in the following cases:
3 juniors (one is Tim), 1 senior (no Gwen) = 1- E

11 )

3 juniors (no Tim), 1 senior (Gwen) = ( 3 1

4 juniors (one is Tim) = 1 ( 131 )

Altogether:l-( 121 )( 51; ]+( 131 )~1+1~( 131 )=55-8+165+165:770 teams.

a) Inasample of six disks there can be 0, 1, 2, 3 or 4 defective disks. So, we have:

96 | (4, (96 ) (4).(96)(4).[9)(4]).(%)/[4
6 ) (o 5 )1 4 )2 3 )03 2 ) (4
=927 048 304 + 61124 064 -4 + 3321960 - 6 + 142 880 - 4 + 4560 -1 = 1192 052 400

b) All four defective disks could be in ( 926 J ( j ) = 4560 samples, which gives us

4560

————— =0.000 003 83, i.e. 0.000 383% of the total.
1192052 400

¢) Atleast one defective disk could be in

96 4 96 4 96 4 96 4
. + . —+ . + .
5 1 4 2 3 3 2 4
=61124064-4+3321960-6+142880-4 +4560-1 = 265004 096 samples,

265004 096
which gives us ——————— = 0.2223, i.e. 22.23% of the total.
1192052 400

a) Six people out of 10 + 8 + 4 = 22 can be chosen in ( 262 ) = 74 613 ways.

b) Two members out of each party can be chosen in ( 120 J( i )( ;L ) =45-28-6 = 7560 ways.

First we count the number of ways in which we can form a line of six boys and six girls, where boys and

girls alternate, starting with a boy. The first boy can be chosen in 9 ways, the first girl in 6 ways, the
9!6!
combinations.
9!6!
2

second boy in 8 ways, the second girl in 5 ways, and so on. So, altogether, we have

We must multiply the answer by 2, because the line can start with a boy or with a girl; so, we have

combinations. The three boys that remain can be placed anywhere in the line; the first boy in 13 po.ssible
places (the beginning of the line, the end of the line, or anywhere in between), the second in 14 possible
places (because now there are 13 children in the line), and the last one in 15 possible places. Therefore,

916! 9151. 4

3 +2+13-14-15="——"—:2-13-14-15 = 2.3776 X 10" possible ways for nine

boys and six girls to stand in a line so that no two girls stand next to each other.

there are:




Exercise 4.6

1  In this question we will use Pascals triangle.

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

a)  (x+2y) =1x" +5x*(2y) +10x°(2y)* +10x*(2y)’ +5x(2y)* +1(2y)°
=x" +10x"y + 40x’y* + 80x°y’ + 80xy" +32y°
b) (a—0b)* =1a* +4a’(=b) + 6a’(=b)’ + 4a(=b)’ +1(-b)*
=a' —4a’b + 6a’b* — 4ab’ + b*
1x° + 6x°(=3) + 15x*(=3)* + 20x°(=3)* + 15x°(-3)* + 6x(-3)° + 1(-3)°
x° —18x" +135x" —540x° +1215x" —1458x + 729

¢ (x-3)

d 2-x)=1-2"+4-22(-x")+6-2°(=x’) +4-2(-x")’ +1-(=x")*
=16—32x" +24x° — 8x" + x"

e) (x—=3b) =1-x"+7x°(=3b)+21x(=3b)* +35x*(=3b)’ +35x° (=3b)* + 21x°(=3b)’ + 7x(=3b)° + (=3b)’
=x" —21x°b+189x°b* —945x*b’ +2835x°b* —5103x°b° +5103xb° — 2187b’

f) (Zn + iz) = 1.(2n)° +6(2n) = +15(2n)" (iz) +20(2n)’ (%) +15(2n)’ (iz)
n n n n n

IS 1Y 160 60 12 1
+6(2n)(—2) +1-(—2) = 64n° +192n° +240+—+—+—+—
n n n

6 9 12
n n

2) (%—2\/;)4:1-(3)4+4(§)3(—2\/;)+6( ) (—2Jx )’ +4( ) (<2dx) +1-(—2x)"

X

81 216 216
= ———\/;+——96\/;+16x2

, sj_s'_xzzzza
a) 3

3150 (1-2-3)(f- 2
18 181 18!

b) ) ( ] 51131 13151
7070 (70 (NRNu567 ¥

( J 4131 314! (3!4!) _((1-1-3)(\1\&-&-4)) SR

O

N

9]
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3 a)

(x+2y) = Z[ z ]x”'i(Zy)i

i=0

=y’ —}—(Z)xﬁ(z)j)l+(;)x5(2}’)2+[2Jx4(2y)3 +(Z)x3(2y)4+(2)x2(2y)5+(Z]x1(2y)6+(2y)7

=x" +14x°y + 84x°y* + 280x"y* +560x° y* + 672x°y° + 448xy° + 128y’
b)

(a—b) = 2( ° )a“(—b)"

i=0
- ( g Ja6 + ( f )aé‘l(—b)l +[ g )a“(—b)z 4 ( g JaH(—bf + ( Z )a6_4(—b)4 + ( g JaH(—b)S + ( 2 )(—b)"’
—6a’b +15a'b* —20a’b’ +15a°b* — 6ab’ +b°
V)

(x _ 3)5 — Z( ? )xs—i(_3)i

i=0

|5 s ayi S| 51, ay S |52, aye 5] .53, 2y S |54y ave 5] .55, 25
—(O]x (-3) +(1)x (=3) +{2]x (=3) +(3)x (-3) +(4)x (-3) +(5)x (-3)
= x° —15x" +90x° — 270x” + 405x — 243
e
_[ 6] 6 | 6-1, 3y 6 |y6-2, 3y 6 |,6-3,_ 3y 6 |y6-a, 3\t 6 |,6-5,_ 3y 6|, .3\
—(OJZ +(1]2 ( x)+(2)2 (=x7) +(3J2 (—x7) +(4]2 (=x7) +(5)2 (—=x7) +(6J( x7)

=64 —192x° +240x° —160x° + 60x"* —12x" + x'*

e) ,

(x - 3bY = Z( : Jx”(—sb)" E ( : Jx7°(—3b)° +[ ’ Jx7‘(—3b)l + ( ; )x”(—.%b)z
7 |73, a1y 7 | o7-a apya 7| 75/ apys 7 | 7-6/ a1y 777/ apy
+(3)x (=3b) +(4]x (-3b) +(5Jx (-3b) +(6Jx (—=3b) +(7)x (=3b)

=x" = 21x°b +189x°b* — 945x*b’ + 2835x°b* —5103x°b” + 5103xb° — 21870’
0 (on+] Z( )(2 () - ( ° )(271)6 +( ‘ J(2n)6_1 (%) ( )(271)6 ()
+ ( 6 )(2;1)""3 (iz)s + ( 6 J(2n)6_4 (%)4 +( )(2;1)6 ’ ( ) ( )(Lj
3 n n n
1
n

12
= 64n° +192n° +24o+ﬂ+@+—+ _
7’1

9
n




o &
R R () CR U DR B O

- ( ; )(343 (-2Jxy +( . )(—2& y

81 216Jx 216
= T L 20 96 +16x

) (14 5)' + (1 5) = i(j)mﬁy +i( ‘;}“(—@' =(§)(£)° {‘f]ug)l {‘2*)(@2

() 4Josr [ 3)omr - Jomr(4 Jor=[ 4w+ )owr]
i 2((3)(£)O+(;](£)2 +(i)(£)‘*]= 2(1+30+25) =112

i)
(i (V31 = z(f)mr-z‘r _z[ﬂ(@)**-f(—l)"

i=0 i=0

= (3)° +(f)(d§f +(§)<@)6 +(§)(ﬁ)5 +(j)(ﬁ)‘* +(§)<6>3 +(2](ﬁ)2 +(§](ﬁ)‘ +(3) -

8 8 7 8 6 8 5 8 4 8 3 8 2 8 1 0
{8 Jor-( 8ot or(or{(Jor (oo
= z[(?](ﬁy +(2)(ﬁ)5 +(§)(J§)3 +(§J(J§)l]= 2[2167/3 +504/3 +168V3 + 873 | = 179213

j) Fori®=-1=i=\-1,i =—i,andi' =1:

1+i)° =§(2)1“ik =(§Ji°+(f)i‘+(§Ji2+(§)i3+(i}4+(§)i5+(2)i6+(§)i7+(Z)is

=1+ 8i +28(=1) + 56(—i) + 70 + 56i + 28(~1) + 8(=i) +1 = 16

k) Fori’=-1=i=+-1,i’ =—i,andi* =1

(V2-if = 2( ’ J(ﬁ)"’-’%—i)" - ( ° J(ﬁ)é(—if " ( ° )(@“(—ir +( ’ )(@6-2(—02

+( 2 )(ﬁ ¥ (=)’ +( j )(ﬁ Y (i)’ +( g )(ﬁ Y (i) + ( g ](ﬁ Y (i)’

= 8—24/2i — 60+ 40v/2i + 30 — 65/2i — 1 = =23+ 10/2i
4 a)andc)

-5 ()
(e e (e () e ) () )

990 -2* N 45.2" 2%

41 43 45
X X X

=x* —-90x" +3960x" +...—
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b) For the constant term, i should be:

x* =%=>x“5*" cx S5 —izim =

Since i is a natural number, this is not possible, i.e. there is no constant term in the expansion.
d) For the term containing x°, i should be: x*~ il =x' =5 x" P =x’=45-2i=3=i=21

X
2
For i = 21, the 22nd term is: 45 x45_21( ) =— 4> 2% %7,
21 X 21

5 n_ n! _ n! _ n
k kin-k)! m-k)!'(n-(n-k))! n—k

6 2 =(1+1)"=(n)1”+(n)1”1-1+...+(")1" =
0 1 "
2 =1+(HJ+...+("J:(”)+...+(”J:2"—l
1 n 1 n

7 a) k!=1-2-3-..(k=1)-k=[1-2-3-..(k=D]k=(k-1)'k=k(k-1)!
b) (n—k+1)!=1-2-3-..-(n=k)-(n—k+1)=[1-2-3-..-(n=k)](n-k+1)=n-k)!(n—k+1)

¢) For n=10and r = 4 we have:

! I 1004 1017

no | fnof 10102 10 N 101 _ 10 N 0

r—1 r 4-1 4 ) 3171 416! 4-3171 416!7
_lol4 1017 _10(4+7) 10111 _ 11! (11) (HHJ

4171 4171 4171 4171 4171 4

6

* (R GO G {2 ) -6+ =

> ()-GO @ ()6 G-

o (36066 (Z)(%) (& () ey ==
u (w1 2(6)

To determine i we have to solve the exponential equation:
—i 1 ' —2i—i . .
(x?)° (—) =1 X" =x" = 12-3i=0=i=4
X
So, for i = 4, we have the term

(&) (-2) =rsten( )=
2 (3 o %) = Z( ) )(3x)8i (— %)

To determine i we have to solve the exponential equation:

(1Y
(x)s’(—)—lznc =x'=8-2i=0=i=4
X
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14

15

16

So, for i = 4, we have the term

( i )(Sx)“ (— %T =70 (81x") C_f) 90720,
(2= 3] - 2( X )(zxf-f (-2)

To determine i we have to solve the exponential equation:
—i 1 ' —i—3i . .
(x)* (—3) =1=2x""=x"28-4i=0=2i=2
x

So, for i = 2, we have the term

(o 2] oz

(1+x)"° =1+( 110)x+( 120 Jx2+...=1+10x+45x2+...

a) 1.01" =(1+0.01)° =1+10-0.01 +45-0.01° = 1.1045
b) 0.99"° =(1-0.01)"" =1-10-0.01+45-0.01% = 0.9045

n 12 n " n _ n! " 2n!
r—1 r r+l ) (n—r+DIr-1! (n—r)lr!

n! [ 1 2 1 ]
= + +
(m—r=DNr-D!'l(n=r)n—r+1) (n—r)r r(r+l)
nl(n®+3n+2) _ nln+1)(n+2)

T —r+ D)W +)! (i-r+ D)+ 1)!

(n+2)! _[n+2
[(n+2)=(r+D]Y(r+1)! r+1

Each element is the sum of the two elements above it, which are the sums of the two terms above them.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

6=3+3=1+2+2+1=1+2%X2+1
In each case we have an infinite geometric series.

a) 07=0.7777..=0.74+0.07+0.007+..=7-10" +7-102+7-107 +...

7 1
a,=—,r=—
10 10

- 10 7

07=5 =10 _7

I 9
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b) 0.345 = 0.3 + 0.045 4545... = 0.3+ 0.045 + 0.000 45+ ... = 0.3+ 45-10" + 45-10° + 45-107 + ...
45 1
a=—,r=——r
1000 100

45
— 345 19
0.345=03+S, =03+-200 =, = _ 7
1_i 10 990 55
100
) 32129 = 3.21+0.002929 29... = 321+ 0.0029 +0.000 029 + ... = 3.21+29-10™ +29-10° +29-10" + ..
29 1
a, = P =—
10000~ 100
29

10000 321 29 7952

1 100 9900 2475
100

32129 =321+8_ =321+

17 (2x-3) = i( ? )(2x)9"’(—3)"

i=0
i=3 :( Z J(zx)“(—sf =84-64-x°(-27) = -145152x°

The coefficient of x° is —145152.

18 (ax+b) = i( Z )(ax)7-"(—3)f

i=0
=4 :>( Z )(ax)”b‘* = 354°%°b*

The coefficient of x°b* is 35a°.

2 15_ 15 15 i 15—i - 1-
19 (?—z) —20‘( i )(22) (—2)

2 15-10 32
i=10=>( " )(_2) (—2)"* = 3003- =5 2" = 96 096
10 J\z z

20
(3n-2m)

|5 50 0 5 40 1 5 3 2 5 2/ 3 5 1o 4 5 0/_ 5
—(0)(370( 2m) + 1)(3;1) (=2m) +(2)(3n)( 2m) +(3)(3n)( 2m) +[4](3n)( 2m) +(5J(3n)( 2m)
=243n’ —810n*m +1080n’m* — 720n*m’ + 240nm* — 32m’

21 (4+3r%) = > ? )49"' (3r%)

9
i=0 1

i=5= ( 2 )44 (3r*) =126-256-243r" = 7 838 208r"°

The coefficient of 1% is 7838 208.



Exercise 4.7

1

Foral=2,d=2:>Sn=%[2-2+(n—1)~2]=n(n+1)
Proof:

Let S(n) be the statement: 2+4+6+..+2n=n(n+1) for n =1.

Basis step:
S(1):
LHS=2-1=2
RHS=1-(1+1)=2
Inductive step:
Assume S(k) is true, i.e. assume that 2+ 4+ 6+ ...+ 2k = k(k+ 1) (¥).

Then S(k+1): 24+4+6+..+2k+2k+1)=k(k+1)+2(k+1)= (k+1)(k+2)

This shows that S(k + 1)*is true whenever S(k) is true.

Therefore: 2+4+6+..+2n=n(n+1)forn=1.

Let S(n) be the statement:

For a sequence defined by a, =1,a, = 3a, |, n =1, it is valid thata, = 3+

Basis step:
S(1):
LHS =a, =1

RHS = a, =3 =1
Inductive step:
Assume S(k) is true, i.e. assume that @, = 3" (*).

Then S(k + 1): a,,, = 3a, = (*)=3-3"" =3

This shows that S(k + 1) is true whenever S(k) is true.

Therefore: a, = 3" for n = 1.

Let S(n) be the statement:

For a sequence defined by a, =1,a, =a,  +4,n=2,itisvalid thata, =4n—3,n > 1.

Basis step:
S(1):
LHS =a =1
RHS = a =4-1-3=1
Inductive step:
Assume S(k) is true, i.e. assume that a, = 4k —3 (¥).
Then S(k+1): a,,, =a, +4=(*)=4k-3+4=4(k+1)-3
This shows that S(k + 1) is true whenever S(k) is true.

Therefore: a, = 4n—3,n> 1.
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4  Let S(n) be the statement:
For a sequence defined by a, =1,a, = 2a, | +1,n =2, itisvalid thata, =2" - 1,n > 1.

Basis step:
S(1):
LHS=a =1

RHS=a =2'-1=1

Inductive step:
Assume S(k) is true, i.e. assume that g, = 2—1 ().

Then S(k + 1): a,,, =2a, +1=(*)=22" =) +1=2" -2+1=2""+1
This shows that S(k + 1) is true whenever S(k) is true.
Therefore: a, =2" —1,n > 1.

5 Let S(n) be the statement:

1
For a sequence defined by a, = —,a, =a, | + ,n=2,itis valid thata, = ,n>1.
2 nn+1) n+l1
Basis step:
S(1):
LHS = g, = 1
2
1
RHS =g =—— =—
1-1+1) 2
Inductive step: k
Assume S(k) is true, i.e. assume that a, = m *).
1 k 1 1 1
ThenS(k+1):a,, =a, + ————=(*)= + = (k+ )
(k+1)(k+2) k+1 (k+1D(k+2) k+1 (k+2)

1 K H2k+1 o (k417 k+1
Ck+1 k+2  (k+D)(k+2) k+2
This shows that S(k + 1) is true whenever S(k) is true.

Therefore: a, = ,n>1.

n+1

1?’1
Z0mn
1 1 1 1
6 Forg=—,r=—=S§ =—- 2 :1_(_)
2 2 2 ! 2
2
Proof: L1 1 . N
Let S(n) be the statement: —+—+—+..+—=1—|—| forn=1.
2 4 8 2" 2
Basis step:
S(1):
1
LHs:?z_

1 1
RHSZI——1=—
2 2
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Inductive step: ]
Assume S(k) is true, i.e. assume that E + Z +—t.t+=1- (

1k

_ *

2) .
Then S(k + 1):
1 1 1 1 1 1y 1 1) 1 1)
—t—t =ttt g =l | g =l o (12 =1 o
2 4 8 282 2 2 2 2 2

This shows that S(k + 1) is true whenever S(k) is true.

1 1 k+1
)
2 2

1 1 1 1 1Y
Therefore: —+—+—+...+—=1—(—) forn=1.
2 4 8 2" 2

Let S(n) be the statement: 1+ 2+ 2> + ...+ 2" =2"" —1 forn = 0.

Basis step:
S(0):
LHS=1
RHS=2""-1=1
Inductive step:
Assume S(k) is true, i.e. assume that 1+ 2+ 2> + ...+ 2F =28 —1 (*).

Then S(k+1): 142 +22 + ... +2F 4+ 28 = 2R 142k = 2. ok 1= k2

This shows that S(k + 1) is true whenever S(k) is true.

Therefore: 1+2+2° +..+2" =2"" —~1forn = 0.

Let S(n) be the statement:

For a sequence defined by a,,a, = ra,_,,n = 2, itis valid thata, = a "', n > 1.

Basis step:
S(1):
LHS = a, =g

RHS = a =ar'" =g

Inductive step:
Assume S(k) is true, i.e. assume that g, = alrk_1 ).

Then S(k + 1): a,,, =ra, = (*)=rar"" =ar"
This shows that S(k + 1) is true whenever S(k) is true.

-1
Therefore: a, = ar" ,n>1.

Let S(n) be the statement: a+ ar + ar’ + ...+ ar"' = al_ ar forn =1.
—r
Basis step:
S(1):
LHS =a
RHS = a—ar' _ a(l—r) .

1-r 1-r
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Inductive step:

k
; ) ., a-—ar
Assume S(k) is true, i.e. assume that a + ar + ar’ + ...+ ar*™" = !
—r
Then Stk + 1): a+ar +ar’* + ...+ ar*" +ar*
a—ar* T art a—ar*+arf-r) a—ar*+arf—ar*' a—ar™
= ar = = =
l—r 1-r 1-r 1-r

This shows that S(k + 1) is true whenever S(k) is true.

. a—ar"

Therefore; a+ar +ar* +...+ar"™' = forn=1.

1-r
10 Let S(n) be the statement: 2" <n!,n > 3.

Basis step:

S(4):
LHS = 2* =16
RHS=4!=24
True!

Inductive step:
Assume S(k) is true, i.e. assume that 25 < k! (*).

Then S(k+1): (*) = 2-2" <2-klandsincek >3 =k+1>2
So: 2-2" <2 kl<(k+Dk!=(k+1)! =2 < (k+1)!
This shows that S(k + 1) is true whenever S(k) is true.
Therefore: 2" <n!,n > 3.

11 Let S(n) be the statement: 2" > n*,n > 4.

Basis step:

S(5):
LHS = 2° =32
RHS = 5* =25
True!

Inductive step:
Assume S(k) is true, i.e. assume that 2* > k* (*).

Then S(k+1): (*) = 2-2" >2 - k*andsincek >4 = k* > 4k = k> > 2k + 2k = k* > 2k +1

So: 228> 2k =k + K2 > kP +2k+1=(k+1)* = 2" > (k+1)°
This shows that S(k + 1) is true whenever S(k) is true.

Therefore; 2" > n?,n > 4.
12 Let S(n) be the statement:1-1!'+2-2!'+3-3!+..+n-n!=m+1)!'—-1forn=1.

Basis step:
S(1):
LHS=1-11=1

RHS=(1+1)!-1=2-1=1



13

14

15
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Inductive step:
Assume S(k) is true, i.e. assume that 1-1!+2-2!+3-3!+ ... +k-k!=(k+1)!—1 (*).

Then S(k + 1):
-1 4+2-214+3- 31+ +k-k!'+(k+1)-(k+1)!

=(k+1)!-1+k+1D)-(k+D)!'=Gk+D)!'01+k+1)-1=(k+D)"(k+2)-1=(k+2)!-1
This shows that S(k + 1) is true whenever S(k) is true.

Therefore:1-1!'+2-2'+3-3!+ .. +n-n!l=m+1)!-1forn=1.

Let S(n) be the statement: i + L + L + 1 "

ot = for n = 1.
2-3 3-4 n-(n+1) n+1

Basis step:
S(1):
[HS = = =1
1-2 2
RHS=—1 _1
1+1 2
Inductive step: ) ) ) ) P
Assume S(k) is true, i.e. assume that — + — + — 4+ + = *).
1 2:3 3-4 k-(k+1) k+1
Then S(k + 1):
1 1 1 1 1
—t—+—+ ..+ +
1-2 2-3 34 k-(k+1) (k+1)(k+2)
_ ko 1 1 [k+ 1 ]_ 1 K +2k+1_ (k+1)’  k+1
k+1 (k+1)(k+2) k+1 (k+2) k+1 k+2 (k+1)(k+2) k+2

This shows that S(k + 1) is true whenever S(k) is true.

Therefore: 1 + L + ! 1 "

— ..t =
1-2 23 3-4 n-(n+1) n+l

for n=1.

Let S(n) be the statement: n’ — n is divisible by 3 for n = 1.

Basis step:
S(1):
1’ — 1 = 0 which is divisible by 3.

Inductive step:
Assume S(k) is true, i.e. assume that k* — k is divisible by 3. So, we assume that k* —k = 3A, A e N (*).

Then S(k+1):
(k+1° —(k+1) =Kk +3k> +3k+1-k—-1=kK —k+3k’ +3k =3A+3k> +3k =3(A+ Kk’ +k),
Iﬂf_d

ie. (k+1)’ — (k+1) is divisible by 3.

This shows that S(k + 1) is true whenever S(k) is true.
Therefore: n* — n is divisible by 3 for n = 1.

Let S(n) be the statement: n° — n is divisible by 5 for n = 1.

Basis:
S(1):
1’ — 1 = 0 which is divisible by 5.
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Inductive step:
Assume S(k) is true, i.e. assume that k* — k is divisible by 5. So, we assume that k> —k =54, A e N ().

Then S(k + 1):
(k+1)° = (k+1)

=k +5k" +10k +10k* + 5k + 1~k —1=k’ — k+5k" + 10k’ +10k* + 5k
=5A+5k* +10k* + 10k* + 5k = 5 (A + k* + 2k* + 2k” + k), i.e. (k +1)° — (k + 1) is divisible by 5.
This shows that S(k + 1) is true whenever S(k) is true.
Therefore: n° — n is divisible by 5 for n = 1.
16 Let S(n) be the statement: n’ — n is divisible by 6 for n = 1.

Basis step:
S(1):
1’ — 1 = 0 which is divisible by 6.

Inductive step:
Assume S(k) is true, i.e. assume that k* — k is divisible by 6. So, we assume that k* —k = 64, A e N (*).

Then S(k + 1):
(k+1) —(k+1)
=k +3k>+3k+1-k—-1=k’—k+3k>+ 3k
A:—J
=6A+3k’ +3k=3(2A+K +k)=3(2A+k(k+1)),

which shows that (k + 1)’ — (k + 1) is divisible by 3. But, 2A + k(k + 1) is even, because either k or k + 1 is
even, and 24 is also even. So, (k + 1)’ — (k + 1) is divisible by 6.

This shows that S(k + 1) is true whenever S(k) is true.
Therefore: n’ — n is divisible by 6 for n = 1.
17 Let S(n) be the statement: n* + n is even for all integers n.

Basis step:
S(1):
1> +1 = 2 which is even.

Inductive step:
Assume S(k) is true, i.e. assume that k> + k is even. So, we assume that k> + k =24, A € Z (*).

Then S(k + 1):
(k+1+(k+D)=k*+2k+1+k+1 =ﬁ+_k‘+2k+2 =2A+2k+2=2(A+k+1),
ie (k+1) +(k+1)iseven. )
This shows that S(k + 1) is true whenever S(k) is true.
Therefore: n° + n is even for all integers .
18 Let S(n) be the statement: 5" —1 is divisible by 4 for n = 1.

Basis step:
S(1):
5' — 1 = 4 which is divisible by 4.
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Inductive step:
Assume S(k) is true, i.e. assume that 5° — 1 is divisible by 4. So, we assume that

5 -1=4A=5" =4A+1,AeN (*).

Then S(k+1): 5" =1=5-5—1=(*)=54A+1)—1=20A+5-1=20A+4 =4(5A + 1),
i.e. 5" —1 is divisible by 4.

This shows that S(k + 1) is true whenever S(k) is true.

Therefore: 5" —1 is divisible by 4 for n = 1.

19 Let S(n) be the statement: ( g 2 J = [ a ; J forn=1,a,b eR.
0 n

Basis step:
S(1):

1
LHS = a0 _|a 0
0b 0b
1
RHS = a 0 _| a 0
0 b 0b
Inductive step: o} ‘o
Assume S(k) is true, i.e. assume that ( a ] :( a ) ().

0b 0 b
Then S(k + 1):

k+1 k
(a o) :(a OJ.(a o):(*): a* 0 .(a 0]: a-a+0-0 a-0+0-0|_(da* o0
0b 0b 0b 0 b 0b 0-a+b -0 0-0+b-b 0
This shows that S(k + 1) is true whenever S(k) is true.

Therefore: a0 o 0 forn=1,a,belR.
0b 0 b

20 a) LetS(n) be the statement: Z (2i+4)=n"+5nforn=1.
i=1
Basis step:

S(1):
1
LHS =) (2i+4)=2-1+4=6

i=1

RHS=1"+5-1=6

True!

Inductive step: x

Assume S(k) is true, i.e. assume that 2 (2i +4)=k*> +5k (*).
i=1

Then S(k + 1):

k+1 k
Y 2i+4)=) Qi+4)+2(k+1)+4=()=k+5k+2k+2+4

i=1 i=1

=k +2k+1+5k+5=(k+1)>+5(k+1)
This shows that S(k + 1) is true whenever S(k) is true.
Therefore: z (2i+4)=n"+5nforn=1.

i=1
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b) Let S(n) be the statement: z (2-3")=3"-1forn=1.
i=1
Basis step:

S(1):
1
LHS=) (2:3")=23"=2
i=1
RHS=3'-1=2
True!

Inductive step:
Assume S(k) is true, i.e. assume that 2 (2-37)=3"—1 (*).

i=1
k+1

Then S(k+1): ), (2-37") = 2(2 3 +2:3 =()=3"-1+2-3" =33 —1=3"" -1

i=1 i=1

This shows that S(k + 1) is true whenever S(k) is true.
Therefore: 2 (2-3")=3"-1forn=1.

i=1

1
¢) Let S(n) be the statement: z " for n=1.
pm (21—1)(21+1) 2n+1
Basis step:
S(1):
1
LHS = z ' 1 . = ! _1
“~(2i-1(2i+1) (2-1)2+1) 3
1 1
RHS = ==
2-1+1 3
True!

Inductive step: ] k

Assume S(k) is true, i.e. assume that 2 ).
S 2i—D2i+t1) 2k+1

Then S(k + 1):

k+1 k 1

;(21—1)(21“) Z‘ 1)(21+1) [2(k+1)—1][2(k+1)+1]:()
__k 1 1 (k+ 1 )_ 2k* + 3k +1
T 2k+1 (k+1)(2k+3) 2k+1 2k+3)  (2k+1)(2k+3)

_ @k+D(k+1)  k+1
C (2k+1)(2k+3) 2k+3

This shows that S(k + 1) is true whenever S(k) is true.
z 1

Therefore: 2 - forn=1.
= 2i-1)Qi+1) 2n+1
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Exercise 5.1 and 5.2

1 a) y=b"
b) The domainis {x:x € R};therangeis {y: y>0}.
¢ i) b>1: 0<b<l1:

ii)
y A A
y
(0,1 \ 0,1)
/ .

\.

>» »
X X’

2 The graph of f(x) = 3""" can be obtained by translating the graph of f,(x) = 3* four units to the left.

For function f, the domain is x € R, the range is y > 0, the y-intercept is (0, 81), and the horizontal
asymptote is y = 0 (x-axis).

3  The graph of g(x) = —2" + 8 can be obtained by first reflecting the graph of g (x) = 2" in the x-axis, and
then translating the graph of g,(x) = —2" vertically eight units up.

For function g, the domain is x € R, the range is y < 8, the y-intercept is (0, 7), and the horizontal
asymptote is y = 8. T

8(x) m

q

4

i
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4  The graph of h(x) =4 —1can be obtained by first reflecting the graph of h (x) = 4" in the y-axis, and
then translating the graph of h,(x) = 47" vertically one unit down.

For function h, the domain is x € R, the range is y > —1, the y-intercept is (0, 0), and the horizontal
asymptote is y = —1.

1
can be obtained by first translating the p9= 71

5 The graph of p(x) =

2" —1
graph of p,(x) = 2" vertically one unit down, and then finding the 3
reciprocal function of p,(x) = 2" — 1. Consequently, the graph of p
will have a vertical asymptote when 2* —1=0=2"=1= x =0.
When x becomes very large, values of p,(x) also become very large,
so values of p(x) become very small positive numbers approaching
zero. When x — —eo, values of p,(x) approach —1, so values of p(x)
approach —1. For function p, the domain is x € R, x # 0, the range
is y <—lor y > 0, the y-intercept does not exist, and the horizontal
asymptotes are y = —1 and y = 0.

6 The graph of g(x) = 3(3™") — 3 can be obtained by first A
reflecting the graph of g, (x) = 3" in the y-axis, followed by
a vertical stretch of g,(x) = 37" by scale factor 3, and, finally,
translating the graph of g,(x) =3 (3_") vertically three units

<

down. q(0=3(3")-3

So, the domain of g is x € R, the range is y > -3, the
y-intercept is (0, 3 -3 — 3) = (0, 0), and the horizontal
asymptote is y = 3.

7  'The graph of k(x) = 27" +1 can be obtained by first reflecting the negative part (negative x-values) of
the graph of k,(x) = 2* in the y-axis. In this way we obtain the graph of k,(x) = 27". Then we translate
the graph of k,(x) = 27 two units to the right, and, finally, we translate the graph of k,(x) = 2"
vertically one unit up.



8

So, the domain of k is x € R, the range is 1 < y < 2, the y-intercept is

1 5
0,277 +1)= (0, " + l) = (O, Z), and the horizontal asymptote is y = 1.

A
y

A Ko =211
302 -l 1 2 7 Py e

The graph of f(x)=a(b)" + d can be obtained by first translating the graph of f,(x) = b*c units to the
left/right (this will not influence the domain, range, or asymptote). Secondly, stretch/shrink the graph

of f,(x) = b""* by scale factor | a | (this will also not influence the domain, range, or asymptote). If a is
negative, reflect the graph in the x-axis (this will influence the range). And, finally, translate the graph of
f,(x)=a-b"* vertically d units up/down (this will influence the range and asymptote).

So, for all parameters, the domain of f is x € R, the y-intercept is (0, a-b™° + d), and the horizontal
asymptote is y = d.

The range of function f depends on the sign of a. If a > 0 (no reflection), the rangeis y > d. If a <0
(reflection), the range is y < d.

[Note: If ¢ > 0, the graph will move to the right; if d > 0, the graph will move up.]
a) y=2" b)y=4" ¢) y=8"

THL Flokl Flokz Floks
wmin=-2 v B2
Amax=2 R ol = [ ey
necl=1 MEEA
Ymin=@ ~My=N

Yrax=4 “He=

Vscl=1 NE=

sres=1 =Np=

d) y=2* e y=4"* f)y=8F*
Flotl Flotz Floks ﬁ
MY =2

wN =g
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w oL (1Y _gro L (LY _gro L (LY
10 Q) y=27 =7 (2) Q%) y=4"=% (4) Q@0 y=8"=% (8)

11 Comparing the graphs from question 9 a, b and ¢, we see that y = 4" is steeper than y = 2%, and that
y = 8" is steeper than both y = 4" and y = 2”. Similarly, we can conclude that for 1 <a <b, y =b"is
steeper than y = a”.

12 The population will follow an exponential model: P(t) = P,b’. The initial value is 100000, so
1
P, =100 000. The population triples every 25 years, so the growth factor is 3% when time is expressed in

years. So, the population function is:

1\! t
P(t) =100 000 - (325) =100000- 3%

50

a) P(50)=100000-3% =900 000
70
b) P(70)=100000-3% =2167 402 = 2170 000
100

¢) P(100) =100000-3% = 8100000
(Note: Population should be a natural number.)
13 The number of bacteria will follow an exponential model: N(¢) = N, b'. The 1initial value is 10*, so
N, =10". The population doubles every 3 minutes, so the growth factor is 2> when time is expressed in
minutes. So, the fur31ction for the number of bacteria is: N(t) = 10* (2; )t =10*. 2;
a) N(3)=10"-2% =10*-2 = 20000
b) N(9)=10* -23 =10*-2° = 80000
) N(27)=10" -2277 =10"-2" =5120000
d) Firstly, express one hour in minutes, and then find the value of the function for ¢ = 60:
N(60) =10"-2°% =10"-2% = 1.048 576 x 10" = 10 500 000 000
14 a) The amount of money will follow an exponential model: A(t) = A b". The amount doubles every
10 years, so the growth factor is 210 wthen time is expressed in minutes. Therefore, the function for

the amount of money is: A(t) = A,21°.

1
b) Ifinterest is compounded once a year, we can find the amount of money 1. 6871773465

using the formula: A(t) = A, (1 + r).
Hence, A(t) = A, 1+71)" = A, 210 =1+r) = 210 Since it holds for all ¢,

it follows that (1+r)' = 210 =1+r=1.0717734.. = r = 0.0718 = 7.18%.

nt
15 We use the exponential function associated with compound interest: A(t) = P (1 + 1) with values
0.11\"
P =10000, r =0.11,and n = 4. So, A(t) = 10000(1+—) .

20
a) A(5)=10000 (1 + T) =17204.28
The value of the investment will be $17204.28 after 5 years.



b)

V)

0.11)*
A(10) =10 000 1+T = 29598.74

The value of the investment will be $29598.74 after 10 years.

0.11\"
A(15) =10 000 1+T =50922.51

The value of the investment will be $50922.51 after 15 years.

(Note: Since we are working with money, answers are rounded to two decimal places.)

16 a)

b)

nt
We use the exponential function associated with compound interest: A(t) = P (1 + 1) with
0.09)* n
P =5000, r = 0.09, and n = 12. So, A(t) = 5000 (1 + ?) .
To determine the scale on the y-axis, we find A(25) = 47 000. So, we choose our window as follows:
THOOL

Firstly, we have to find the time at which the investment has a value of $20000; that means we have
to solve the equation A(t) = 20 000.

Flokl Flakz Flok=
Y BESEEEC 1+, 891
Pt 12E)
=Nz B2EEEE

= x=M

u
=M y= -/__'./
~Ne= %
u

=N E=

ivalue
PZero
fmindeum
P masimum
intersact

fueds Inkercseckion i
HAS s i H=ib GBO9RL _Y=2O000

So, at 15.46 years, the value is approximately $20000. After that time the value of the investment will
be greater than $20000. Therefore, the investment has a value greater than $20000 after a minimum
of 16 years.

nt
’
17 We use the exponential function associated with compound interest: A(t) = P (1 + —) with

0.11)"
P=10000,7=0.11,and ¢t = 5. So, A(5) = 10 000 (1 + —) )

a)

b)

n

n
Annually means 7 = 1, so A(5) =10000 (1.11)° = 16 850.58.

The value of the investment will be $16 850.58.

0.11)?°
Monthly means n = 12, so A(5) =10 000 (1 + F) =17 289.16.

The value of the investment will be $17289.16.

3655
Daily means n = 365, so A(5) =10 000 (1 + %) =17 331.09.
The value of the investment will be $17331.09.
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19

20

21

22
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0.11
365-24

265-24-5
d) Hourly means n = 365 - 24 = 8760, so A(5) =10 000 (1 + ) =17 332.47.

The value of the investment will be $17332.47.

We use the exponential function associated with compound interest: A(t) = P (1 + %)m with P =1,
r=1,andt =1.So A(1) = 1(1 + ;)M.

a) Annuallymeansn=1,s0 A(1)=1(2)' = 2. .

b) Monthly means n =12, s0 A(1) = 1(1 + %) =~ 2.61.

1 365
c) Daily means n = 365, so A(1) = 1(1 + %) = 2.71.

8760
d) Hourly means n = 365 -24 = 8760, so A(1) = 1(1 + %) = 2.72.

525600
e) Every minute means n = 365 -24 - 60 = 525 600, so A(1) =1 (1 + ) = 2.72.

The population of deer behaves according to the exponential function associated with compound

525600

nt
interest: A(t) =P (1 + 1) , with values r = 0.032 and n = 1. So, A(t) = P-(1.032)".
n

a) One year ago the population was 248 000 / 1.032 = 240 310.

b) Let P be the initial population eight years ago. So, the present population is

248 000
248 000 = A(8) = P -(1.032)". Therefore, P = T

=~192759
t
D\
The exponential decay model for carbon-14 is A(t) = A, (E)sm , where time is given in years. After

20000 years, the relation between the original amount and the actual amount is
20000

150 A20000) (1) Ty
A(20 000) = A, (—) 7 | so their ratio is: =2 = (—) 7 20,088 978... = 0.0890.
2 A, A, 2

Approximately 8.90% of the original amount remains.

e
The exponential decay model is A(t) = A, (5)36 , where A, is the initial value and time (¢) is given in
120

hours. After the drug has been in the bloodstream for 5 days: A(120) = A, (%) * so

120
2020 (1) " = 0.0992.
A, 2
Approximately 9.92% of the original concentration.

a) The exponential decay model for the amount of fluid is A(w) = A;b", where A, = 1000 ml and
b = 0.7, where time is given in weeks. So, the function is: A(w) =1000 (0.7)" .

b) Firstly, observe the shape of the graph:

Flekl Fletz Flots THOOL
~MB108A, T Hmin=@
~Ne=1 Hmax=50
“Ma= Hacl=1A
“My= Ymin=8
“Me= Ymax=106068
WME= Y=zl=188
M= Hres=




23

24

25

Now solve for A(w) <1:

Flokl Floktz Floks THOOL

=M1 B1AAA, 7 “min=a

=MzE1l Hmax=38

“Mr= necl=1A

wMy= Ymin=A

=M= Ymax=18

6= wacl=1 Inkerseckion
=M= Hres= ¥zi0.3A70HE Y=

We can see that when w > 19.4 the volume is less than 1 ml; therefore, it will take 20 weeks for the
volume to be less than 1 ml.

Note: We can find the solution using a table of values of the function:

THELE SETUF " Nl
Thl5tart=0 | 1000
aThl=1 1 Fu

Indrnt: EEE Ask | £ R

Derencd: [glWils A=k | g 2u0.1

£ 1aB07
B 11765
=K

Work down the list looking for the y; that is less than 1.

= Wy
1iE Y PurE
156 IFEEE
i7 Z.32ge
18 16284
11799
H- Faraz
21 EEREE
=28

When b =0, f(x)=0" =0 is a constant function.

When b < 0 and x is an even integer, b* > 0.

When b < 0 and x is an odd integer, b* < 0.

When b < 0 and x is not an integer, there are cases when b” is not defined (for example, b% ).

Payment plan I behaves as an arithmetic series with first term 1 and a difference of 1:
30

1+2+3+...+30=7(1+30)=465

Payment plan II behaves as a geometric series with first term 0.01 and ratio r = 2:

30 _

0.01+0.02+0.04 +..=0.01 1=10737418.23

Therefore, payment plan II would give the largest salary.
a) From the graph, we can see that for k and a:

f)=6=ka=6

f(3)=24 = ka’ =24

So, using k = s , we have: s a’ =24 = a’ =4 = a =2 (since a has to be positive), and k = 3.
b) From the grap?l, we can seeathat for k and a:

f0)=2=k=2

2 2 2 1
f(2)= 5 = ka’ = 5 =24’ = 5 =a= 3 (since a has to be positive).
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c) From the graph, we can see that for k and a:
f(1)=-12= ka=-12
4 4
“=—=—=ka'=-=
fED=-7 3

12 12 1 4 1 1
So, using k = — —, we have: —— — = —— = — = — = a = 3 (since a has to be positive), and
12 a aa 3 a 9
k=——=-4.
3

d) From the graph, we can see that for k and a:
f)=15=ka=15
£(2) =150 = ka® =150

15 15 15 3
So, using k = —, we have: —ad*=150=a=10and k=—==.
a a 2
Exercise 5.3
1 A 2
Y A
y
y — er—l
y=e"+1
)i \¥
] 5 1
1 e
1 ,\;
a) 'The domainis {x : x € R}; the range is
1y >0}. a e domain is {x : x € R} ; the range is
{r:y>0 ) The domain is { R} ; the range i
b) There is no x-intercept; the y-intercept is by:y>1}.
(0 60_1) _ (0 l) b) There is no x-intercept; the y-intercept is
’ e) (0,6 +1)=(0,141)=(0,2).

c) Horizontal asymptote: y =0 .
c) Horizontal asymptote: y =1




a) The domainis {x : x € R}; the range is
{y:y<0}
b) There is no x-intercept; the y-intercept is
(0,—2¢") = (0,-2).
¢) Horizontal asymptote: y = 0
A
v
y= e -e
i
a) The domain is {x : x € R}; the range is
{y:y=1-e¢}-
b) x-intercepts:
e —e=0=e" =e=>x’=1=x=1=l;
hence, x-intercepts are: (—1,0),(1,0).
y-intercept is (0, e’ — e) =(0,1—e).
c) There is no horizontal asymptote.

a) The domainis {x: x € R, x = 0}; the range
is{y:y<0,y>1}.
b) There are no x-intercepts; there is no
y-intercept.
¢) Horizontal asymptotes: y =0,y =1
A
Y,
y — e‘x+2‘ _1
i
N
1 i
a) The domainis {x : x € R}; the range is
{r=0}-
b) x-intercepts: e —1=0= "' =1=
|x +2/ =0 = x = —2; hence,
x-intercept is: (—2, 0). y-intercept is:
(0,€"* —1)=(0,€* —1).
¢) Horizontal asymptote: none
1 n
a) e= lim(1+—)
n—soo n
b)
100 0.366032341273
10000 0367861046433
1000000 0367879257232
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Flatl Flokz Flok: THELE SETLF ™ Yy H 1
R 1= R N R Thlstart=1868 100 ETTE 100 ZEENT
~Me=Nl aTbhl=1 % T 10000
My = Indrrt: Auto 1E6
Ny = OerFend: [FEE H=
~Me=
~MNE=
=M= =188AAEE 1=, IEFE7TIZSF2EE

c) 0.36788; this number is the reciprocal of e.

1 =
L SETETI4412

—

1 X
As x = 00,(1 + —) — e =2.718281828 46...
X

1 X
The curve y = (1 + —) is below the line y = 2.72 and will not intersect it.
x

9 For Bank A, we use the formula

nt
A(t) = p(l + 1) with P = 500, r = 0.0685, n = 12, and ¢ = 3. So,
n

0.0685

A(3) =500 (1 + )12.3 = 613.71 and we earn 113.71 euros in interest.

For Bank B, we use the formula A(t) = Pe" with P = 500, r = 0.0685, and t = 3. So,
A(3) = 500e"%” = 614.07 and we earn 114.07 euros in interest.

Bank B’s account earns 0.36 euros more in interest.

10 For Blue Star, we use the formula

nt
A(t) = p(l + 1) with P = 1000, r = 0.0613, n =52, and t = 5.
n

0.0613

So, A(5) =1000 (1 +

For Red Star, we use the formula A(t) = Pe” with P = 1000, r = 0.0595, and t = 5. So,
A(5) = 1000e""? = 1346.49.

Blue Star has the greater total of $1358.42, which is $11.93 more than Red Star.

523
) =1358.42.

11 We will use the formula A(t) = Ce **** with C = 1.
a) A(l)=e """ =0976 kg
b) A(10) = e """ =0.787 kg
c)  A(100) = e "' = 0.0916 kg
d) A(250) = "**" =0.00254 kg



12 a)

d)

13 a)

b)

<)

In the formula for continuous exponential growth/decay, A(t) = Ce", C is the initial quantity (when
t =0). So, from A(t) = 5¢ """ kg, we can see that the initial mass is 5 kg.

=5¢" =5)

(Note: The initial amount can also be obtained by finding A(0) = 5¢~***"*
A(10 3.534...
(10) = ~ 0.707 = 70.7%
A(0) 5
Flekl Flotz Flots THOICN
~BSeC - B4 mmin=8
Hmax=54
nNe= necl=1@
nhE= Ymin=H
Ay = Ymax=g
nhe= Yacl=1
mES nres=1

The half-life is the amount of time it takes for a given amount of material to decay to half of its
original amount. The initial mass is 5 kg, so we have to find the time at which the mass is 2.5 kg.

~

Flotl Flotz Flots
~NBSe - B34 7R

NeBZ2.5
N r=
~Ny=
wNe=
=N E=

To approximate the time value, we can use a vertical line from the Draw menu and adjust the line at
the intersection.

L0z
tLirne
tHorizontal
Vertical

i Tang9ent.

: OrawF
JShade

H:iB.EBﬂBJi =r=e.bigizld

From the graph we can see that the value of x is approximately 19.7, so the half-life is around 20 days.

nt
We use the compound interest formula A(t) = P (1 + 1) with r = 0.085 and n = 2.
0.085 " "
A(t) = P(l + T) = P((1.0425)°) = P(1.0868)
nt
We use the compound interest formula A(¢) = P (l + 1) with r = 0.0825 and n = 4.

4t "
0-0825] = P((1020625)') = P(1.0851)

A(t)=P (1 +
We use the continuous interest formula A(t) = Pe” with r = 0.08.

A(t) = Pe"™ = P (") = P(1.0833)

By comparing the bases of the exponential functions, we can see that in a we have the largest

1 . . .
number, so 8§ — % compounded semi-annually is the better investment.
2




14 a)

15 a)
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0.068 0.068
207" =20e"" = ' = "%

Since it holds for all ¢, it will hold for t = 0;

hence, r = *** ~1.070 37.
b) B(t+1) 20r'™"
B(t) 201"
Less than 1.

(A T=2= 0]
1.8vVBa3e35383

=r ~1.07037; hence, 7.037%.

b) Less than 1.

/

y=2"

¢) Greater than 1.

16 a)

b)

d) Greater than 1.

-1

E =
0.045¢
A(t) = 1000e 1568, 312165
B 004510 _ 188E e, B4 526 )
A(10) = 1000e ~ 1568.31 2450, EAT111
A(20) = 1000 ~ 2459.60
Flokl Flekz Flets
ﬁmir‘F%a Y1 E1EEEe™ , B45H
Max=
ﬁ5;1=é *ﬁzE%EIEIEI
min= WMr=
Ymax=2560E wMy=
wacl=oHa SHES Inkersection
Ares=1 =M= HEAE HOEEFL LYSEO00 e,

y

A y=3x

So, the initial amount will have doubled to £2000 after 15.4 years.




c)  A(t) =5000e"""

THOOL] Flotl Flokz Flotz =
Amin=8 =N ESEEEe™ (B4 5

Amax=zA 2

nscl=1 ~YzE1EEEE

Ymin=@ Mx=l

“Ymax=1186A wMy=

wscl=1080 e Intersection

ares=1 wNE= HEAE QOEEFL LN=10000 .,

So, the initial amount will have doubled to £10000 after 15.4 years.

0.045¢t

d) The same! Time is the solution of the equation 2A; = Aje”" ™', which is equivalent to 2 = "% this

equation obviously does not depend on the initial amount A,

Exercise 5.4

In questions 1-9, we use the definition of a logarithmic function: y = log, x if and only if x = b’

1

o N R W

log, 16 = 4 is equivalent to 2* = 16.
In1= 0 is equivalent to ¢’ = 1.

log 100 = 2 is equivalent to 10> = 100.

log 0.01 = —2 is equivalent to 10> = 0.01.
log, 343 = 3 is equivalent to 7° = 343.

In (l) = —lisequivalenttoe™' = =
log §0 = y is equivalent to 10’ = 5%.
In x = 12 is equivalent to e = x.

In(x + 2) = 3 is equivalent to ¢’ = x + 2.

In questions 10-18, we use the definition of a logarithmic function (with rearranged terms):

b’ = x ifand only iflog, x = y

10
11
12
13
14
15
16
17
18
19

20

2! = 1024 is equivalent to log, 1024 = 10.

10 * = 0.0001 is equivalent to log 0.0001 = —4.

47% _ Ly equivalent to log (l) _ L
=3 15 5

3" = 81 is equivalent to log; 81 = 4.

10° = 1 is equivalent to log1 = 0.

e’ = 5isequivalent to In5 = x.

27 = 0.125 is equivalent to log, 0.125 = —3.

e’ = yisequivalentto In y = 4.

10" = y is equivalent to log y = x + 1.

log, 64 = y is equivalent to the exponential equation 2” = 64. Since 2° = 64, then 2” = 2°. Therefore,
y=6=log, 64 =6.

log, 64 = y is equivalent to the exponential equation 4” = 64. Since 4° = 64, then 4’ = 4°. Therefore,
y=3=log, 64 =3.

127
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22
23

24

25

26
27

28

29

30
31

32

33

34

35

36
37

38
39
43
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log, (l) = y is equivalent to the exponential equation 2” = l Since 27 = 1 , then2” =27,
8 | 8

Therefore, y = -3 = log, (g) =-3.

log, (35) = y is equivalent to the exponential equation 3’ = 3°. Therefore, y = 5 = log, 3° = 5.

log,. 8 = y is equivalent to the exponential equation 16” = 8. Since 16” = 2"’ and 8 = 2°, then

2" =2’ Therefore,4y =3 = y = Z = log,, 8 = Z )

log,, 3 = y is equivalent to the exponential equation 27” = 3. Since 27 = 3”, then 3 = 3",

Therefore,3y =1= y = % = log,, 3= %

log,, 0.001 = y is equivalent to the exponential equation 10” = 0.001. Since 10~ = 0.001, then

10’ = 10"°. Therefore, y = -3 = log 0.001 = -3.

Ine” = y is equivalent to the exponential equation e’ = e". Therefore, y = 13 = Ine" =13.

log, 1 = y is equivalent to the exponential equation 8" = 1. Since 8° =1, then 8’ = 8". Therefore,
y=0=log,1=0.

10¢° = y is equivalent to the logarithmic equation log,, y = log,, 6. Therefore, y = 6 = 10'%° = 6.

1 1 1
log, (2—) = y is equivalent to the exponential equation 3’ = — . Since 37° = > then3” =37

Therefore, y = -3 = log, (%) =-3.

e = y is equivalent to the logarithmic equation In y = In +/2. Therefore, y = V2 = e = 2.
log 1000 = y is equivalent to the exponential equation 10’ = 1000. Since 10’ = 1000, then 10" = 10°.

Therefore, y = 3 = log 1000 = 3.

1 1

In (\/E) = y is equivalent to the exponential equation e’ = Je. Since 2 = e, thene” = 2.
1 1
Therefore, y = E = Ine = E

2 2

1 1 1
In (—2) = y is equivalent to the exponential equation e’ = —. Since e~ = —, thene” =¢™".
€ e

Therefore, y = -2 = In (iz) =-2.
e

log, (8122> = y is equivalent to the exponential equation 3’ = 81**. Since 81* = (34)22 = 2%, then
3” = 3% Therefore, y = 88 = log, (8122) = 88.
1 1
log, 2 = y is equivalent to the exponential equation 4" = 2. Since 4> = 2, then 4” = 42. Therefore,
1 1
=—=log,2=—.
=5 84 >

31818 — y is equivalent to the logarithmic equation log, y = log, 18. Therefore, y =18 = 3"%'* = 18.
1

1
log.(3/5) = y is equivalent to the exponential equation 5 = 3/5.Since 5° = /5, then5’ = 5°.
1 1
Therefore, y = 3 = log, /5 = 3

log

10" = y is equivalent to the logarithmic equation log y = log 7. Therefore, y = 7 = 10"¢" = 7.
1.699 40 0.2386 41 3.912 42 0.5493
1.398 44 0.2090 45 4.605 46 13.82
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48

49

50

51

52

53

54

From the definition of a logarithmic function, the domain of y = log, x is x > 0; thus, for f(x) it follows
that x —2>0= x> 2.

From the definition of a logarithmic function, the domain of y = log, x is x > 0; thus, for g(x) it follows
that x> >0 = x # 0. So, x € R.

From the definition of a logarithmic function, the domain of y = log, x is x > 0; thus, for h(x) it follows
that x > 0.

From the definition of a logarithmic function, the domain of y = log, x is x > 0; thus, for

y = log, (8 — 5x) it follows that 8 —=5x > 0 = x < g

From the definition of a logarithmic function, the domain of y = log, x is x > 0; thus, for

log, (9 — 3x) it follows that 9 — 3x > 0 = x < 3. Function /x + 2 is defined when x +2 =0 = x = -2.
Hence, for y = </x + 2 —log, (9 — 3x), it follows that —2 < x < 3.

The function /In(1 — x) is defined when In(1-x)=0=1-x=1=>-x= 0= x < 0.

The function y = IL is defined when In x is defined (x > 0) and when In x = 0 (x = 1). So, the
nx

domain is {x : x € R, x >0, x = 1}. Since the range of y = In x is R, the range of y = IL is the

nx

same as the range of y = l; hence, the range is {y tyeR, y= 0}.
x

|

The function y = [In(x — 1)| is defined when In(x — 1) is defined (x —1 > 0). So, the domain is

{x:x € R, x > 1}. Since the range of y = In (x — 1) is R, the range of y = |[In(x — 1)| is the same as
the range of y = |x|; hence, the rangeis {y: y e R, y = 0}.
Check: A

y
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The function y = 1 *_ is defined when log x is defined (x > 0) and when W
og x

log x = 0 (x = 1). So, the domain is {x : x € R, x > 0, x = 1}. To determine
the range, we need to use our GDC. From the graph, we can see that the range
is{y:yeR,y<0,ory= 626}

Hiniriurn
w=z.F1Bz2A16 |V=A.ZEQOFEZ

We can see that the point (4,1) is on the graph. So, log, 4 = 1, which is
equivalent to b' = 4. Therefore, b = 4 and the equation of the function that is graphed is f(x) = log, x.

1 1
We can see that the point (5 ,— 1) is on the graph. So, log, (E) = —1, which is equivalent to b= %
Using 1_ 27, wehave b™' = 27", Therefore, b = 2 and the equation of the function that is graphed is
2

f(x)=log, x.

We can see that the point (10, 1) is on the graph. So, log, 10 = 1, which is equivalent to b' =10.
Therefore, b = 10 and the equation of the function that is graphed is f(x) = log x.

We can see that the point (9, 2) is on the graph. So, log, 9 = 2, which is equivalent to b> = 9. Using
9 = 32, we have b* = 3°. Therefore, b = 3 and the equation of the function that is graphed is
f(x)=log, x.

Using the property for the log of a product, we have: log, (2m) = log, 2 + log, m =1+ log, m.
(Note: We have used the property log, b = 1.)

9
Using the property for the log of a quotient, we have: log (—) = log 9 — log x.
X
To use the property for the log of a number raised to an exponent, we firstly have to write the surd as a
1 1

power: Ux = x5, Now, we have: In Ux =Inx® = éln X.

First using the property for the log of a product and then the log of a number raised to an exponent, we

have: log, (ab3> =log, a+log, b’ = log, a+ 3log, b.

First using the property for the log of a product and then the log of a number raised to an exponent, we

have: log[10x (1+r)' | = log 10log x +log (1 + r)’
=logl0+logx+tlog(l+7)=1+logx+tlog(1+7).

(Note: We have used the property log, b =1.)
First using the property for the log of a quotient and then the log of a number raised to an exponent, we
3

have: In m =lnm’=Inn=3lnm-1nn.
n

Using the property for the log of a product, we have: log, pgr = log, p + log, g+ log, r.

First using the property for the log of a quotient and then the log of a product, and, finally, the log of a
number raised to an exponent, we have:

2.3
log, qu = log, (pch) —log, r =log, p2 +log, cf —log, r =2log, p+3log, q—log, .
First writing the root as a power, then using the property of a number raised to an exponent, and, finally,
the log of a product, we have:

1 1 1
log, 4/pq = log, (pq): = 5 108, (pg) = - (log, p+log, q).

Note: We can change the order in which we apply the properties and still obtain the same final result.
1 1 1

! P h ;1 1
log, {pq = log, (pg): =log, p*q* =log, p* +log,q* = log, p+ log, q
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72
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74

75

76

77

78

79

First writing the root as a power, then using the property of a number raised to an exponent, and, finally,

the log of a product and quotient, we have:
1

r)2 1 ro 1
logb\/i logb[i) =Elogb%=5(logbq+logbr—logbp).

Note: We can change the order in which we apply the properties and still obtain the same final result.

Using the properties of a product, quotient and of a number raised to an exponent, we have:

4
r

1
log, = log, p +log, \/a —log, r =log, p+ Elogb q—log, r.

Using the properties of a product, quotient and of a number raised to an exponent, we have:

(pa)’

1
= 1
log, SV log, (pq)’ —log, N'r = 3log, pq—log, r* = 3(log, p+log, q)— S log, 7.

1 1
Using the property for the sum of logarithms, we have: log (xz) + log (—) = log (x2 . —) = log x.
X x

First using the property for the product of a number and logarithm, and then the sum of logarithms, we
have: log, 9+ 3log, 2 = log, 9 + log, (2°) = log, 9 + log, 8 = log, (9-8) = log, 72.
First using the property for the product of a number and logarithm, and then the difference of

4
logarithms, we have:41n y —In4 = In (y4) —In4=1In yj

First using the property for the product of a number and logarithm, and then the difference of logarithms,

1
we have: log, 12— % log, 9 = log, 12 —log, (9): = log, 12 — log, V/9

=log, 12 —-1og, 3 logb = log, 4.
Using the properties for the sum and difference of logarlthms, we have:
log x —log y — log z = log x — (log y + log z) = log x — log (yz) = log (i)
vz
Note: We would have the same result if we combined the terms differently. We can use the property for

the quotient of logarithms only:

X
log x —log y —log z = (log x —log y) —log z = logf—logz =log| y |= log(i)
y — Yz
z
First using the property for the product of a number and logarithm, then using the property log, b =1,

and, finally, using the property for the quotient of logarithms, we have:
2ln6-1=1In(6’)-1=In36-1Ine= ln(ﬁ).

e
log 1000 3
log 2 ©0.30102999...

od < 1og
« JESTE42E5

ln'ilElElElilflr‘n'iE}

2. 963784285

log, 1000 =

In1000  6.907 755...
If we use natural logarithms, we get: log, 1000 = = =9.
In2 0.6931471...

—5.32 80 2.06 81 —0.179
Ioald@a-Toall 22

-0 321928695
lnid@) 1pCe
2. B52802323
load. ?53'31-:9(53'
1ravrd4eszly
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82 4.32 83 1.86
ToaiZil s
4.3
log{2@0 s
1.8

84 Using the change of base formula and the property log, a = 1, we have: log, a = log,a _ _1 .
log, b log, b

85 Using the change of base formula and the property log, b = 1, we have: loge = ne 1 .
In10 In10

We can establish the property from question 68 using a = e and b = 10.

86 Using the property for the quotient of logarithms, then the property for the log of a number raised to an
exponent, and, finally, the property log, b = 1, we have:

dB =10log (10%) =10(log I —1log10™*) =10 (log I — (~16)log 10)
=10(log I +16) =10log I +160
For I =10 * we have: 101log10™* +160 = 10-(—4) + 160 = 120 dB.
87 a) Given f(x)=5(2)", if we take the logarithm of both sides, we will have:

log, (f(x)) =log, (5 (Z)X) . Using the property of a product on the right-hand side of the equation,
we will have: log, (f(x)) = log, 5+ log, 2* = log, 5+ x. Hence, log, (f(x)) = x + log, 5.

b) Given f(x)= ab”, if we take the logarithm of both sides, we will have:
log f(x) =logab” =loga+logb* =loga+ xlogb.So: log f(x) = xlogb+loga.

Hence, the slope of the line is m = log b and the y-intercept is ¢ = log a.

Exercise 5.5
1 10" =5
log10* =log5 Take the logarithm of both sides.
x =log5 = 0.699 Use the fact that log 10* = x.
2 4"=32
log, 4" =log, 32 Take the logarithm of both sides.
log 32 ,
x =log, 32 = ﬁ =25 Use the fact that log, 4* = x and change of base formula.
0g

Note (1): We can take the logarithm (base 10 or e) of both sides: log 4* = log 32

Now use the property log, (Mk) = klog, M: xlog 4 = log 32
Then dividing the equation by log 4: x log4 =1log32 = x = 11'%%_342 =25
0g

Note (2): We can also solve the equation in a third way.

We can write both sides as powers with base 2: 4* =32 = (2°) =2° =2 =2" = 2x =5=x =25



log 8°7° =1log 60 Take the logarithm of both sides.
log 60 log 60
— = X =

8% =60

(x—6)log8=1og60 = x—-6=

+6=797 Use the property log, (M) = k log,M.

log 8 ~ log8
2" =100
log 2*** =1og 100 Take the logarithm of both sides.
(x+3)log2=2=>x+3= =>x= —-3=3.64 Use the property log,(M¥) = k logyM.
log 2 log 2
1 X
(—) =22
5
1Y\ ) :
log (E) =log 22 Take the logarithm of both sides.
1 log 22 c
x log (g) = 10g 22 = x = 08 1 =-1.92 Use the property log,(M*) = k log,M.
lo ()
5 5
e =15
Ine* =In15 Take the natural logarithm of both sides.
x=Inl15=2.71 Use the property In e* = x.
10" =e
log10* =loge Take the logarithm of both sides.
x =loge = 0.434 Use the fact that log 10¥ = x.
32)(71 — 35
log 3**"' = log 35 Take the logarithm of both sides.
log 35
(2x—1)log3=log35=2x—-1= fg—S = Use the property log,(M*) = k log,M.
0g
log 35 1( log35
=B sy =—| 282 |~ 212
log 3 2\ log3

Note: You can use your calculator to work out the final answer:
120103903550, 109x8
Iat

2.112182635

Or, you can perform step-by-step calculations; firstly for 2x — 1, then for 2x, and, finally, for x:

o4 ~1liod
e bl By

4. 23621727
Ans«2
2.1128188635

An=+1
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9 ol gl
log (2"“) = log (3"’1) Take the logarithm of both sides.
(x+1)log2=(x—-1)log3 Use the property log,(M*) = k log,M.
x log 2 +1og 2 = x log 3—log 3 Multiply out both sides.
xlog2—xlog3=—-log3—log2 Rearrange and collect like terms.

x (log 2 —log 3) = — log 3 — log 2

-1 —log 2
o _tog3-log2 .,
log2—log3
s s : : . x+1 x-1 X 1 X 2X ]- 2 y 1
Note: We can simplify the equation at the beginning: 2" =37 = 2.2" = 3 3= ¥ = 3) 7%
Now we can take the logarithm of both sides: )
o2 ()22 - 225
3 &6 83 &6 1 (2) '
og| =
3
10 2" =19
e’ =95 First isolate the exponential expression.
Ine'™ =1n(9.5) Take the natural logarithm of both sides.
10xIne=1n(9.5) = 10x =1n9.5 = Use the property log,(M¥) = klogyMand Ine = 1.

x = i In9.5 = 0.225
10

11 62 =5
log (62J = log (517") Take the logarithm of both sides.
x ‘
5 log6 = (1—-x)log5 Use the property log,(M¥) = k log,M.

glog6=log5—xlog5

glog6+xlog5:log5

R FaT=T
24887 2EE

LR
s ™,
S

x(%log6+log5)=log5

y= 1985 _gea

%log6+log5

Note: We can simplify the equation at the beginning:
x 1\*
S > 5 x x
62 =5 :>(62) =5—X=>5"(J€) =5=(5V6) =5

Now we can take the logarithm of both sides:

log (5\/8)X =log 5 = x log (5\/6) =log5=>x= _log5 = 0.642

log (5\/8)
D
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0.05)"*"
(1+_) _3
12

O. 12x
log (1 + ?) =log3 Take the logarithm of both sides.
0.05 ‘
12x log| 1+ ETH = log 3 Use the property log, (M) = k log,M.
log 3
lox = 0.05
log|1+——
12
1
x= 08 3 ~ 220

0.05
12 log (1 + )
12
Note: You can use your calculator to work out the final answer:

LoglaasC1]aall+
LADST200
22, 81798936

Or you can perform step-by-step calculations:

I+.685-12
1.6804 156667
logd3 i 1o9CARs2
2ed . 2158748
Ans-12

22.81792956

We can write 4™ as: (22>x =2 = (2" )Z . So, the equation can be written in the form: (2" )2 —2-2% =48.
Using the substitution 2* = ¢, we will obtain a quadratic equation: t* —2-t—48 =0 =, = —6,¢, = 8

Hence, there are two possible solutions:
2" = —6 has no solution (since 2* has to be positive)
2% = 8 has the solution x = 3 (since 8 = 2°)
Using the properties of powers, we can transform the equation:
2 M 4 1=2" =22 2.2 +1-2"=0=2(2") ~3-2°+1=0
1
Using the substitution 2* =¢: 2t> =3t +1=0=t, = 3 t,=1
Hence, the solutions are:
1 1
2"=—=x=-1(since—=27")
2 2
2"=1=x=0(sincel =2°)
Using the properties of powers, we can transform the equation:
6" ~17(6")+12=0=6(6") ~17(6*) +12=0
Using the substitution 6* =t: 6t> =17 -t+12=0=t, =

atz_

[SURTN
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Hence, the solutions are:

log (

log 6

()

log 6

W |
N——

.4 . 4 4
6 :§:>log6 :log(g):xlog6:log(§):>x:

o | W

3 3 3
6" =—=log6" =1 —|=xlog6=1 —|=>x=
5 og og(z) x log og(z) x

Using the properties of powers, we can transform the equation:
3 +3=10(3")=3(3) -10(3*)+3=0

Using the substitution 3* = £:3t> =10t +3=0=t, =
Hence, the solutions are:

1
5 5 tz == 3

1 1
3*=—= x=—1(since—=3")

3 3
3 =3 = x =1(since3 = 3")

nt

We use the exponential function associated with compound interest: A(t) = P (1 + 1) with values

0.075\" n
P =5000, r =0.075, and n = 4. So, A(t) = 5000 (1 + T) .

0.075\"’
a)  A(3)=5000 (1 + T) ~ 6248.58

There will be $6248.58 in the account.
b) We have to solve the equation A(t) = 2 - 5000.

0.075)"
5000 (1 + ) =2-5000
0.075)" o .
1+— | =2 First divide both sides by 5000.
4
4t
log ((1 N 0.075) J = log 2 Take the logarithm of both sides.
4
0.075 ‘
4t log| 1+ . =log 2 Use the property log,(M¥) = k log,M.
log 2
t= o8 = 9.3283..
0.075
4log|1+

Since 9.3283 is closer to 9.25 than 9.5, we conclude that it will take about nine-and-a-quarter years

for the money in the account to double.

We use the continuous interest formula A(¢) = Pe" with P = 500 and r = 0.085. We have to solve the
equation A(t) = 3-500.

500e*®" =3-.500

"™ =3 First divide both sides by 500.
Ine*™ =1n3 Take the natural logarithm of both sides.
0.085t =1n3 Use the property log,(M¥) = k log,M.
In 3
t= =~ 12.9years
0.085
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The population will follow an exponential model: P(t) = Pb'. The initial value is 1, so P, = 1. The
population doubles every hour, so the growth factor is 2 when time is expressed in hours. Therefore, the
population function is P(t) = 2".

We have to find the minimum time needed for P(t) > 1000 000. As P is an increasing function, we will
solve the equation P(t) = 1000 000 and take an appropriate greater value.

2" =1000 000
log (2t) = log(1 000 000) Take the logarithm of both sides.
tlog2==6 Use the property log, (M) = k log,M.
6
t= =19.9
log 2

The colony will have more than one million bacteria after 20 hours.
nt
We use the exponential function associated with compound interest: A(¢) = P (1 + 1) withn=1 So,
n
A(t) = P(1+r)". We have to solve the equation A(t) = 2P,i.e. P(1+7r) =2-P=(1+r) =2.

a) Forr=0.03:

(1.03) =2 = log (1.03)' = log 2 = t log 1.03 = log 2 = £ = — 282 _ 23 45
log 1.03

The money will double in 24 years.
b) Forr=0.06:

(1.06)' =2 = log (1.06)' =log2 = tlog1.06 = log 2 = t = log2 119
log 1.06

The money will double in 12 years.

¢) Forr=0.09:

(1.09) = 2 = log (1.09) = log 2 = tlog 1.09 = log 2 = t = 282 _ g4
log 1.09

The money will double in 9 years.

The value of the car will follow an exponential model: A(t) = P-b' withb =1-10.11= 0.89 and P as

1 1
the original value. We have to solve the equation A(t) = 5 P,ie. P-(0.89) = 5 P.

(0.89) =0.5
log (0.89)" = log 0.5 Take the logarithm of both sides.
t log (0.89) = log 0.5 Use the property log,(M¥) = k log,M.
log 0.
= ___fzéifz_éi__ =595
log (0.89)

The car is worth less than one-half of its original value after 6 years.

1 )2710°
The exponential decay model for uranium-235 is A(¢) = A, (5)27 ", where A, = 1and time is given in

years.
1000

127108
a) A(1000)=(5)”‘° ~0.997 436...

After 1000 years, 0.997 g of uranium-235 remains (99.7% of the original material).
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b) We haye to solve the equation A(t) = 0.7.

1 \2710°
(_)nw o
2
t

1\2710° ) )
log (5) =log 0.7 Take the logarithm of both sides.
! lo (1) log 0.7 Use th ty log,(M¥) = k log,M
—| = . se the property log,(M") = k log,M.
2.7-10° 82 8 pope e g
t  log0.7
27100 1 (1)
2
log 0.7
t=27-10° —28 77 —138934.755... ~ 139 000

1
log| —
g(z)
It will take approximately 139000 years for the sample to decompose until its mass is 0.7 g.

23 'The population will follow an exponential model: P(¢) = Pb". The initial value is 16, so P, = 16, and
b=1+0.18.

a) P(5)=16-(1.18)’ = 36.6
The projected population is 37 stray dogs.

b) We have to find the minimum time needed for P(¢) > 70. As P is an increasing function, we will solve
the equation P(f) = 70 and take an appropriate greater value.
16-(1.18) =70

70
(1.18) = — Divide both sides by 16.
16
35
log (1.18)' = log (;) Take the logarithm of both sides.
35 ‘
tlog (1.18) = log (? Use the property log,(M¥) = k log,M.
lo (35)
_ )
log (1.18)

After 9 years the number of stray dogs will be greater than 70.
24 a) V(10)=1000(0.925)" = 458.58... = 459 litres

1
b) We have to solve the equation V() = 5> 1000.
1
1000 (0.925)" = 3 1000

(0.925)" = % Divide both sides by 1000.
log (0.925)" = log (%) Take the logarithm of both sides.
t log (0.925) = log (%) Use the property log,(M¥) = k log,M.
e,
" log 0.925)

It takes 8.89 minutes (8 minutes 53 seconds).
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c) We have to find the minimum time needed for V(¢) < 0.05-1000. As V is a decreasing function, we
will solve the equation V() = 0.05 - 1000 and take an appropriate greater value.

1000 (0.925)" = 0.05 - 1000

(0.925)" = 0.05 Divide both sides by 1000.
log (0.925)" = log 0.05 Take the logarithm of both sides.
t log (0.925) = log 0.05 Use the property log, (M) = k log,M.
_ log0.05
log (0.925)
39 minutes have passed before the tank can first be considered empty.
a) FortzO:szeOZSkg
b) We have to solve the equation 5¢™"* = 0.5.
5670413t — 0 5
e " =0.1 Divide both sides by 5.
In (e_o‘m) =1n0.1 Take the natural logarithm of both sides.
—0.13t =1n 0.1 Use the property log,(M¥) = k logyM.
In 0.1
t = =17.7
—0.13
It takes approximately 17.7 days for the substance to decay to 0.5 kg.
log, 3x—4) =14
3x —4=2" Rewrite in exponential form.
3x—4=16
20
xX=—
3
log(x —4)=2
10"8>% =107 Exponentiate both sides by base = 10.
x—4=100 Use the property 6/°%x=x
x =104
Inx=-3
et =e” Exponentiate both sides by base = e.
1
x=e¢ = - Use the property 609 x= x.
e
1
log,, x = 5
1
168 = 162 Exponentiate both sides by base = 16.
1
x=162 =16 =4 Use the property 6/°%x= x
logvx+2=1
1082 = 10! Exponentiate both sides by base = 10.
Jx+2=10 Use the property bO% = x
x+2=100

x =98
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31 In (xz) =16

=e Exponentiate both sides by base = e.

—¢ Use the property b/°%x= x.

32 Jog, (x2 +38
log, (x2 +8

) = log, x +log, 6
x°+8=6x Exponentiate both sides by base = 2.
x’—6x+8=0=>x,=4,2

= log2 (x -6) Use property for the sum of logarithms.

x=2,orx=4

Both of the solutions produce true statements when substituted into the original equation; therefore,
x=2o0rx=4.
33 log, (x—8)+log, x =2
log, (x —8)x) =2 Use property for the sum of logarithms.
3les(x=9) — 32 Exponentiate both sides by base = 3.
(x—8)x=9 Use the property 6/°% = x.
x*=8x-9=0=>x,=-19
x = —1is not a solution, because, when substituted into the original equation, both log, (x — 8) and
log, x are undefined.

x =9 produces a true statement when substituted into the original equation. Therefore, the solution is
x =9

34 log7—log(4x+5)+1log(2x—-3)=0
log 7 = log (4x + 5) — log (2x — 3)

4x+5 ) .
log 7 = log 3 Use property for the difference of logarithms.
x f—
4x+5 13 A ,
7= =72x—-3)=4x+5=>10x =26 => x = < Exponentiate both sides by base = 10.

2x -3

13
X = = produces a true statement when substituted into the original equation. Therefore, the solution is
13

x=—.
5

35 log, x+1log, (x—2)=1
log, [x (x —2)]=1
3lossx=2) _ 3l Exponentiate both sides by base = 3.

x(x=-2)=3=>x*-2x-3=0= x,=-13 Use the property 609 x= x.

x = —1 is not a solution, because, when substituted into the original equation, both log, (x —2) and
log, x are undefined.

x = 3 produces a true statement when substituted into the original equation. Therefore, the solution is x = 3.
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log x* = (log x)*

Use the property log, (Mk) =klog, M :

8log x = (log x)"

Letlog x = t, and solve for t:
8t=t'=t(t'-8)=0=t=00rt’ =8=t=0,t=2
Now, solving for x:

logx =0 or logx =2

logx=0=x=1
log x =2 = x = 10> = 100

Both x = 1 and x = 100 are solutions.
2 -2 Lo
510gx>—2:>10gx>—5:>x>10 =100 ° = ——

/100

Transform using the properties of logarithms:

2log x* —3log x < log 8x —log 4x = 2-2log x —3log x <10gi—i=>logx <log2=x<2
Since logarithm is defined only for positive numbers, the solution is 0 < x < 2.

Multiply out the left-hand side: (e" )2 —-3.e"-2-e"+6<2-e" = (e" )2 -7 +6<0

Using the substitution e =¢: t* =7t +6 <0

The solutions of the quadratic equation are t = 1 and ¢ = 6; hence, the solution set of the quadratic
inequality is: 1 < t < 6. Therefore, for x, it holds that: 1 <e* <6 =Inl<Ine* <ln6=0<x <In6.

Note: We can solve the quadratic inequality by factorizing:
t?—7-t+6<0= (t—1)(t —6) <0 = 1<t < 6, and then proceeding as above.

The inequality 3 + In x > e cannot be solved exactly. We can use a GDC:

Flotl Flakz Flots THOOW
SMIEIF1IRCED amin=-1
My B R Amax=a
N x= necl=1
“Wy= Ymin=-2
“We= Ymax=5
“ME= Y=zl=1
MW= ares=0

We can see that the graph of e* is below the graph of 3 + In x on the interval between the intersections.

InktgrFseckion InktgkFseckion
n=.i6iz0fEY  Y=1.47°49268 | [H=1.141B905 Y=Z.1ZzeBE:

Hence, the solution setis: 0.161 < x < 1.14 (to 3 s.f.).




Exercise 6.1 and 6.2

@ Chapter 6

-2 +1 -3
1 FormatricesA:[ x]andB:[x - ],Wehave:

a)

b)

9)

d)

2 a)

b)

y—-13

x—1x-3
i) A+B=[y+3 y+1)
i) 3A-B= —6 3x 3 x+1 =3 | [ —x-7 3x+3
. | 3y-3 9 4 y-2 7| 3y-7 11—y

If A = B, their corresponding elements are equal; this leads to a system of equations:
x+1=-2

x=-3
y—1=4
y—2=3

From each of the first two equations we get x = —3, and from the last two y = 5.

If A + B is a diagonal matrix, the elements on the opposite diagonal are zeros; hence,
x—=3=0

y+3=0

Therefore, x = 3, y = -3.

B - —2(x+1)+4x 2(=3)+x(y-2) |_ 2x -2 xy—2x+6
| -D+D)+3-4 (y-1)(=3)+3(y-2) | | xp-x+y+1l -3

- (x+1)(-2)-3(y-1) (x+1)x—3-3 | 2x -3y +1 x*+x-9
4+ (-2)(r-1) 4x+3(y-2) |

30)[ x 6 3x 6
= = =
42 )y -12 4x+2y -12
By comparing the corresponding elements, we obtain the following equations:

3x=6 x=2
=
4x +2y=-12 8§+2y=-12

y*=3y—6 4x+3y-6

Therefore, x = 2, y = —-10.

(2 PJ(4J=( 18 J:{ 8+5p ]:( 18)

3 ¢ 5 -8 12+ 5¢q -8

By comparing the corresponding elements, we obtain the following equations:
8+5p=18

12+5g=-8

Therefore, p = 2,9 = —4.



a)

b)

b)

V)

d)

VMFSZLP.
v]iotoo120
M|1011110
F|{0100002
s$|0121100
Z|1100010
L[{2101100
Pl0020000

Matrix A showing the number of direct routes between each pair of cities is input into a GDC.

We square matrix A and obtain the answer shown in the GDC screenshot below right.

Matrix A’ represents the number of routes between each pair of cities that go via another city. For
example, the entry g, , = 3 means that there are three different routes from Vienna to Munich: two
of them through Milano and one through Zurich. Also, a, , = 4 means that there are four different
routes from Paris to another city (all to Frankfurt) and back to Paris.

25 1 x—1 5 y x+1 10 y+1
A+C=]0-3 2 [+ 0 -x y+1 |= 0 -x-3 y+3
7.0 -1 2x+y x—=3y 2y—x 2x+y+7 x—=3y —x+2y-1
25 1 m =2 17m+2 -6
AB=|0-3 2 || 3m -1 |=| -9m+4 9
7 0 -1 2 3 m—2 -17

BA cannot be found because B is a 3 X 2 matrix and A is a 3 X 3 matrix; as such, the number of
columns of matrix B does not match the number of rows of matrix A, so the product is not defined.

If A = C, their corresponding elements are equal; this leads to a system of equations:
x—1=2

y=1

x=3

y+1=2

2x+y=7

x=3y=0

2y —x=-1

These equations all give the same solution: x =3, y =1.
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This system of equations can be input into a GDC as an augmented matrix and then, by selecting
reduced row echelon form, it can be solved. Alternatively, it can be input directly into the PolySmlt
application as a system of seven equations with two variables and then solved. Both processes are
very long and time consuming, and so, on the final exam, students would not be encouraged to use a
GDC in such a question.

e) B+ C cannot be found because B is a 3 X 2 matrix and C is a 3 X 3 matrix; the sum of two matrices of
different order is not defined.

-1 m’ 7 12
f) 3B+2| -5 2 |=| 17 1
1 -1 2m+2 7
m =2 -1 m’ 7 12
By comparing the corresponding elements from 3| 3m -1 [+2| -5 2 |= 17 1 |,
we obtain the following system of equations: 23 bl m+2 7
3m—-2=7
—6+2m’ =12
9m—10=17
8§=2m+2

All of the equations give us the unique solution: m = 3.

5 By comparing the corresponding elements from 2( a- ; 2 J_,_( 3 -1 ) _ ( —85 5 . ) we obtain the
following system of equations: c+ 5 c+

2(a-1)+3=-5

2b-1=5
2(c+2)=38
2:3+5=¢c+9

Therefore, a = -3,b =3,c = 2.

2 -3 x—11 1-x 10
R 7][ -5 x+2yJ:(01)
After performing matrix multiplication, we get:
2x—=7 —5x—-6y+2 10
—5x +20 12x+14y—5J:(0 1 J
By comparing the corresponding elements, we obtain the following system of equations:
2x—-7=1
—5x—-6y+2=0
—5x+20=0
12x+14y-5=1
The first and third equations give us x = 4.

Substituting x = 4 into the second and fourth equation gives us the same solution: y = —3.



By comparing the corresponding elements, we obtain the following system of equations:

m>—1=3

m+2=n+l

n—5=-2

Therefore, m = 2, n = 3. 166 158

Let matrix L = ( 253 ) represent the quantities from your shopping list,and P =| 2.55 2.6

represent the prices in shops A and B. 0.90 0.95
1.66 1.58

Then LP = ( 253 ) 255 26 |= ( 18.77 19.01 ) gives us the total cost of the shopping in shop A
0.90 0.95

(€18.77) and B (€19.01) respectively.

Therefore, you should go to shop A because the total cost is cheaper.

R X (ERER RN
eSS

b) We conclude that the addition of 2 X 2 matrices is associative, which can be proved as follows:
A+(B+C):(a b}{(m n)+(r SD:(a b)+(m+r n+s)=(a+m+r b+n+s]
cd P q t u cd p+t q+u c+p+t d+q+u
(A+B)+C= ab N m n s a+m b+n s at+tm+r b+n+s
c d P q tu c+p d+gq tu c+p+t d+q+u
So, A+ (B+C)=(A+ B)+C for all real numbers a, b, ¢, d, m, n, p, ¢, 1, s, t, u.
3 -1 -35 _ 20 —-11 8 _ —22 16
1 4 2 7 =51 5 33 60 -7
apc=|[ 20325 6 2322
=51 1 4 2 7 -14 9 2 7 60 -7
d) We conclude that the multiplication of 2 X 2 matrices is associative, which can be proved as follows:

ab m n rs|| _[ab mr +nt ms +nu
pa)ltu)) cd)| prtqt ps+qu

A(BC) = J
| amr +ant +bpr +bqt ams + anu + bps + bqu ]

0 A(BC)= i?)

cd

P —

cmr +cnt + dpr +dqt  cms + cnu + dps + dqu

(AB)C = ab m n rs)|_ am+bp an+bq |( r s
cd P q tu cm+dp cn+dq tu

| amr +ant +bpr +bqt ams + anu + bps + bqu ]

cmr + cnt + dpr +dqt  cms + cnu + dps + dqu

So, A (BC)=(AB) C for all real numbers a, b, ¢, d, m, n, p, g, 1, s, t, u.
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120
10 AB=(235562 117 )| 95 |=(235-120+562 95+117-56) = (88142)

56
AB represents the total profit (€88 142).

11 rA+B=A=r 23 + -4 -6 _ 23 N 2r—4 3r-6 _ 23
57 s—8 =37 57 5r+s—-8 7r—37 57

By comparing the corresponding elements, we obtain the following system of equations:
2r—4=2

3r-6=3

5r+s—8=5

7r—=37=7 44

From the first two equations we get r = 3, but the fourth give us r = 7 ; therefore, there is no solution.

12 ForA:(1 1):
01

a) i) AZ:A-A:(ll)(ll):(l 2)

01 01 01
ii) A?:A%A:(12)(11):(13)
01){o1 01
m)AézAxA=(13)(ll):(14)

01 01 01

iv) By observing the pattern of entries in the resulting matrices, we would conclude that

A" = 1 n
01)
For B = 33 :
03
b) i) B =B-B= 33 33 |_(918)_|929
03 03 09 0 9
i) B =B -B= 9 18 33 |_( 2781 |_(27 3-27
09 03 0 27 0 27
iii) B'=B -B= 27 81 33 |_[ 81324 |_| 81 4-81
0 27 03 0 81 0 81
iv) By rewriting the result matrices and observing the pattern of entries, we can conclude that

B = 3" n-3 .
0o 3

13 For matrices A and B we have:

2x+3y 13
AB = 23| x 2 _| Xty
41 )\ y3 4x+y 11
BA = x 2 23 _ 2x+8 3x+2
y 3 4 1 2y +12 3y +3
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From AB = BA we obtain the following system of equations:
2x+3y=2x+8

13=3x+2

dx+y=2y+12

11=3y+3

Solutions: x = —, y =§.
3 3

For matrices A and B we have:

AB:( 3 ](i f)z[mxy 6+x]

21 ~10+y -3
52 11 5x+2
BA = MREE ¥
y 1 -2 1 3y—2 xy+1
From AB = BA we get the following system of equations:
15+xy =11
6+x=5x+2
-10+y=3y-2
-3=xy+1

From the second equation we get x = 1, and, from the third, y = —4. This solution satisfies the remaining
two equations as well, so we have the unique solution: x =1, y = —4.
For matrices A and B we have:

AB =

BA =

12 3
x 2 -3
10 4 2

-8 x+3 12
23 x—6 -18
2 -2 8

-8 x+3 12
23 x—6 —18 |=

-2 8

12 3
x 2 -3 |=
10 4

44 3x—15 0
—8x+40 x> +5x—6 12x —60
0 x—5 44

x> +3x+4 2x—-10 -3x+15

x> —6x+5 2x+34 -3x+15
—2x+10 0 44

From AB = BA, and by comparing the corresponding elements, we get a system of eight equations. The
only solution that satisfies all of the equations is x = 5. Some of the equations have two solutions, but our
final solution must satisfy all the equations and therefore we cannot accept them.

For matrices A and B we have:

AB =

BA =

y 2 y+2
x 2 -3
1 y-1 4

-8 x+3 12
23 x—6 -18
2 -2 8

-8 x+3 12
23 x—-6 -18
2 -2 8

y 2 y+2
x 2 -3
1 y-1 4

—6y+50 xy+y+2x—-16 20y—20

=| —8x+40 12x — 60
23y -23 ~18y + 62

x*+5x—6
xy—6y+1
—8y+x>+3x+12 2x+12y—22 -8y —3x+23
=| 23y+x*—6x—18 2x—18y+52 23y—3x—38
8y -8 2y +42

2y —2x+8

From AB = BA, and by comparing the corresponding elements, we get a system of nine equations. The
last equation, —18y + 62 = 2y + 42, gives us y = 1. Then, for example, by substituting y = 1 into the
penultimate equation (xy —6y +1= 8y — 8) we get x = 5. By checking all of the remaining equations, we
verify that (5, 1) is the unique solution of this system.
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Exercise 6.3

Solution Paper 1 type

1 a Tofindthe inverse of matrix A=| 9 b ,vveusetheformulaA*:; d -b , Where
cd det(A)\ —c a
det (A)=|9 o =ad - bc.
cd
3 7
=3(-9)-7(-4) =1
‘_4 _9‘ (-9) = 7(-4)

3 7Y (9o -7) (-9
4 9 1\ 4 3 4 3
=i
b As the product of two matrices, M = 57 o | I s -
—4 -9 35 4 3 35

M=((—9)-2+(—7)-3 (=9)-1+(~7)-5 )z( -39 —44)

4.2+3-3 4.1+3.5 17 19

=T
d i Asthe product of two matrices, N = 2l S 2N —2 .
35 —4 -9 35 4 3

i N= =14 =11
-7 —6
e In parts b—c we multiplied ( 35 ) by the inverse from the left to determine matrix M, whilst in d we multiplied

it from the right to obtain matrix N. The results are two different matrices as multiplication of matrices is not
commutative.

Solution Paper 2 type

1 Weinput the matrices A = ( 34 79 J and B = ( § ; ] into a GDC.

For A™: For M: For N:
LH]-1 LHI-TLE] LEI [H]-T
[[-9 -7 [[-39 -d44] [[-14 -111]
[4 3 11 [1¥ 19 11 [-¥ -5 11
|| || ||

() A AR
o P P

0 1
3 a) Matrix A should have an inverse if det(A) # 0.
2 -3 1
det(A)=]|1 1 -3|=20-(-3)—(-3)(-2))+31-(-3)+3-3)+1-(1-(-2)—1-3)
3 -2 -3

=2(-9)+3-6+(-5)=-5




Or, with a GDC:

et [HIZ
-5
2 31
b) Formatrix A=| 1 1 -3 |, we have:
3 -2 -3
x 4.2
¢) ForX=| y |andB=| -1.1
. 2.9
be X = A™'B.
Using a GDC:
L 1 1
So, the solutionis: x = —,y=-1,z = -
2 5
J3001
Moo - 5 ,
3 1 3
a) detA)=| 2 2 :(i) +(_) _3
Loysp L2/ A2
2 2
V31
_ 2 2
Al =
_L 3
2 2
a 1
det B=
b) de at+2 —+1
a
3
B_1= ;+1 _1
-a—-2 a

Matrix A is singular if det (A) = 0. We have:

det(A) = x+1 3
3x—-1 x+3
5+(=5)°—-4-6
x2—5x+6:0:>x1>2: ( 2) =

Therefore, A is singular for x = 2 or x = 3.

2,3

Therefore, A is regular, i.e. it has an inverse.

LH]-1
[ 1. L]
1.2 1.8
1

-
b

—

IE
.4

Rl bt et

1

, the system can be written as AX = Bj; therefore, the solution will

[AT-:[E]

Rt bl et

3
=a(—+1)—(a+2)=3+a—a—2=1
a

=(x+1)(x+3)=-30Bx—-1)=x"-5x+6
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6 If one matrix is the inverse of the other, it must satisfy:

2 -1 4 -2 -3 4 -2 -3 4 2 -1 4 100
2n 2 0 1 2 =2 |=| 1 2 =2 2n 2 0 [={o010
2 1 4n 3n 2 —5n 3n 2 -5n 2 1 4n 001
12n -5 0 10-20n 4—6n 0 16n—8 100
2—4n 4-6n 8n—4 =| 4n-2 1 4—8n =010
—3+12n° 8n—4 6—20n° 0 4-—8n 12n—20n" 001

1
By comparing the corresponding elements, we can see that all equations are satisfied for n = —.

7 For A= 42 and B = 21 , we have:
0 35

a) XA=B= X=BA" b) AY=B=Y=A"B

[ETTAT-T [R]-TIE]

[[.5 H - [[1 1.83333333.
[.75 -1.1&6E86EE.. [-1 -1.6666GG6..,
hskFrac nskFr-ac

[[1~2 & 1 [[1 13-12]
[3~4 -Y~&11] [-1 -5-3 11

c) We can see that X # Y because, in general, multiplication of matrices is not commutative.

8 For this question we will use a GDC and, as such, we need to rename our matrices:

20 -1 3.1 1
P=A=|35 4 |andQ=B=[4 0 o0
10 -1 1 2 -1
Then:
a)  [TET=TAI [AT#IE]
[[4 -5 -2] [15 -4 31
[2 @ -4] [3Z 5 1]
[7 1@ 2 1] [2- =3 211
] ]
b)  mETT YR AT-TIETT
[[B .25 @] [11 B -1 [[-2 2 -1 ]
[1 -1 1] [-1.4 .2 2.2] [4.6 -4.4 2.4]
[Z -1.75 111 [1 B -2 [-4 3.75 -2 11
] ] ]
CIRIGIR TTATIET 31 TIETTAT o1
[1-.25 .85 .55 [[[-.35 .85 .55.| [[[-2 2 -1 ]
[Z.4° -=.2 5.7 |[z.d” =02 SN [ [4.e C4.4 204]
.[5.45 -.35 -F.o .[5.45 -.35 -7 .[-4 Z.75 -2 11

¢) We can see that the multiplication of matrices in general is not commutative: AB # BA.

For the inverse matrices, the following is valid: (AB)" = B"'A™,(BA)" = A"'B™".



9

10

11

12

3 21 =29

For matrices A=| -4 1 -3 |andB=| 37
1 -5 1 24
a) IfAC=BthenC=A"B.
[AT-TIE]
[[-7]
[3 1]
[-21]
| |

b) By multiplying the second and third equation by —1 the system is equivalent to the matrix notation
X
AX = B,where X =| y [.So, X = A7'B, which means that the solution is: x = -7, y=3,z=-2.

z

2 2+x 3 x| 3 x 2 2+x N

54+x x—4 2 x—4 2 54+x

x?=2x-2 4x+4 |_[ 5x+6 x*+7x+6

x*=1  7x+8 2x +2 x’

By comparing the corresponding elements and rearranging the equations, we get:
x2—7x—8=0:x1’2=—1,8
X’ +3x+2=0=>x,, =-1,-2
x’=2x-3=0=>x,,=-1,3
x’=7x-8=0=>x,,=-1,8

x = —1is the only common solution for all the equations, so it is the solution.

AB=BA =

21 2—x 1 2—x 1 21
(5 3][ 5x y}:( S5x y)(s 3):>
3x+4 y+2 9-2x 5-x
[ 10x +10 3y +5 ]:[ 10x+5y 5x+3y ]
By comparing the corresponding elements and rearranging the equations, we get:
S5x=5
x+y=3
5y=10
S5x =5
The solution that satisfies all the equations is: x =1, y = 2.

AB=BA =

o)) )=
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2x+3 3x+y 3—-8x x+1
[ 15x =5 =5x+2y J:( 15x =5y 5x+2y J
By comparing the corresponding elements and rearranging the equations, we get:
10x =0
2x+y=1
5y=5
10x =0

The solution that satisfies all the equations is: x =0, y = 1.

13 AB=BA=

3+x 1 y—x X _ y—Xx X 3+x 1 N
=5 2 S5x—y+1 y+x Sx—y+1 y+x =5 2

xy—x2+2x+2y+1 x2+4x+y _ xy—x2—8x+3y x+y
[ 15x =7y +2 2y —3x ]_ 5x°—xy+11x—8y+3 7x+y+1
By comparing the corresponding elements and rearranging the equations, we get:
10x—y=-1
x*+3x=0
5% —xy—dx—y=-1
10x—y=-1
From the second equation, we get the solutions x = 0 or x = —3.

Substituting our solutions for x into the first equation, we get: x =0, y = 1,and x = —3, y = —29.

Both solutions satisty the third equation, so both pairs are valid.

x y 1
14 a) |5 6 1[=0= x(-6—11)— y(-5-3)+(-55+18)=0=17x -8y +37 =0
3 111
x y 1
b) |5 -21|=0=x(2+2)-y(5-3)+(-10+6)=0=2y+4=0=y+2=0
321
x y1
€ |[-531|=0=x(3-8)—y(-5+5)+(—40+15)=0= —-5x-25=0=x+5=0
-5 8 1
-5 -6 1
15 a) Area=| 3 11 1|=|[-5(11-1)+6(3—8)+(3—88)]|=|-165 =165
8 11
351
b) Area=|3 11 1|=|[B(11-11)+5(3—8)+ (33— 88)] =|-80| = 80
8 11 1




V)

16 a)

b)

17 a)

b)

18 FormatrixA:( 27 ):

a)

b)

9]

d)

e)

4 —-61
Area=|-3 9 1|=|[4(9-7)+6(-3-7)+(-21-63)]| = |-136/ =136
7 71
1% —6 1 1 1
Area=|-|3 11 1 =‘—[X(ll—3)+6(3—8)+(9—88)] =—[8x —109|
2 2
8 31
1 129 89
5|8x—109|:10:>|8x—109|:20:>8x—109:200r8x—109:—20:>x:?0rx:?
1 =5 x 1 |
Area = |— 3 x+21 z‘z[—S(x+2—1)—x(3—x2—2x+3)+(3—(x+2)(x2+2x—3))]

x*+2x-3 1 1
=|-x*—6x+2
We have two possibilities:
—x"—6x+2=100r—x’—6x+2=-10 =
X, =-2,x,=—4,x, =—3+\/i,x4 =—3—x/ﬁ

=0=2k+2)+5(4-5)+1(-8-5k)=0= —3k-9=0=k=-3

-6 21
-5 k1
-351

=0= —6(k—5)—2(-5+3)+1(25+3k) =0 = 3k +9=0=k=3

55
det(A) =27 |=2.5-7.5= 25
55
f(x)=det(xI—A)=det(x((1) (1))—(5 ZJ): x__52 x__75 :(x_z)(x_5)_(_7)(_5)=xz_7x_25

We can see that the constant term is equal to det(A).

Coefhicientof x = —(a+d).

2
FA) = (27 (10 _(3949) (1449) (250 )_(00
55 01 35 60 35 35 0 25 00

Generally, we have:

ab
cd

27
55

det(A) = =ad-bc
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f<x>:det(x(;) g)_(j ZD

The constant term is equal to det(A).

x-a b ‘:(x—a)(x—d)—bc:xz—(a+d)x+ad—bc
— x-d

Coefhicient of x = —(a + d).

fab 2_ ab B 10
f(A)—(C d) (a+d)(c d)+(ad bc)(o 1]

[ @+bc ab+bd | ( a*+ad ab+bd +(ad—bc 0 Jz(o o)
ac+cd bc+d’ ac+cd ad+d’ 0 ad-bc 00

2 71
19 ForA=| -1 3 2
5 54

a) =t ¢ [RT

“22

x—2 -7 -1
b) f(x)=det(xI-A)=| 1 x-3 =2
-5 -5 x+4

= (x—2)[(x =3)(x +4)—10]+ 7 [1(x + 4) = 10] = 1 [-5 + 5(x — 3)]
=x’—x’—22x+22
We can see that the constant term in the expansion of f(x) is equal to —det(A).

c) The coefficient of x> is — 1, which is the opposite of the sum of the main diagonal.

d) f(A)=A"-A>-22A+22]

100
We can calculate this with a GDC, knowing that = 0 1 0
f(A) is again the zero matrix. 001
[AI*3Z=-TAT~Z-ZZTA
abc ]+22[I][[EIEIEI]
e) ForB=| d e f [wehave: G 8 @]
g h i b (8 B &ll
abc
d
detB=d€f:aef—b f+cdz
g h i h i g i 8

= a(ei— fh)—b(di— fg)+ c(dh—eg)
= aei — afh — bdi + bfg + cdh — ceg




x—a -b —c
f(x)=det(xI-B)=| —d x—e —f

-g -h x—i
_ — —-d - — —
~(x—a) x—e —f ‘b f d x—e
~h x—i -g x—i| |-g ~h

= (x=a)[(x— &) (x— i) = ]+ b[d (x—i) — fg]~c[dh+(x—e) g]
=(x—a)[x2—ex—ix+ei—ﬂz]+b[—dx+di—fg]—c[dh+gx—eg]

=x’ —ax’ —ex’ + aex — ix* + aix + eix — aei — fhx + afh — bdx + bdi — bfg — cdh — cgx + ceg
=x’—(a+e+i)x’ +x(ae+ai+ei—bd—cg— fh)+afh— aei+bdi— bfg — cdh + ceg
=x"—(a+e+i)x’ +x(ae+ai+ei—bd—cg— fh)— (aei — afh — bdi + bfg + cdh — ceg)

We can see that the constant term in the expansion of f(x) is again equal to —det(B).

The coefficient of x* is —(a + e + i), which is the opposite of the sum of the main diagonal.

f(B) is the zero matrix.

Exercise 6.4

1 Given matrix A = ( 51 g ):

det(A—mI)zdet(( 51 g)—m((l) (I)J):‘S_lm 6 ‘z(S—m)(—m)+6=m2—5m+6
- -1 -m

m' —5m+6=0=>m =2,m, =3

2 a) If Aisthe inverse of matrix B, then AB = BA = I must be satisfied. So, we have:

a —4 -6 1 2 -2 a—6 2a—4b—-6 —2a+14 100
AB=| -8 5 7 3 b1 |= 0 5b-9 0 =010
-5 3 4 -11 -3 0 3b-6 1 001
1 2 -2 a —4 -6 a—=o6 0 0 100
BA=| 3 b1 -8 5 7 |=|3a-8-55b-9 7b-14 [=| 010
-11-3 -5 3 4 —-a+7 0 1 001

By comparing the corresponding elements, we find the solution a = 7, b = 2 satisfies all the

conditions.

x 5
b) The system of linear equations for a = 7, b = 2 can be writtenas: B| y |=| 0
. 6

x 5 5 7 -4 -6 |(5 -1

So,wehave:| y |=B7| 0 |[=A| 0 [=] -8 5 7 0 |=| 2

6 6 -5 3 4 6 -1

v
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3 If the matrix is singular, its determinant is zero.

1 m 1
31-m 2 |[=1[{0-m)(m—-1)+6]-m[3(m—1)=2m]+1[-9—m(Q—-m)]=-m"+4m—4 =
m -3 m-—1
-m*+4m—-4=0=>(m-2’=0=>m=2
4  For each of the given systems, we will reduce the augmented matrix of the system to reduced row echelon
form. From this, we can conclude whether the solution is unique (and which one it is), or if there are an

infinite number of solutions, or no solution. Part a will be done algebraically, whilst parts b—h will be
done using a GDC.

-5
2 F&—&

1
2 1
510 | on, o

|
v —
Ul =

-5

1
Syl
14 3|48

-11(-5
1 1|5 [{-R,+14R,

004,
10[3 %&
01|2

S O S O S O S O S O B S O B [S2 8 \SINTN
—
—
ul

p—

00[-1
10|3
0012

o

We can read the unique solution as: x =—-1, y =3,z = 2.

b) [[A] Fref C [HT 2
(4 -2 % -2 [[1 8a@a35]
[2 2 5 18] 618 8]
[2 -5 -2 4 11 B a1 -211]
|| ||
The unique solution is: x =5, y =8,z = -2.




V)

d)

e)

f)

g

h)

a)

[F”[[S ;T2 7] FPE—EHE”EEEE]
(2 2° =3 3] S0 -1o#1e 117161
[1 =7 2 =411 B a 11

Since the last row is all zeros, the system has an infinite number of solutions. For:

z=16t = z—11:> —H+19t
4 16 4 16
5 13 13
— =" x=—145¢
16 16 16
[A] refC [AT?
[[Z2 -2 1 -29] [[1 88 -7
[-4 1 -3 37 1 A1 8 31
.[1 51 2411 a1 -211
The unique solution is: x = -7, y =3,z = 2.
[A] ret [AT>
[[Z2 35 41 [[1 & -2 -11]
[359 ¥ 1 13 21
u [5 2 17 1311 [8 8 8 8 11 Since the last row is all zeros, the system
has an infinite number of solutions. For:
z=t=y=2-3t,x=-1+2t
[A] refC [RT?
[[2 3 5 4] [[1 8 -2 @]
[Z2 59 7l a1 3 @)
u [5 9 17 111 B @@a 111
Since the last equation became 0 = 1, the system is
inconsistent; there is no solution.
[A] refC [RT?
[[-1 4 -212 1 [[1 88 -2]
[2 -9 53 -25] A1 8 4 ]
.['1 5 -4 18 11 a1 311
The unique solution is: x = -2, y =4,z = 3.
[H] ref i[RI
[[1 -3 -2 8 1 [[1 88 4 ]
[-2 7 3 -19] a1 8 -2
[1 -1 -3 3 11 B E 1111
| |
The unique solution is: x =4, y = -2,z =1.
11 k-1
det(A)=|k 0 -1 |=1(0+2)—1(=3k+6)+(k—1)(2k) =2k’ +k—4
62 -3
—1++/33
det(A)=0=k , = —

1+/33
T

So, the matrix is not singular for all k # —
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b) If A is the inverse of matrix B, then AB = BA = I must be satisfied. So, we have:

AB=BA=1

11k=-1)k-3 -3 k k-3 -3 k 11 k-1 100

ko -1 3 k+2-11|=| 3 k+2-11|l k0 -1 [=]010

62 -3 -2 -4 1 -2 -4 1 62 -3 001

k—3+3-2k+2 3+k+2—4k+4 k—-1+k—-1 k—3-3k+6k k—3+2k (k—3)(k—1)+3-3k
kK*—3k+2 —3k+4 k-1 =| 3+k°+2k—-6 3-2 3k—3—-k—-2+3
6k—18+6+6 —18+2k+4+12 6k—2-3 —2—4k+6 —2+2 2k+2+4-3
—k+2 -3k+3 2k-2 4k-3 3k-3 kK*-7k+6 100

K*=3k+2 —3k+4 k-1 [=| K*+2k-3 1 2k—-2 =010

6k—6 2k—2 6k-5 4— 4k 0 —2k+3 001

By comparing the corresponding elements, we find the solution k = 1 satisfies all the conditions.

¢) For k=1 we have:

110]100)[R

62 -3[001)|-R +6R
110/10 0
0111 -1 0 [{-R +4R,
0436 0 -1

110{1 00
0111 -10 |{R —R,
001(-2—-41

110/(1 0 0
010[3 3 -1 |[{R —R,
001[-2 -4 1
100(—2 -3 1
0103 3 -1
001|-2 -4 1

2 17 k9
5 5 5
6 ForA= _—1 a _—13
5 5 5
k-2 3 -2

a) A issingular if det(A) = 0.



2 =17 k+9
5 5 5
2[ 42 397 17[2 13 k+9)[ 3 21

- — 5 5 5 515 5 5 5

5 5 5

k-2 3 -2

1 71+ +-251
:_5(‘2”‘2+71k_63):>21k2—71k+63:0='k1,z=T

Because there are no real solutions for k, A is regular (not singular) for all real numbers k.

b) If A is the inverse of matrix B, then AB = BA = I must be satisfied. So, we have:

2 -7 k+9 (o, Clk+22 —3k+6
5 5 5 5 5
k+1 1k 100
121 -1 —k+2  21k-37  —k+2
ap=| L2 By kg s = 37k =l o010
>0 3 6 -5 > > > 001
k-2 3 =2 (k—=2)(k+1) 4k-8 Kk’—2k+1

By comparing the corresponding elements, we see that the solution k = 2 satisfies all the equations.
¢) Fork=2:

2 =17 11100
-1 21 -13|0 1 0 |[{2R, +R
0 15 -10(0 0 1

2-17 11100
0 25 —15[1 2 0 |{5R,—3R,
0 15 —-10[0 0 1

217 11| 10 0sp 4q1R,
-5 1 2
0 25 -15 0 \R, —3R,

0 0 -5|-3-65

10 -85 0 [-28 —66 55
0 25 0]10 20 -15 [{5R +17R,

0O 0 -5/-3 -6
(1
_01
50 0 01|30 10 20 1
0 25 010 20 -15 Ez
0 0 -5|-3 6 5
_ER3
1ool2 L 2
55 5
2 4
010222
55 5
OOIEE—I
55




Chapter 6

b
2030100 np 1p ) (1 45100 p_op
-1 1 1(010 R 2 31010 [y, p
2 21001 2o -1 8 6|00 1 2o
20 3|/100 1 4 5(100
02 5|1 20 |{R,+R, 0 11 -9|-2 1 0 [{l11R,+12R,
0-2-2|-101 0 12 11|1 01
322128 {Rl_& (1)—?1—59 —12(1)0 {13R1_SR3
3R, —5R 13R, +9R
003021 ? ’ 0 0 13|-13 12 11 PRI
Lr 13 52 0] 78 —60 55
20 0l1 22 -1 f 0 —143 0|-143 121 99 |{lIR +4R,
060/3 4 -5 |{=R 0 0 13[-13 12 11 ,
0030 2 1)} 1,
— R, 143
3 143 0 0286 —176 ~209 || |
| ) 0 —143 0[-143 121 99 |S—R,
100j~> -1 - 0 0 13|-13 12 11 143
2 2 1
010/l 2.2 137
2 3 6
16 19
2 1 100/2 —— ——
001/0 = = 13 13
” 0101 -1 2
B is the inverse of A. 13 13
12 11
001|-1 = =
13 13

B is the inverse of A.
8 a) For f(x)=ax’+bx+cand f(-1) =5, f(2) = -1, f(4) = 35, we obtain the following system of
equations:
a-b+c=5
4a+2b+c=-1
16a+4b+c¢ =35

For the augmented matrix of the system, we solve using a GDC:

[A] ref ¢ [H]
[fr1 -115351 [[1 6@ 4]
(4 2 1 -11 618 5]
b [1e 4 1 3511 B a1 -311

So, the function is f(x) = 4x* — 6x — 5.

b) From f(-1) =12, f(2) = -3, we have the following system of equations:
a-b+c=12
4a+2b+c=-3




9)

d)

So,forc=m=>a=%(7—m),b:%(m—17)=>f(x)=%(7—m)x2+%(m—17)+m.

From f(-1) =5, f(1) = =3, f(2) =5, f(3) = 45, we have the following system of equations:
—a+b—c+d=5

a+b+c+d=-3

8a+4b+2c+d=5

27a+9b+3c+d =45
For the augmented matrix of the system, we solve using a GDC:

[A] ref CIH]

[f-11 -1 135_1 [[1 B@a@a 3]
(1 11 1 -3] @188 -2]
(g2_ 42 131 Bal1a -7l
[2¢ 2 3 1 4511 Baal1 3]l

So, the function is f(x) = 3x° — 2x* — 7x + 3.

From f(-3) =4, f(-1) =4, f(2) = 4, we have the following system of equations:
—27a+9b—-3c+d=4

—a+b—-c+d=4

8a+4b+2c+d=4

-1 1 =114 g 4ep
8 4 2 1|4

R, —27R,
27 9 -3 1|4
_ _ 1
IR ey
0 12 =6 9 | 36 |43
0 —18 24 —26|-104 ) [2R, +3R,

6Rl+lR3
-11-1 11| 4 ?
0 4 -2 3|12 [{3R,+-R,
0 0 30 —25(—100 >

1
R
[5°°
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-6 6 0 1] 4
0 120 4|16 |{2R +R,
0 0 6 —5|-20

12
1200 2| 8
1
0120 4|16 JERZ
0 0 6-5-20 )|
6
100 1] 2
6| 6
1| 4
010 = | —
3| 3
2
001 -2[-20
6| 6

1 1 1 1 1 1
d=t =—A4—-t),b==(4—1t),c=—(5t-20 =—U-tx+=A-t)x*+=(5t-20)x +1t
=a 6( ) 3( ), € 6( )= f(x) 6( )x 3( )x 6( )x

21 3] -5 213 =5 213 -5
9 3-14 2 ~1 051 -19 ~1 051 -19
50 7/m-=5 051|-2m-15 000|2m—4

The system is consistent if 2m —4 =0 = m = 2.

7 3
1022 3
5 5 —7t——
2135 10 0 14| -6
1]-19 L
051(-19 |~] 05 1|-19|~| 01 e = The general solution is , 19
000 O 00O0]O0 5
000 O
St
-3 2 3 1 -32 3 1 -32 3 1
101 4 -1 5| =5 |~| 0 5-3] =11 |[~| 0 5 -3| -11
1 1 -2\m-3 0 5 -3{3m-38 0 0 0|3m+3
The system is consistent if 3m+3=0=m = —1.
9
1o-2]-2 7t—=
=32 3|1 15 0 -21|-27 5 5 5
0 5-3|-11|~] 0 5 =3|-11 |~ 01 _ 3| 11 | = The general solution is 3t—£
00O0]0O0 00 01O 5 5
00 O 0 5t
3 -4 -6
11 a) det(A)=|-8 5 7 |=3(20—21)+4(-32+35)—-6(—24+25)=3
-5 3 4



b) (3 6100
71010

41001
-6
=27
-18

100
8§30
503

e)
{3R2 +8R,

3R, +5R

{17R, - 11R,

s 3 assloiool|[f2R
o R, - 3R,

6 -85 7/0010 R 3R
6-53 4l0001 )Rt
21 -3 51000
0 1 2 —-16/-2100 [|R+1IR,
0-1114 -8|-301 0 ||R,+2R,
0 -2 6 193 001
21-3 5|1 000
01 2 -16 —2100{18R4+R3
00 36 —184[(-25111 0
00 -2 —13|-1 201
21-3 5|1 000
012—16—2100{L
0036 —184|-25 111 0 |18 *
00 0 —418|-43 47 1 18
21-3 5 1 0 00
012 -16|-2 1 00
0036 —184|-25 11 1 0

41 43 47 1
00 _A8) 48347 1

18| 18 18 18

418

det(D)=2-1-36- (— —) =-1672
18
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Exercise 7.1

60" = 60° ( )
180° 180"

150° = 150° ( ) 1500

180°
2
—270° = —270° Jl)z_li __3=
180° 180° 2
36° T
36 =—— ==
180 5
135 3
135 = =2 g=>"
180° 4
50° = 50° r=2F 51
180" 18

(Note: A fraction can be simplified by a GDC.)

(o =T T ST
518
45° T
— =T =——
180° 4
sop 2 200 20w
180° 9
480°
s 80 __8n
180 3
3 3
2T _ 2 (180°) = 135°
4 4
7 7
— 2 Z(180°) = —630°
2 2
180°
2=2( ):11?
T
180°
(Note: We use: 1 = )
TS0
114,591559

13

14

15

16

17

18
19

20

21

22

23

24

Tt 7
— =—(180°) = 210°
6 6

-25=-25 (180 ) = —143°
v/

180°
4

(Note: We use: 1 =

)

57 5
— ==(180°) = 300°
3 3

T 180°
12 12
1.57 =1.57 (180 ) =~ 90.0°
T
1 o
(Note: We use: 1 = 80 )
T
1.57+188-n
89,954 37384
81

8
== = 2 (180°) = 480°
303

For example, positive: 30" + 360" = 390°;
negative: 30° — 360" = —330".

. 3T 7
For example, positive: > +2m= B

. 3 T
negative: — — 27w =——.
2 2

For example, positive: 175" + 360" = 535°;

negative: 175" — 360" = —185".

- T 117
For example, positive: — o +27= o ;
. T 137
negative: —— — 27 =——.
6 6

. 51 117
For example, positive: 3 +2m= =

. 5w T
negative: — — 27w =——.
3 3
For example, positive: 3.25+ 27 = 9.53;

negative: 3.25 - 271 = -3.03.



25

26

27

28

29

30

First convert 120° to radian measure:

120 2
120" = 120° (i) 120, _2r
180" )  180° 3

Then use the formula s =76

2
s=r9:>6(?ﬂ)=47rz12.6cm

First convert 70" to radian measure:
b4
=70 (%)
180°
Then use the formula s =76

s=rO= 12~70(i)z 14.7 cm
180

Note: Do not round off the result for

70° (%) ~1.22173.... Rounding off will give

o

you an answer of: 12-1.22 = 14.64 = 14.6 cm.
We can use the arc length formula to find the
angle in radians:

3
s=r0=12=8-0= 0=5 radians

Converting 1.5 radians into degrees:

180°
) = 85.9°
T

1.5= 1.5(

We can use the arc length formula to find the
radius:
2r 45

s=r0=15=r-— =>r=—=7.16cm
3 27
First convert 100° to radian measure:

100° = 100° (i)
180°

Then use the area of a sector formula,
1

A=—r%0:
2

1 1 40
A=—r29:—-42-100-(i)=—n
2 2 180) 9

~14.0 cm’
Use the formula for the area of a sector,
1
A=—r%0:
2

1 1 5r 125
A==—r0==-10> = =" 7 =131 cm>
2 2 6

31

32

33

34

35

We can use the arc length formula to find the
angle in radians. Let the angle = o:
s=ro=60=20-0= 6=3radians

Converting 3 radians into degrees:

1 o]
3=3( 80 )z172°
T
Use the arc length formula: s =r8=16-2
=32cm

First convert 60° to radian measure:

60° = 60° (i) _r
180°) 3

We can use the area of a sector formula to find
the radius:

1 1
A=—r=s24==.72. 2 5
2 2 3
144 N 12 677
— =7 r=—=6J7cm
T Jr

a) 1.5-2m = 3mradians per second

b) Speedis:1.5-707 = 1057 cm/s. Now
change the units:
1057 - 60°
1000 -100

1.5+ 7E+n+EHZ ~1HA
A-18A
1187522823

~11.9 km/s

Velocity is:

2500000
25 km/hr = ———

pre cm/s = 694.444 cm/s

694.444 cm/s N

707 cm
revolutions per second, or:

694.444 cm/s
70 cm

o1 EER* ] AR-EEE
594, 4dd4444
Az Em2
3. 1537836172

m
19. 841289584

Angular velocity is: 3.16

27 = 19.8 radians per second.

Aris*

36 v=w-r
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37 Half the chord and the radius are the leg and
hypotenuse of the triangle respectively. To find
the angle, we have to use the formula

0

. 13
sin — = —
2 20

= 0= 81.1". The angle in radians is

1.42. Hence, the length of the arc is:

s=rf=283cm.

Ein T 13280
48, 54168187
A=+
21.82328375
Ans+mn-1236
1.415168873

4@, 54160157
A=+

21.88328375
An=+m-13A8

1.4151628873
Arns+ZA

28, 38337747

38 The area is 400 7 m?%; hence, the area it irrigates

2

each hour is: T 20 944 m?.
AR -2
2A943% . 95182

39 a) Ananglein the regular polygon is:

360

o = 5.625. A right triangle whose

hypotenuse is the radius of the circle is
formed by half of one side of the polygon
and half of the angle. Hence:

3

"= 5625
sSiIn ————
2

— 2 _306cm.

40

41

b) The circumference of the circle is
2rm = 192.077 12.... The perimeter of
the polygon is 64 - 3 = 192. Hence, their
difference is approximately 0.0771 cm.

The radius of the inscribed circle is
r = /50 = 5+/2 cm, and it is related to the

height of the equilateral triangle as % h. Hence,

= 15v/2. For the height of the equilateral
trlangle, it holds that:

h_i 15f_i:> =10V6.
The area of the trlangle is:
10v6)" 3
= % =1507/3 cm?,

Note: Alternatively, we could have used the

2
circumscribed circle in which the radius is g h,
and then proceeded in a similar manner.

The area of one-quarter of the circle is equal to
the area of the right triangle plus the shaded
area.

2
1
Hence: ﬂ:—r'r+A:>
4 2

rr=2r'+4A =

4A
r(r-2)=4A=r’=——
T—2
4TA
The area of the circle is: r’m = P
7[_

Exercise 7.2

n
1 a) For — id (cos— sm (
6 6

T
For g: cos —, sm

Vix x
2x  2x
(51
22
x 3
2x2

27 2

-
( 3

—
(O8]
N—_———

b) Fo Z—E( cos—,s1nﬂ):(—l,£]
3 3 2 2
2r ﬁ} V4
= r




r
6
A A
5r z 3
6 6
\ )
3
77 ( T ) 77:) J31
For —:|-cos—,-sin— |=|-—,——
6 6 6 2 2 117

For —:
6

4w T . 1 J3
For?: —cosE,—sm— =|l-—=,———

AW
i

3

\

2 06
6 27
10 a)
b)
11 a)
b)

12 a)

A,
1

3 1.0 4 0.5 5 0.5
7 0.1 8 03 9 1.6
I
T J3 T 1
X = cos (—) =—,y=sin (—) = — ; therefore, the terminal point is ﬁ , 1 .
6 2 6 2 2 2
51 T . T
3 =2r—- 3 so the terminal point lies in quadrant IV.
5m T 1 . (57 . (T J3 . C .
x=cos| — |=cos| — |=—, y =sin| — | = —sin | — | = — —; therefore, the terminal point is
3 3 2 3 3 2

1.
20 2 )

V& /4
i 2 — 7 so the terminal point lies in quadrant I'V.
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s AYING . (7% . (7 J2 . N
b) x=cos o) os| )=y =sin )= sin| =m0 therefore, the terminal point is

(2-8)

2 2

3 . . .
13 a) > terminates at the negative y-axis.
b) The terminal point is (0, —1).
T T
14 a) Since 5 ~1.57 and 7 = 3.14, then 5 < 2 < r; therefore, ¢ = 2 terminates in quadrant II.

b) x =cos2=-0.416, y = sin 2 = 0.909; therefore, the terminal point is (—0.416, 0.909).

15 a) IV
b) x=cos (— E) = cos (f) = Q , ¥ =sin (— 2) = —sin (z) =— ﬁ ; therefore, the terminal point
4 4 2 4 4 2
is ﬁ - Q
27 2)

T T
16 a) Since — 3" —1.57, then — 3 < —1 < 0; therefore, t = —1 terminates in quadrant IV.

b) x =cos(—1)=0.540, y = sin (1) = —0.841; therefore, the terminal point is (0.540, —0.841).

B2 /4
17 a) - i -— 7 so the terminal point lies in quadrant II.

b) x =cos (— 5—”) = —cos (E) =— Q, y = sin (— S—E) = sin (E) = Q ; therefore, the terminal
4 4 2 4 4 2
L ( 2 2 J
pointis | — —  —|.

>

2 2
. 3 3n . .
18 a) Sincerm =3.14 and 7 = 4.71,then 1 < 3.52 < 7 ; therefore, t = 3.52 terminates in quadrant III.
b) x =cos3.52=-0.929, y = sin 3.52 = —0.369; therefore, the terminal point is (—0.929, —0.369) .

1
19 sin (E) = ﬁ, cos (E) = —,tan (E) =3
3 2 3 2 3

20




21

1 o[ 3F)=sn(ee §) = (5) -5
. sin|—-— |=sin|-7+—|=-sin| — |=— —
/N 4 4 2
Y ( 37r) ( 7:) (n) J2
I cos|——|=cos|—m+—|=—cos|— |=——
m\/ 4 4 4 2
4 . 37 V2
( 3 ) sin T -
tan| - — | = = =
TR T R
4 2
22 sin(—):l, cos(§)=0, tan(—) is not defined
23 4\ sin(— —)zsin(—n’—f)zsm(—)zﬁ
40 7 T 3 2
Y 3
Vs Vi3 T
cos|——|=cos|—-Tr——|=—cos| —|=——
AR (-5 )=eos( - F) = 5) =3
\/ | ( S
4 Sin —7 B
tan(_—):—:i 3
3 ( 47r) 1
cos| — — - —
3 2
24 sin(3m)=sin(2r+ ) =sinT=0
cos(3m)=cos(2m+ m)=cos T =—1
tan (37) = sin (37) -0
cos(3m) -1
25 sin (3—ﬂ)=—1, cos (3—77:):0, tan(3—n) is not defined
2 2 2
26 ﬁ‘ sin (— 7—”) = sin (—727— E) = sin (ﬂ) = l
6 6 2
77’/\&
- R e R O s
> cos|——|=cos|-mr——|=—cos|—|=——
x 6 6 6 2
7y ST 5 1 J3
6 COS(_) E 303
6 2
()= (me )= sn(5)=-3
sin| — |=sin|z+—|=-sin| — |=——
4 4 4 2
R e e
cos| —|=cos| T+—|=—coS|—|=——
4 4 4 2
(57 J2
57 Sin z —7
tan| 2= | = = =1
an(4) (5” NG




28

29

30

31
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137 n+12rn & . . ..
= = — + 2, and the period of the sine and cosine function is 27; therefore:

6
(1371') (71' ) (77:) J3
cos| — |=cos| —+2m|=cos| —|=—
6 6 6 2

107 4m+o6rm  4m
=S -3 3 + 271, and the period of the sine and cosine function is 27; therefore:

3 3

. (10%) ) (47r ) . (47r)
sin| — |=sin| —+ 27 |=sin| —
3 3 3
10 4 4
cos| — |=cos| —+2m|=cos| —
3 3 3

arn /4
The terminal point for — = 7+ — is in the third quadrant. It is diametrically opposite to the terminal
T . . T o . . T
point for — ; therefore, the sine and cosine of Y are opposite in sign to the sine and cosine of 3

Hence:

. (10%) . (4%) . (7[) J3

sin| — |=sin| — |[=-sin| = |=——
3 3 3 2
(1077:) (472:) (n) 1
cos| — |[=cos| —|=—cos| = |=——=
3 3 3 2

157 7n+8m 7w
o - 1 "1 + 21, and the period of the sine and cosine function is 27; therefore:

. (157 (77 (7T
sin| — |=sin| —+ 27 |=sin| —
4 4 4

157 7T 7T

cos| — |=cos| —+2m|=cos| —
4 4 4

v T Lo .
The terminal point for i 2m— " is in the fourth quadrant. It is the reflection in the x-axis of the

T T o
terminal point for e therefore, the sine is opposite in sign to the sine of " and the cosine is the same as

T
the cosine of e Hence:

2 =)o)
()<

17 5m+12m 5w
o ¢ & + 271, and the period of the sine and cosine function is 27; therefore:

. (17%) . (5 ) ) (571')
sin| — |=sin| —+ 27 |=sin| —
6 6 6
177 5 5
cos| — |=cos| —+ 2w |=cos| —
6 6 6




T
The terminal point for — = 7 — — is in the second quadrant. It is the reflection in the y-axis of the

6
terminal point for — ; therefore, the sine value is the same as the sine of . and the cosine is opposite in

T
sign to the cosine of o Hence:

.(17%) (5%) (n) 1
sinf — [=sin| — [=sin| = | ==
6 6 6 2
571') (n)
=—cos|—|=——
6 2

(17%) (
cos| — |=cos| —
6 6
5
32 a) cos (_n') = —cos (z) =
6 6 2

sin 315° = —sin 45° = —

b)
¢) Not defined
1 1

d) secF - _

5m
cos —
3 3
1 1
e) csc240° = = =——=
sin 240°  —sin 60° V3

33 a) 0.598
Eintd. o)
0984721441

1 1 ~

b) cot120° = = =
tan120° — tan 60°

d) 1.04
l-co=sCE%
1.841451927

37 11

e) 0
36 111
41 IL IV

34 LI 3511
38 LIV 391 40 IV
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Exercise 7.3

1  The graph is of the form y = af(x). Since a = 2, the graph of y = 2 sin x is obtained by vertically stretching

the graph of y = sin x by scale factor 2.

|
iR
IR
|

2 The graph is of the form y = f(x)+d. Since d = -2, the graph of y = cos x — 2 is obtained by translating

the graph of y = cos x down two units.

3 The graph is of the form y = af(x). Since a = %, the graph of y = % cos x is obtained by vertically

shrinking the graph of y = cos x by scale factor % .

=N

T N
z~

- G 7 7 3 27 5% 37
2 2 2 2
-1

4  The graph is of the form y = f(x + ¢). Since ¢ = — 7—27, the graph of y = sin (x - 7—21:) is obtained by

T
translating the sine graph 7 units to the right.
y

~

—=qi T
y—sm(x—2)

- _x i1
2 2

5 The graph is of the form y = f(bx). Since b = 2, the graph of y = cos(2x) is obtained by horizontally

shrinking the graph of y = cos x by scale factor % .




N\ 7

y

—r 7
2

NWANPZANA

~/ @ \2x /] 2n \ sn/ 37 x
2 2 2

The graph is of the form y = f(x)+d. Since d = 1, the graph of y = 1+ tan x is obtained by translating

the graph of y = tan x up one unit.

\

/
/

j
1%‘71

The graph is of the form y = f(bx). Since b = the graph of y = sin g is obtained by horizontally
stretching the graph of y = sin x by scale factor 2.
:
- T i1 3z s Sm 3r
2 2

=1

The graph is of the form y = f (x +c¢). Since c = — the graph of y = tan (x + 2) is obtained by
translating the tangent graph — units to the left

Y

NS

I

-2

(ST

wlg

To determine the transformation, we need to write the function in the form y = a cos [b(x + ¢)]+ d.

Obviously, a =1 and d = 0. Since 2x — g =2 (x - —) the graph of y = cos (Zx - g) is obtained

by translating the cosine graph 7_ST units to the right, and then horizontally shrinking the graph of

1
y = cos (x - g) by scale factor >
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'
NN ST

g g b 4 T 2 3
8

10 a)

- 7 27 3 4 S5t x

.
/3_\/\/\’

1 1 1
In f(x) = E cosx—3,a= E, so the amplitude equals 5

2
b =1, so the period equals Tﬂ =2r.
b) The domainisx € R.
The graph is obtained by translating the graph of y = % cos x down three units. The range of % cos x

is —0.5 < y =< 0.5, so after a vertical translation the range will be =3 — 0.5 < y < -3+ 0.5. Hence,
the range is —3.5 < y < -2.5.

11 a) Y

A 1
3 y =3sin(3x) — 3

AR AR
TERRTRIRTATATAlAS

1
In g(x) = 3sin (3x) — 54= 3, so the amplitude equals 3.

3%

2
b = 3, so the period equals ?ﬂ
b) The domainisx € R.

The graph is obtained by translating the graph of y = 3 sin (3x) down 0.5 unit. The range of 3 sin (3x)
is =3 < y =< 3, so after a vertical translation the range will be —0.5 -3 < y < —0.5 + 3. Hence, the
rangeis —3.5 < y < 2.5.

12 a) A

y=12sin3]+43

In g(x)=1.2sin (g) + 4.3, a = 1.2, so the amplitude equals 1.2.




13

14

15

16

b= %, so the period equals ZTE =4r.
2
b) The domainis x € R.
The graph is obtained by translating the graph of y = 1.2 sin (g) up 4.3 units. The range of
1.2 sin (g) is —1.2 =< y =< 1.2, so after the vertical translation the range will be
43-12 =< y <43+1.2. Hence, therange is 3.1 < y <5.5.

To determine B we have to determine the mid-line; so, we have to find the average of the function’s
maximum and minimum value:

To determine A, we have to determine the amplitude. The amplitude is the difference between the
function’s maximum value and the mid-line: | A |=10—7 = 3. So, A = £3. We see that the graph, starting
from initial position at x = 0, first reaches the maximum value, and then the minimum value, so A is
positive; hence, A = 3.

To determine B we have to determine the mid-line; so, we have to find the average of the function’s
maximum and minimum value:

To determine A, we have to determine the amplitude. The amplitude is the difference between the
function’s maximum value and the mid-line: | A |= 8.6 —5.9 = 2.7. So, A = +2.7. We see that the graph,
starting from initial position at x = 0, first reaches the maximum value, and then the minimum value, so
A is positive; hence, A = 2.7.

To determine B we have to determine the mid-line; so, we have to find the average of the function’s
maximum and minimum value:

To determine A, we have to determine the amplitude. The amplitude is the difference between the
function’s maximum value and the mid-line: | A |=6.2-4.3=1.9. So, A = £1.9. To determine which
value of A is correct, we need to look at the graph. We see that the graph at x = 0 reaches maximum
position; hence, the graph is either cosine, or sine with horizontal shift. If we choose a cosine graph, we
use

A = 1.9 and the function is y = 1.9 cos (% x) + 4.3. If we choose a sine graph, we use A = 1.9 and the
function is y = 1.9 sin (g (x— 6)) + 4.3 (since x = 6 is in initial position and the graph moves towards
the maximum); or we can use A = —1.9 and then the function is y = —1.9 sin (g (x— 2)) + 4.3 (since
x = 2 is in initial position and the graph moves towards the minimum).

a) The constant p is equivalent to the constant a in the general form of a cosine function. The amplitude
of the graph is 8, and the graph moves from its maximum to its minimum value, so a is positive;
hence, p = 8.

b) The constant q is equivalent to the constant b in the general form of a cosine function. By inspecting
the graph we can see the period.
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y y
8 8
7 7
6 6
5 5
4 4
3 3
2 2
1 1
—1 3 Tx -1 3 Tx
) -2
-3 -3
4 —4
-5 -5
-6 -6
-7 -7
-8 -8

Observing the graph, we notice that it is quite complicated to determine the value of the period, but we

b4 3 4
can easily see that one-and-a-half periods equals 7 So, from 5 period = > we can conclude that

2 2
the period is % Hence: period = —7[, sot=22 q=6.
3 q 3 q
17 a) [ Fletl Fletz Floks FIotl Flotz Floks
iRl sindEl 1Bl cosCED
wNe= “Ne=
MW= =M=
=Hy= =Ny=
=He= =Me=
“ME= “ME=
“Mr= ¥=3.441E8z7 I¥=n “Mr=

Flokl Flokz Flots
dgj \hh-;¥1EEDEﬂHﬁfEiﬁﬂH

wMe=
M=

Wy = HHH
~Ne=
W=Y.6PE9E7PE Y=0 Mg = W=2.A415927 V=0

b) y=cscx:rangeisy<-1,y=1

y=secx:rangeisy <-1,y=1

y =cotx:rangeis R

18 a) a:#:z
P ) S
2

27 2r 21w
Fundamental period is ? , SO: ? =—=b=3

b




1
b) We have to solve the equation 2 sin (3x) —1 =0 = sin (3x) = >
1 /4
The first solution of the equation sin (3x) = 5 =3x = . is the first zero on the graph. The second

1
solution of the equation sin (3x) = 5 is the x-coordinate of point P. Hence:

s1n(3x):—:>3x:5—7r _2%
6 18
19 a=2=Y 5
2
__2+(—-4)___1
2
_r m__ 7
2 4 4
Exercise 7.4
1 4 .
3
1
2 | >
5
3 Solutions are: r , S—H
3 3
GDC verification:
RN = éHDDNE
. min=
oS D30 MMAR=2T HRMM
.3 wacl=1,5FE7FIE3..
Ymin=-2
“ramx=2
Y=zl=1
Ares=1
Graphical solution:
1.847197551
- 2 P i no3
"\.\_/_.-"' ‘\.\_/f“ . 2359877058
Ink¢kFssckion Inkerseckion
Hzi0471876 y=.£ HzE.ZXCOEFE Y=.©
2 A
\_1 7 1
In 172 117 2sinx+1=0=2sinx=-1=sinx =——
6 5 . 7t 1lx 2
Solutions are: PR

6
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GDC verification:
= 110 ¢ A _ EER T TR
sintlim~<g2 ) Fzinclimsga+1

or

THO
“min=E
L MER=
LS o] SPETI5T. p

Y= -3 A

Ymax=3
Val=1
sres=1

From the graph above we can see that there are only two solutions on the interval, and we have already
checked that both of our solutions are correct!

Graphical solution:

n-6
I.E565191429
11m-6
i i 5, 759526532

e R

-l ] ]
Ho:.EEE1A4Y =0 ¥=E.7COCHGE =i
3
y
z
4
—>
X
50 l-tanx=0=tanx =1
4 T 51w
Solutions are: —, —.
4’ 4
GDC verification:

ERLE Y ) 1-tanim 4 a \Hh
antam-d 1-tancSm-42
1 A \\W\ 1\

From the graph above we can see that there are only two solutions on the interval, and we have already
checked that both of our solutions are correct!

or

Graphical solution:
~d
\ \ \ \ L rEO398163d
n-d
;i ™, 3. 9ZEIOESLT
E-zr'-:- \ Sk ’\
W=.7AEZ8B1E6 Y=0 W=Z.0zR8808 Y=q

178




wlg’

/ g
N

3
\/_=251nx:>7=sinx

. T 27
Solutions are: —, —.
3 3

GDC verification:
T3 -2 T30
. BEEEZ54E38 1.7326058868 _
=intms Sy Fsin(me3a \
. BEEEZ54E38 1.7326058888
=i 2mS EER N TS S
« BEEEZS4E3E 1.732658888 \\\u,fjf
or

From the graph above we can see that there are only two solutions on the interval, and we have already
checked that both of our solutions are correct!

Graphical solution:

N\

VAN

Inkerseckion \'/

n=1.0471978 ¥=1.7zz0S0d

Inkerseckion

n=e.084z851 Yoi.PzE0s0d

N

i ]
)

1.847197331
2. 894393102

A
3 F:4
7y
2 I
N
5 T2 JIn
4 4
. T 3n 57w 7w
Solutions are: —, — , —, —.
4 4 4 4
GDC verification:
EDERTTE B Y . 1
1| Risind3m~darne
Flsint3nmAdaai 1
_ 1| EisindSn<4arnz
FlsintSmedhaz ] 1
) 1] Eisincymn-draz
Flsintrmsdaae 1
a
N B SR )2
aogr o N %
wMr= 2 N AN
wy=
wMe=
wME=

wMe=

1 1
Zsinzx:1=>(sinx)2:5:>sinx=i\/;=>sinx:

2 .
—,orsinx =——
2

V2
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From the previous graph we can see that there are four solutions on the interval, and we have already
checked that all our solutions are correct!

Graphical solution:

. N . Y . . N .
s N o N o N A
Inkerseckion Inkerseckion Inkerseckion
H=.PACIOEiE Y=i Hzz.3CR1O4E Y=i H=3ozsaO0E Y=i

E rooaasle3d
N /-\T T 5 35619449
F N =i
3926998217
7 e
InteFsection 2. 4FFFE7 144
H=euyarPEAL =i
6 ’ 3 3
4cos’ x =3 = (cos x)° =—:>cosx:i\ﬁ:>
5z z 4 4
6 ° J3 J3
Fa T > COSX =—,0r COS X = — —
E 2 2 ﬁ 2 2
6 6 . w 57 7m 1lrw
Solutions are: —, —,—,——.
6 6 6 6
GDC verification:
LCOS LA B2ac 3
7 MecoscSmegyie ™, L L
(Cos(SmeEa)E I \_/ \_/
3 HicosiPmsEdai
LCOSCTrm~<Gaae 3
3 Hicosclimsghac 5

From the graph above we can see that there are four solutions on the interval, and we have already
checked that all our solutions are correct!

NN\

Inkerseckion Inkerseckion Inkerseckion
W=.EZZEOAFA YW=3 W=Z.A179939 Y¥=: HW=Z.BRE191Y4  W¥=Z

e 2 AOE T s
) o
2.61799387E
[l £l =]
J.BES191429
1in-5
Interseckion = Lt

n=E.rCOCHRE YW=X




tan’ x —1=0= (tanx)’ =1 = tanx = +1 =

tanx =1l,ortanx = -1

. n 3w 5nm 7w
Solutions are: —, —,—,—.
4 4 4 4
GDC verification:

CLantmogrpe=1
B |[Ctani3modrai-1
ctancim-4rarz-1 &

ChamESed ) I g |[Ctanc3Imsdanz—1 8 B i~
an o - Ly

g |[CtancYmsdanz—1
Ctanc@m-4)ai-1 &

From the graph above we can see that there are four solutions on the interval, and we have already
checked that all our solutions are correct!

Graphical solution:

FAWANIFAWANIFAWA

o = T T B P

Fu a1 ]
2. 251845 Y=i |#==.9z69908 Y=

CRFn ]
W=.FEEZHE1A =0 %=

. rosaslE3dg
K S

2.39619449
)

_y oy T 926990217
F g

S.497787 144

2k
n=E.4877EFL  Y=0

1 1 1 1
4coszx=1:(cosx)2=—:>cosxzi\/:zcosxz—,orcosxz——
4 4 2 2

. w 2w 4w 5S¢
Solutions are: —, —, —, —.
3 3 3 3

GDC verification:

SRS R { SRR S A {

4 (oos 2o 2 4 ¢ eos S0 0 2 \ /\'\ /
1 1 Ny T

CcosCdnos 3 0E
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From the previous graph we can see that there are four solutions on the interval, and we have already
checked that all our solutions are correct!

Graphical solution:

1.H4a4/719 /251

A" WAWIR:S
p Z2.Ba943951a2
4. 128790285

) P
Interseckion 5. 235987756
H=E.zZEGEFE Y=l |_|

tinx=0=>x=0,rm, 217

9 tanx(tanx+1)=0= 3t 7n
tanx+1:0:tanx:—l:x=7,—

4
Solutions are: 0, 3—” , T0, 7—ﬂ , 2TT.
4 4
GDC verification:
ant@YCLant@x+17 H 5]
ant2marctancZoa+ antin<4rCtancin
A 13 di+12
antmarttanima+ln A A
ant3in d4rtand3n anirnsd4ritanivn
A ERES T ]
A (5}
\L#j/l \hf

From the graph above we can see that there are five solutions on the interval, and we have already
checked that all our solutions are correct!




Graphical solution:

We have to enlarge a window to find the solutions at the endpoint of the interval.

THOIOW

A U g el

AMAN=G. D

Becl=1.57AvVIs3.. " 4
] Ly Ly e Ly

“min=-2
“rax=2
Wacl=] 2EFi 2kFi

srres=1 =i Y=l H=r.ZCA1EY4E  Yzi

WAUR/AY. YA

LT L

2k 2k RCTL)
H=2.A41EBE7 W=0 HEEMOFPEFL Wm0 H=E.ZBILEE: =0
i

3. 141392634
3.497787 144
B. 2831853687

g

sinx=0=x=0,m 27

10 sinxcosx=0= T 371
cosx=0=>x=—,—

2 2
. T 3
Solutions are: 0, —, T, — , 2.
2 2
GDC verification:
1R HICosSCH ) 1RGS2 A Cos (-2
intmicos{mn 5}
_ A in(3n-2rcos(3ns il "
int2nicosCZm) g a g iy Ry

From the graph above we can see that there are five solutions on the interval, and we have already
checked that all our solutions are correct!
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Graphical solution:

We have to enlarge a window to find the solutions at the endpoint of the interval.

2aF o 2o
ik W e I ) n=h.cHF1EEE  Y=0

.i""-""i = .i""-""i = ﬂ =
ey Ry oy Ry T Ny
] ZRF0 ZRF 0

L =i W=l EPOFHAE Y= WEEANIEREF Y=

1.orHrEnssdy
T
3.141592654
Fatlin, o ES) St

AT S 4, 71238892
&, 2233135387

1
11 secx=2= :2:>x:£,5—ﬂ
COS X 3 3
lscosim~32 Eﬂ; l
1-cosiSm-32 P
2
12 csc2x=2=>(. ).Hence:
sin x
1 2
- =ﬁ:>sinx=£:>x=z,3—”,or
sin x 2 4 4
.1 =—x/§:sinx=—£:x=5—717,7—7r
sin x 2 4 4
Flokl Flatz Flobs 1L~d7
=MiBlssiniEae 2
-Nez=0 10 Emad
“Me= e
“Ny= 1 C5modn
=M= 2
~MNME= 107m-d 2l
=Ne=
Flokl Flatz Flobs
=MiBlSsiniEae t j H f
B2 M Ry
“Mr=
“Ny=
=Ne=
=NE=
=Ne=




13

14

15

16

17

18

1]
n=1.9i0a33c  ¥=0

CRF0
bk P M )

L)

[

Inkgkseckion

n=1.1071487 Y=z

-

InkgFsgckion

n=H.24B7YIY Y2 /

Solutions are: 0.412, 2.73.

Solutions are: 1.91, 4.37.

Solutions are: 1.11, 4.25.

Flatl Flotz Flok:
~YiE1 S cos 2R
Yz B3 46

W=

wWy=

“Ne=

“WE=

=Ne=

L]

= e

|

l"-\—
Int-lzl:;-:l!-:-n m
n=.BzB79E0E  Y¥=Z.4B

e

= e L

Inkerseckion

n=Z.rE0ER07 '|'=EQ

Inksrseckion

n=E.B4YZE 2 '|'=EQ

Solutions are: 0.639, 2.50, 3.78, 5.64.

U U
Interseckion Interseckion
4=z BEOEHZE Y=-.3H HIE SrEEBZP Y= -.3H Solutions are: 2.96, 5.32.
Flakl Flake Flokz
=MiE3tanHaE
~NzB1
M= o * & L .
~hy =
=Me=
~hE= Intcrseckion Intcrseckion
“Nr= W=.EZxEOB7/E Y=1 W=z.61799:9 ¥=1
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f} \R j! kﬂ

IRWAY

Inkerseckion
HW=r.EES191Y ¥=1

InktsrFseckion
WSE.FEACHRE  ¥=1

Solutions are: 0.523, 2.62, 3.67, 5.76.

19 [TFletl Flokz Flatz
SMiELSsinc2E-30
=NB3A2 — -
-Nz=N0
“Ny=
MHES Y ]f’“‘\l Y m
~WeE= Inkerseckion Inkerseckion
Me= H=i.BGEY4EEZE ¥=1.5 Hoi.7OEEZEE ¥=i.E
RNV
Inkerseckion Qs-z-:ti-:-n m
[H=E.00E4EEE V=15 A=E.B4FEZEE Y¥=1.E Solutions are: 1.86, 2.71, 5.01, 5.85.
20 Flokl Flotz Flots 1 I I I
;¥1EED5{H}HEin{H \\ K \\ K
=NzB18-3
=Nz=N0
mhy=
~We= Inkerseckion Inkerseckion
A H=.ZOiyEEPE  ¥oR3TITIRE HEuZToMEN  ¥o:ITITIRE
Solutions are: 0.291, 3.43.
T
21 x=—+k-&
2
k| O 1 2 3
T n+ﬂ 3 n+2” 5m N g
— J— [ — —_— = — — >
2 |2 2 |2 2 T
k -1 -2 -3 -4
T T T 3 T 5m
x | =—m=—-= | ==2mr=—"F% | —=3g=-"—F— T_ < _3r
2 2 2 2 2 2
= 57 3m T mw 3w 57w
27 27 2727272
22 x="+k2r&
1 -1 -2
T 117
So2m | ——2m=—— | = —4m< 21
6 6




V&
23 x=—+k-1
12

k 0 1 -1
T | 7w - 197 77r+ <5
— —_— - —_— — n
112 | 12 12
7n 197
X=—,—
12 12
24 x=24k.2
4 4
k 0 1 2 3 4 5
T T T T T 3r 3r
x | — —+—=— —+2—=— —+3—=nr —+4E:5—ﬂ —+5—=—
4 4 4 2 4 4 4 4 4 4 4 4 4 2
k 6 7 8 -1 -2
7 T T T
. +6—="2 | Zi7loon | Zigl<hg Z-==0 T 220
4 4 4 4 4 4
T 7w 3w 57 3n 7m
xZO,—,—,—,TL',—,—,—,Zﬂ'
4 2 4 4 2 4
1
25 A {,,,,—4—ﬂ,—2—ﬂ,2,4—ﬂ,,,,} have cosines equal to ——, that is,
v 3 3 3 3 2
TC
— T 21
xX——=*—+k-2m.
6 3
—> T 2 T 27 5m
- B So,either x ——=—+k-2n=>x=—+—+k-2n=—+k-27, or
3 6 3 6
= T 27 T 27 T
3 xX——=——+k 2 =>x=—-—+k-2n=——+k-2m.
6 3 2
k 0 1
5m 5m
x=2Z4kor |22 | Lo
6
k 0 1 2
T
x=——+k-2m ya ——+2T=— -—+7-2r
Solutions are: 5—”, 3—”
6 2
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26 Since the period of the tangent function is 7, it holds that tan (6 + ) = tan 6. So, we have to solve the
equation tan 6= 1.

7m 3m & 5m 97
e~ —>——,—,——,——, ..t have tangents equal to 1. So, from the set of
4 4 4 4 4

3 @

listed values, we can see that the solutions are: — Z Z

27 }ﬁ
120° Lo o 60° {, -300°, —240°,60°,120 ,} have sines equal to —, that is,
3 2
2 \ . 2x=60"+k-360" = x=30"+k-180", or
x’
Kj 2x =120+ k-360° = x = 60" + k-180°".

k 0 1 2
x=30"+k-180" |30° 30" +180° = 210" | 30° “180°

k 0 1 2
x=60"+k-180" |60° 60" +180° = 240° | 60° “180°

Solutions are: 30°,60°, 2107, 240° .

28 sin’ ((x + g) (sm ( + D Z = sin (a + g) = i\/g . So, we have to solve the following

(405)5 rsnfee5) -5
equatlons sin| o+ — | = or sin| o+ 5 -

S

2 2
}A
27 z 2T & Tm 2w . . 3 3 .
3 3 w»——>——,—,—— .. havesines equal to either — or — —, that is,
/ﬁ 37 3733 2 2
2 T T b4
> a+—=—+k-t=>a=——+k-mor
FE 2 3 6
b4 T
_2z ’ —%’ +—=—+k-T>a=—+k-1
3
k -1 0 1
g Tipn | TogeTE | AT 5
6 6 6 6
k 0 1
b4 b4 b4 T
o=—+k-m — —t+ = —
6 6 6

Solutions are: —

>

ol
SN




1
29 We will use the substitution cos 0=t = 2t* =5t —=3=0=1t, = — > t, = 3. Since cos 6 = 3 has no

1 2w 4rw
solutions, we have to solve: cos 8 = — E . On the interval from 0 to 27, the solutions are: ? , 7 .

30 First write the tangent using sine and cosine, and then transform the equation:
sin x

3 =2cosx = 3sinx =2cos’ x

COSs X

Write the equation in sine:
3sinx = 2(1—s.in2 x):Zsin2 x+3sinx—-2=0
The quadratic equation in sine has the solutions: sin x = =2 (which is impossible and hence is not a

1 T 51
solution) and sin x = > whose solutions on the interval from 0 to 27 are: e

J2
31 cos(x+90°) = BN Hence, x + 90° = 45" + k-360° = x = —45° + k- 360°, or
x+90" =—-45 +k-360° = x = —135" + k- 360°. On the interval from 0 to 360°, the solutions are:

225°,315°.
9 3 3 3
32 ——=12= cos’ 6= Z . Hence, cos 68 = 7, orcos 0=— % . On the interval from 0 to 7, the
cos

. T 571
solutions are: —, —.
6 6

33 We have been asked to approximate the answer to one decimal place, so we will use a graphical method
for this task.

We have to choose an appropriate window:
Number of hours after midnight are from 1 to 24 - this will determine the x-values.
Values of the function range from 74 — 42 = 32 to 74 + 42 = 116 - this will determine the y-values.

THOIC Flokl Flokz Flokz
Ymin=0 AT T s | B RN

amax=2d4 ) = e
Hecl=0 ~NMeRIE

Ymin=-5 R |

“max=121A =My=

Wacl=28 “Ne= Inkerseckion
srres=1 =M E= Hz=i.y8zAYEd -y=0) ———0

The number of empty nests first equals 90 approximately 1.5 hours after midnight.

Solution Paper 1 type

34 a We have to solve the equation H = 12 on the interval from 0 to 365.
2 2 2
124726 sin[—”(D—go)] =12=726 sin[—”(D—so)] -0 > sin[—”(D—so)] =0
365 365 365
{..—m 0, 2x, ..} have sines equal to 0; therefore,

2 k- k-
3—672(0—80)=k-n=> D—80=%=>D=80+ 269

= D = 80,2625

So, for the interval [0, 365], the solutions are: D = 80, 262.5.

The 80th day of the year (80 =31 + 28 + 21, March 21) has 12 hours of daylight.

And, approximately the 263rd day (263 = 31+ 28 + 31+ 30 + 31+ 30 + 31+ 31+ 20, September 20) has 12 hours of
daylight.
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r 2 type

34 b We have to solve the equation H = 15 on the interval from 0 to 365.
Amin=g
Mmax=365 £ ™ L

HS;I;SE sfffj HHH&». xfffj &HRWE_
“min=-1
“max=22

Wecl=35 Inkerseckion Inkersection
ares=1 n=loy BE6EE Y= — | |d=Se3P B EEA TYS1E —

The 105th day (105 =31 + 28 4+ 31 + 15, April 15) has 15 hours of daylight.
Also, the 238th day (238 = 31+ 28 + 31+ 30 + 31+ 30 + 31+ 26, August 26) has 15 hours of daylight.

¢ We have to solve the inequality H > 17 on the interval from 0 to 365.

— —
Inkgksgckion Inkgkseckion
E::lE'-l.SEIEB'-l =¥=i7 P el L T il o N —

Solutions of the equation H = 17 are approximately 124.60 and 217.91.
17 ———

We can see that on the interval [124.60, 217.91] the values of the function are greater than 17. So, from the 125th day
to the 217th day, there will be more than 17 hours of daylight. This is a total of 93 days.

ol ™

Interseclion
H=z17. 90416 ~¥=

Note: To determine which date is on which day after December 31, we can use lists on a GDC.

In L1 we input a number for a month (e.g. 7 for July), in L2 we input the number of days in that month (e.g. 31 for
July), and in L3 we input the cumulative sum of 2.

K] Lz L= z K] Lz = )
7 7] 1 N
B 3 3 8
g i 3 31
10 3 iy Zn
11 E 3
iz B Zn
____________ 7 3

Lzidza =31 L3 =cumSumil z 2

K] Lz L= z
i =1 21 |
: zH £n
3 it ai
y 2 1zn
£ 3 151
B 2o 181
; 3 B

Lzin=31

So, when we have to find out which day is, for example, the 105th, we can see that it is 15 days after the 90th day, so it
is the 15th April. Similarly, the 125th day is 5 days after the 120th day, so it is the 5th May.



35 After factorizing we have:

2cos’ x+cosx=0=cosx(2cosx+1)=0

T 3w
cosx=0=>x=—,—
2 2
= 1 2w 4w
2cosx+1=0=>cosx=——=>x=—,—
2 3 3

Solutions are: 5 S — ,— .

GDC verification:

N~ S

Change the window to distinguish the zero points:

2k
n=4.1BE790E Y0 H H?12355 ¥=n

R CekFn
u=1.570786: Y= H=e.0ayza51 =0
1. 5VE™ae3Zy
P gt
Z2.894395182
g3
4. 1227982685
K5 )
4. 71238898

36 The equation 2 sin’ @— sin — 1= 0 is a quadratic equation in sin 6, so we can solve it by using the

substitution sin 0 = t.

1+V1+8 1
' —t-1=0=>t,=——=t =lort,=——
’ 4 2
T 1 7 11w
Hence,sin 0=1= 0= —,orsinf=——= 6=—,—.
2 2 6
n 7n 1lrw
Solutions are: —, —,——.
276 6
GDC verification:
e -, e ™, e -,
el ] ok
H=1.EFOFEER  ¥=i H=T.6EEL814  Y¥=it
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1.57VE798327
/_h\\, n-G
—— = 11 HEEIEESIBI‘EE‘
I
5. ra9588532
Sak i
W=E.FEACARE V=0
37 tan’ x —tan x =2
P —t-2=0=> t,=-1¢t, =2 Substitute: tan x =t.

tan x = -1 = x = —45’
We will solve the equation tan x = 2 graphically.

THOOL j
§m1n=égﬁ

Mmax=
Wac =45 -
Ymin=-4
Wmax=d

Wecl=1 Inkerseckion ) 3 5
sres=0 ¥zh3.434949 |v=z Solutions are: —45°,63.4°.

GDC verification:
rBCanCDE-ta | .f 1 |
gz S et A

~Yzx=0
“Ny=

we= Inkerseckion Inkerseckion
“NE= n="HE Y=z WEEZ.HFHENE IY=2

38 Using the substitution cos x = t, and solving the quadratic equation:
32 —6t—2=0=>1, =—0.29099.., , = 2.290 99...

3t —6t—-2=0=1t =~-291,t, =229
We see that we cannot find exact solutions, so we will solve using a GDC.
Flotl Flotz Flots
RE%EEEDEﬂﬁﬁz—EGD 1 f H j
=
~WeEZ Fﬁ'. ;"Il ]I'. Jr

“MNr=
“Ny=
wHe= nkeksection- Interscckion-

I &
=M= H=-1.BeE06E IV=2 n=1.BE606EY IY=E

Solutions are: —1.87,1.87.

Note: An alternative method would be to continue with the quadratic equation and use a GDC to solve
cos x = —2.91 (has no solution) and cos x = —0.29099 = x = +£1.87.

39 2sin f=3cos B

. . sin 83 3
We can divide the equation by 2 cos f: —— == = tan 3= 3
c

osf 2

We will solve the equation graphically.



40

41

42

THOC Flokl Flokz Flots
amin=1 N Bhands
smax=12A0 ] =
=cl= ~Mx=l
“min=-4 ~Ny=
“max=d4 wNe=
necl=l S Inbekseckion
AFEs= o HoER.Z0683Z Y=1.E
Solution is: 56.3".
GDC verification:
Flotl Flotz Flok:
~SMABZsingH
wMeB3cos(H) t‘x
wMa=
wNy=
wNe=
whE= Inkerseckion
~Nr= ¥=ER.Z0893F  y=1.664L1006
sin® x = cos® x
sin’ x
—=1 Divide both sides by cos? X.
cos” x

tan’ x =1 = tan x = *1

T
tanx=1=>x=—

/4
tanx=—1:>x=—z+7r=—

T 3w
Solutions are: —, —.
4 4

3
4

FIoEL FlotZ Flok:
SMaBCsingRa e
wMeBlcoscEaae
wMa=
~uy=M
wMe=
~ME=
~MNr=

| e el

| e e

Intgrsgckion
#=.rESZ9B1E Y=.F

|l el

InkgFseckion
WS 2ERlANE Y=E

m-d
K3 A

. FE03981e34
2. 30619449

Using the substitution sec® x = ¢, we have the quadratic equation t* + 2t + 4 = 0, which has no real

solutions; hence, the equation has no solution.

Factorizing the equation we have: sin x tan x — 3 sin x = 0 = sin x (tan x — 3) = 0.

Hence, either sin x = 0 = 0°,180°, or tan x = 3. We will use a graphical method to find the solutions.

! |'

i /‘*

L
ﬂ-
=

r' i

7
H/

bt L
|.|.
e
=
wn
|"':l

Ein

Faeckion
BEOE

o |

InktgFsg
fars

Solutions are: 0°,71.6°,180°, 251.6°".




Chapter 7

Exercise 7.5

(77:) (71' n) T nm . nm.wm 1J2 3J2 J2-4s6
cos|—|=cos|—+—|=coS—co§S——SsmM—Sm—=———— —= ———
12 3 4 3 4 3 4 2 2 2 2 4

2 sin165" =sin(120° + 45°) = sin 120° cos 45° + cos 120° sin 45°
_ﬁﬁ+( 1)ﬁ_£_ﬁ

2 2 U 2)2 4

[

tann tan7r
b4 T T 3 3-1
3 tan(—)z tan (———)z 3 4 E
12 4

T 7r:
3 1+tan§-tan— 1+\/§

Rationalizing the denominator and simplifying the expression:

J3-1 4-22
= =2-3
1+3 2
,(571’)_(717271’),7‘[ 27 T2z
4 sin|—— |=sin| ———|=sin —cos — — cos — sin —
12 4 3 4 3 4 3
_ﬁ( y BB 28
2 2 2 2 4

5 cos255 = cos(225° +30°) = cos 225" cos 30" — sin 225° sin 30°

e ( 2 1)=—£+ﬁ

2 2 2 2 4
B 1 1 1—tan 30° tan 45°
6 cot75 = - = . = S .
tan 75" tan(30° +45°)  tan 30" + tan 45
1 J3-1
1-—-1
J3 J3  4-2V3
1, 1+ 2
V3 J3
T T T nn,n,nlx/f@\/f\/f+\/€
7 a) cos|—|=cos|———|=cos—cos—+sin—sihn—=——4+——=———
12 3 4 3 4 3 4 2 2 2 2 4
J2 ++6 /4 T T
b) —=cos(—):cos(2—)=2c032——1. Hence:
4 12 24 24
, T J2+6 , t 2+Ve+4 . m T
2cos" ——1= —— = cos’ — = —— . Since — is in the first quadrant, cos — is
24 4 24 8 24

. T J2+J6+4
positive, and thus: cos Z = T .

g tan(z—e)z i_ =s.m?ccos. cosism :1'6059.—0=c$)39
2 cos(—) cos—c050+sinzsin0 0+1-sin6 sin 6

=cot 0




10

11

12

13

14

T T T
sin(5—9)=sin5cos 9—coszsin 0=1-cos@—0=cos 6

i 1 1 1 1
sl 9= T - T p = = =sec 0

T
Given 0 < x < E’ it follows that cos x > 0.

a) Using the Pythagorean identity for cosine:

[ (3Y |16 4
cos’ x =1—sin* x = cos x = +V1—sin’* x = 1—(5) = 2—5=E

b) Using the double angle identity for cosine:

- 3Y 18 7
cos2x=1-2sin"x=1-2|-| =1-—=—
5 25 25
¢) Using the double angle formula for sine and the result from a:
34 24
sin2x =2sinxcosx =2-—-—=—
55 25

Vs
Given E < x < 1, it follows that sin x > 0.

a) Using the Pythagorean identity for sine:

| 2% 5 5
sin> x =1—cos” x = sin x = +V1—cos®* x = 1—(—5) :\E:?

b) Using the double angle identity for sine and the result from a:

J5 =2 45

sin2x=2sinxcosx=2-—-—=———
3 9

¢) Using the double angle formula for cosine:

2\ 8 1
c052x=2coszx—1:2(——) -1l=—-1=--
3 9 9

Firstly, we will find cos 6:

4 5
cos @=—J/1-sin* 8 = — 1—§=—§.Nowwe can find the other values:
2 5 45
sin29=251n9c039=2'§(—§J=—T\/_

4 1
cos20=1-2sin* 0=1-2—=—
9 9

45
. 2 I
tan20=Sln 0: El =45
cos 0 1
9

Note: To find the value of cos 20 there is no need to find cos 0 first.

Firstly, we will find sin 0:

16 3
sin @=—J/1—cos* 0 =—,[1— E =— g . Now we can find the other values:

sin 260 = 2 sin O cos 9=2'(—2)(_é)=2_4
5 5 25
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16

17

18

19

20

Chapter 7

16 7
cos20=2cos’* 0—1= 2(—)—1 =—
25 25
24
in20 o5 24
tan 260 = smev_25 _ 22
cos® 7 7
25
Note: To find the value of cos 20 there is no need to find sin 0 first.
in 6
From tan =2 = =~ = 2 =5 sin 0= 2 cos 0, and using the Pythagorean identity for sine and
cos

1
cosine, we have: sin’ 8+ cos* 8 =1= (2 cos 6)’ + cos’ @ =1= cos> 6 = — . For angles in the first

5 2V5
quadrant, all values are positive; hence: cos 6 = N sin 0 = = Now we can find the double angle

values:
275 5 4
sin260=2sin @cos B=2- i £ =—
5 5 5
1 3
cos20=2cos’* 0—-1= 2(—)—1=——
5 5
4
in 20 5 4
tan20=""" =3 -2
cos® 3 3
5
Note: To find the value of tan 26 there is no need to find cos 6 first. In this case we have to use the

2tan 0 4 4
double angle formula for tangent: tan 26 = a — = =——.
l-tan" 0 1-4 3

1 1
From sec 8 = =—-4=cosO=— T we can find sin @ (csc 6 is positive which means that sin 6

COS
1 J15

2
is positive): sin 8=, |1 — (— —) = Now we can find the other values:

sin260=2sin@cos 0=2-——|——|=——

Jﬁ(l) J15

4 4 8
1 7
c0329=2c0329—1=2(— -1=-—
16 8
V15
sin26 J15
tan 20 = = 8 _
cos® 7 7
8
cos (x — T) = cos x cos T+ sin x sin T = cos x - (—1)+ sin x - 0 = — cos x
sm(x——):smxcos——cosxsm—:smx-O—cosx'l:—cosx
2 2 2
tanx + tan 7 tan x +0
tan (x + ) = tan (x + 1) = = = tan x
l-tanx-tan7wt 1—tanx-0
T T . T . .
cos(x+5)=cosxcosE—smxsmgzcosx~0—smx-1=—smx
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22

23

24

25

26

27

28

29

30

31
32
33

34

35

. 1+ sin Bcos O
+sinf=———
cos 0 cos 0

sec O+ sin 6 =

1 1
sec@csc@zpas/esinﬂzsingz 1
tan Osin @  sin 6 sin O sin® @ sin’ O

cos®
1

N 1 sin 6+ cos O
secO+cscO  cos@ sin® _ cosBsin @ _ SinO+cosO sin 6+ cos O
2 2 2 2 sin B cos O sin 260
1 1 1 1 1 sin” @ 1+sin’ @
2 2 o >t 2 5 2 2 5 2
cos @ cot°@ cos°O cos" O cos" O cos® @ cos” 0
sin® 0

cos 8 — cos Osin” 0 = cos 6(1 — sin’ 0) = cos B cos® 0 =cos’ 0

1 — cos’ O_Sin2 0

sin® 0 sin® 0

cos 20+ sin”> 8 = cos® O —sin* O+ sin” O = cos” 0

sin” 0 1 sin” @ 1 sin @ sin @ 2sin’ @ 5
2 2 = 2 2 = 2 2 = 2 = 2 tan 9
cos" @ cot°@ cos°O@ cosO cos @ cos"O@ cos @
sin®

sin (¢ + B)+ sin (ov— f) = sin & cos B+ cos & sin B+ sin o cos §— cos @ sin B =2 sin ¢t cos

1+cos2A 1+2cos’ A—1 2cos’ A
2 2

=cos’ A

cos (or+ )+ cos(a— B) = cos cxcos S~ sin & sin B+ cos cxcos B+ sin o sin =2 cos a cos 3
2cos’ B—cos 20 =2 cos’ 9—(2 cos’ 9—1):1

Using the double angle formula for cosine and the formula for the difference of squares, we have:

cos20  cos’ O—sin’ 6 W(cos 6 — sin 0)

— = - =cos O—sin O
cos O+ sin 6 cos B+ sin 6 C sin O

(1—cos &) (1+sec ) =(1— cos (x)(1+ 1a)=(1—cos a)(cosa+1): (1= cos &) (cos a+1)
cos

cos & cos &

l-cos’ o sin*a sino . .
= = = sin & = tan o sin &
Ccos O cos O Cos ¢

sin® x cos’ x —sin® x
2 - 2 « 2
1 - tan x — COSZ X _ COSZ X — COS x - SlIl x

2 s 2
B = B — B —— = C0S” X —sin” X = Cos 2x
1+tan” x 1450 % cos” x+sin” x  cos” x +sin” x

cos® x cos” x =1
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36 Using the formula (a* —b*) = (az - bz) (a2 + bz), and then the Pythagorean identity for sine and cosine,
and the double angle formula for cosine, we have:

cos’ O—sin* = (cos2 6 — sin’ 9) (cos2 6+ sin’ 9) = cos’ 0—sin’ = cos 260

=1

1—tan’ 0 1
37 cotO—tan 0= —tan 0= an -
tan 0 tan 0 tan 6
1-tan’ 0
We will multiply the numerator and denominator by 2 so that we can apply the double angle formula for
2 2
tangent: = =2cot20
8 tan 6 tan 26
1-tan’ 0

38 We will multiply the numerator and denominator by cos 3+ sin f3:

(cos B—sin B)(cos B+ sin B) cos’ B—sin® B 3 cos2f _ cos2p

(cos B+ sin B)(cos B+sin f)  cos® B+2cos Bsin B+sin® f 1+2cos Bsin B 1+sin2f

1 1

sec (1 — sin 0) ) ;(1 — sin )
cos 0

39

Now, we will multiply the numerator and denominator by 1+ sin 6:
1+sin 6 _1+sin® 1+sin® 1+sinf 1 +sin9
1 T ain? - 2 - -
(1 sin 6) (1 + sin 6) 1—sin” 6 cos” 0 cos O cos O cos 0
cos 0 cos 6 cos 6

=sec O+ tan 0

. 2 . 2
40 (tanA—secA)zz(SmA— 1 ):(smA 1)

cos® A
We will use the fact that the squares of opposite numbers are the same, and apply the Pythagorean
identity for cosine:

_(l—sinA)2 _ (1-sin A)? _1-sinA

~ 1-sin®A (I1—sin A)(1+sin A) ~ 1+sin A

cosA cosA

2 tan x tan x 2 tan’ x .
41 tan 2x tan x _ _l—tan’x _ 1—tan® x _ 2tan” x
tan 2x — tan x 2 tan x _tan x 2tan x —tan x + tan’ x  tan x + tan’ x
1-tan® x 1—tan® x
sin x sin x
2 tan’ x 2tan x 2 COS X 2 oS X 2sinx . .
= = = = = = 2 sin x cos x = sin 2x

tan x (1 + tan’ x) 1+ tan® x 1+ sinx  cos’x+sin’x 1

cos’ x cos’ x cos X

sin20—cos 20+1 _ 2sin O cos O— cos’ O+ sin’ O+ cos” O+ sin” O
sin20+cos20+1 2 sin Ocos O+ cos® O—sin® @+ cos® O+ sin”

42

_ 2sinBcos O+2sin’ &  2sin O(cos O+sin6) sin O
25sin @cos O+2cos @ 2cos O(sin O+cos 6) cos O

tan 0



We will transform the right side of the identity:

5 s sin o 2 sin & 21+ cos ) —sin® ¢ 1+2cos a+1—sin’ o
csc o — = - = _
l+cosax sina 1+coso sin (1 + cos o) sin (1 + cos o)
1+2cosa+cosza_ (14 cos &)’ _cosa+1
sin o((1 + cos o) sin o((1 + cos o) sin o

1+cos[3+ sin B (1+cos B)(1+cos f)+sin’ B 1+2cos B+ cos’ B+ sin’ f

sin B l1+cosf sin B(1+ cos f) sin B(1+ cos fB)

2+2cos B 2 s B

" sin B(1+cos f) sin B

COS X | Ccos x — sin x

COtx—lzsinx _ sin x _cosx _ 1 1 — csc x 1 _cscx
l-tany _SIMX  COSx—SInX sinx sinx 1 secx  secx
Cos X cos x cos x

Using the double angle formula for cosine, we have:
1—cos2x

cos2x =1—2sin’ x = 2sin” x =1 —cos 2x = sin’ x = 5

0
Using the substitution x = o we have:

0 l—cosz(e) 1-cos @ 0 1-cos @
sin’ (—) = 2 = sin (—) =t |—
2 2 2 2 2

Denote the angle opposite the leg of 2 in the smaller right triangle by ¢c. From the figure, we can see that:

2 5+2
tan o = — and tan (o + 6) = ——.
X x

Using the compound formula for tangent, we can reduce the last expression.

z+t 0
tan @+ tan 6 x an
tan (o + 6) = =2 =L
l1—tan o tan 0 1—“tang X
X
Now, we will solve for tan 0:
2+ x tan O
7 2+xtan@ 7
—x -~ - = x(2+xtanO) =7(x—2tan 6)
x—2tan@ x "~ x—2tanB «x
X
2x +x*tan @ =7x — 14 tan @ = x* tan O+ 14 tan 0 = 7x — 2x
5x
=(x*+14)tan f=5x = tan O = 5
x"+14

We will rewrite the equation using cosine only:
2(1—cos2 x)—cosx=1=>—2cos2 x—cosx+1=0

1
Using the substitution cos x = t, we will have: 2P —t+1=0=> t, =—1,t, = —. Hence, either

1 T 571 . T 51
cosx=-1=x=m,orcosx =— = x = —,—. Solutions are: —, T, —.
2 33 3 3
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49

1 1
=8cosx:>cos3x=§=>cosx=5=>x=—

W[y
W[y

COS2 X

50 2cosx+sin2x=0
After using the double angle identity for sine, we have: 2 cos x + 2 sin x cos x = 0.
Factorizing:
2cosx(1+sinx)=0
cosx=0= x=90",-90°
=
l+sinx =0= sinx =-1= x =-90°
Solutions are: 90°, —90°.
51 2sinx =cos2x
After using the double angle identity for cosine, we have:
2sinx =1-2sin® x
2sin® x+2sinx—1=0
Using the substitution sin x = ¢:

2+V4+8 -1+.3

20 +2t—1=0=t, =

4 2

. -1-/3 . -1-/3

sin x = ——— has no solution because ——— < —1.
2 2

, —-1+/3 ,
sin x = T cannot be solved exactly, so we will use a GDC.
Inberseckion Inkerseckion
Ho.3PWPIUNE Yo 3EEOZEM | |HcE.PEEBEHE Y= 3EENZEYM

Solutions are: 0.375, 2.77.
Note: We can solve the task graphically right from the start.

Inksrseckion \\ / InteFseckion
WELEANAEMNE Ve FZE0E0BL | W=2.PEEAREE V=P rEO0E0EL

52 We will rewrite the equation using cosine only:

1—231n2x:51n2x:>3sm2x:1=>smx:i?



53

54

55

56

57

We cannot solve the equations exactly, so we will use a GDC.

Flatl Flotz Flofs
~YBoosC2ED
MY zBsingRae
Y z=0

wMy=

wWe=

“Ne= Inkerseckion Intersection
wMNr= WS B1ENFRFL WS ERIEEREE wee BEERllzl Ve EEIEIIEIE

Ink¢rseckion Inkerseckion
M. EFOFEW Wo.B3IIEIEE | HSE.REAFUER YS.3EEERERE | Solutions are: 0.615,2.53,3.76,5.67.

Using the double angle formula for sine:
. 3 3
sm2x=—1:2x=7+2kn’:>x=7+k7r

3 7w
Hence, the solutions are: 7 I

Using the double angle formula for cosine:
cost——l:>2x—+2—+2k7r=>x— —+kr
2 3 3

T 27
Hence, the solutions are: g ?

Using the definition of the secant function and writing 1 as: cos® x + sin’ x.

cos® x + sin® x
——tanx-1=0—————-tanx—-1=0=
cos” x cos” x

l+tan* x—tanx—1=0=tan’ x —tanx =0
Factorizing the equation:

tan’ x —tan x = 0 = tan x(tan x — 1) =
T 5T
Hence, either: tanx =0= 0, 7,ortanx =1 = Z T
T 5m
Solutions are: 0, —, T, —.
4 4

Using the double angle formula for tangent:

2 tan x 2 2+1—tan X
——ttanx=0=>tanx| ———+1|=0=tanx
1—tan” x —tan” x l—tan X
3—tan’ x r 2w 4w 5w
Hence, either: tanx:0:>x:0,n',or—2:0:>tanx—i\/§:>—,—,—,—
1-—tan” x 3 3 3 3

. T 2w 4w 57w
Solutions are: 0, —, 7, —,—, —.
3 3 3 3

Factorize the equation: cos 3x (2 sin 2x+1)=0
Hence, either: cos3x =0 = 3x = 190" + k360° = x = £30° + k120° = x = 30°,90°, 150", or

. 1 2x = 210" + k360° = x = 105" + k180°
sin2x=——=
2x = -30" + k360° = x = —15" + k180’

x =105°,165°

Solutions are: 30°,90°,105°,150°,165".
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58 Use the compound formula for 3x = 2x + x, and the double angle formula for sine and cosine:
sin(2x 4 x) = sin 2x cos x + cos 2x sin x = 2 sin x cos” x + (1 — 2 sin® x) sin x

Now simplify: 2 sin x(1 —sin® x) + sin x — 2 sin® x = 3 sin x — 4 sin’ x

. 2 . .
59 a) (s1n2x+cos2 x) =1=sin" x +2sin’* x cos* x +cos* x =1
. 4 4 1 e 2 2
=sin" x+cos x+—4sin”" xcos" x =1
2
. 1, .
:>s1n4x+cos4x+5(sm 2x) =1
. 4 4 1 e 2
= sin” x + cos x=1—5s1n 2x

We have to transform sin® 2x in such a way that we obtain cos 8x:
1 1

sin® 2x =—E(1—2sin2 2x—1) = —E(cos4x—1)

Now, we will return to the formula:

1 1 1
sin4x+cos4x=l—zsin22x:sin4x+cos4x=1—5(—5(cos4x—l))
- 4 1 1
= sin” x + cos x:1+Zc0s4x—Z

1
Hence, sin* x + cos* x = — (cos 4x + 3).

1 1
b) Using the formula from a, we have: 1 (cos4x+3)= B = cosdx=—-1=4x=nm+2knm

T /9
Hence: x = —+ k —
4 2
. w 3w 5m 7w
Solutions are: —, — , —, —.
4 4 4 4
Exercise 7.6

T T
1 Sincesin 5 =1, thenarcsinl = E .

T 1 1 T
2  Since cos — = — , then arccos — = —.

4 2 J2

T T

3 Since tan (— g =3 , then arctan— J3=-— g .

21 1 1 27
4  Since cos— = — —, then arccos (— —) =—,

3 2 2 3

5 Since tan 0 = 0, then arctan 0 = 0.

3 3
6 Since sin (— 7—;) =— g , then arcsin (— %J __z .

3
: 2T T i 2T _ T Ein T sintZn 32
7 SlIlCe Sin 3 = sin 3,then Sin (sm )— 3 . 1-@4?19?551
3
1.847197551
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11

12

13

14

5054{cn5i3f2?i

N | W

12 fanttan 1C1E27

| |
arccos (2—:) is not defined and hence costicos 1 Am~327 EE: DEHFI IH
111
i Goto

it is not possible.

Since tan (— %) = tan %, then arctan (tan (— %D = % . tanTctand —3ms400
A o

« r303981634

o

arcsin 7 is not defined and hence it is not possible. EintsinT(mi

FE:OOMATH
Buit
Goto

3

3P+ 47

3 3 3
Iftan 0= Z, then sin 6 = = E; hence, sin (arctan Z) =

[S2 OV

7 V250 =77 24 7 24 -
If sin 8 = —, then cos @ = ——— = —; hence, cos (arcsin (—)) =— costsin 10772300
25 25 25 =l

2425

25

Einstan 1034272 ;

Ar=¥Frac
375

25
Arn=rFrac
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15 Since tan E = /3 > 1, it is not possible.

sin T hantm~332

3 T
16 tan™ 2-£ =tan' V3 ==
2 3

tan Tl Zsinem 322
1.847197551

1.847137551

3

2 2 25 1\ 25
17 Iftan 6= —— === T; hence, cos (arctan E) = T

then cos 6=
2 Ji2+22 5

costtan 11 237
594427191

525
594427191

_ 3 5°-3" 4 .
18 Ifsin 0=0.6= 5 then cos 6 = — T hence, cos (sm (0.6)) =0.8.

costsin T 632
| |

19 We need to use the compound formula for sine:

inarcos 3 ) aretan ) - ( FD (arctan (5 cosaros (£ in(nctan )
sin | arccos| — |+ arctan = sin| arccos| — | |cos| arctan| — | |+ cos| arccos| — | | sin| arctan| —
5 5 12 5 12
. . 3
Since: sin (arccos(S)J
[aces 3
arccos| —
5
[aean(5) o
cos| arctan| —

2) 12+5 13

nartn ()= s =
sin| arctan | — —_—
12 12 +5° 13

U‘ll»-lk

COS

Il
Ul | w

—




4 12
Thevalueis:—-—+§~i=§.
513 5 13 65
Eintcos T3 "5+t
N 151222
« FEQZIATEDZ
Ans¥Frac
B35S

20 We need to use the compound formula for cosine:

1 1 1
cos (tan_1 3+ sin™ (5)) = cos (tan"1 3) cos (sin_1 (5)) — sin (tan'1 3) sin (sin"l (5))

1 1 V10
Since: cos (tan_1 3) = = =
JiP+3 V10 10
3 3 310

sin (tan’1 3) =

JiP+3r V10 10
(. _1(1)) 312 Js 2V2
COS | S1n 5 = ==

3 3 3
oo (5))-
sin|sin |—||=—=
3 3

C V10 242 310 1 2420-3V10
The value is: . - —= .
10 3 10 3 30
o= tan T3 +=1m71
i
- H158A85369
'i%J":EEI?—SJ": 1832~
- A18ASS3A9
2 _ .2
21 Ifsianxz%,thencos9:%:\/1— o 1
hence, cos (sin™ (x)) = V1-x. 5
2 2 2
22 Ifc059=x:£,thentant9=\/1 o =\/1 al ;
1 X X 1
— NEFS
hence, tan (arccos (x)) = I x 0
1

23 Iftan@zxzf,thencosez =
1 Ji2+ 2 Jxrel

Va?+1

-1
; hence, cos (tan x) =
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24 Using the double angle formula for sine, we have: 2 sin (cos_1 x) cos (cos_1 x) . Since:

sin (cos_1 x) =1-x? 1
cos (cos’1 x) = x, then: Jie

sin (2 cos™ x) =2xV1—x" | 0

X

. 1 NM
25 From the triangle below, we can see that tan S arccos x | =——.
x
J2 arccosx = &
|
1-x*
M x )

Using the fact that the line bisecting an angle divides the side opposite the angle in the ratio of the other
two sides, we have:

PN 1

N1 py M

NM x X

. NM 1+ NM J1-x° 1-x)(1+ 1-

Slnce:\/l—xz:PN+NM=—+NM=NM( x): _ X J-x)( x)z\/ x
X X X 1+x \/(1+x)2 1+x

1 11—
Therefore: tan (— arccos x) = a .
2 1+x

26 Using the compound angle formula for sine, we have:

sin (arcsin x) cos (2 arctan x) + cos (arcsin x) sin (2 arctan x)
Since: sin (arcsin x) = x
cos (arcsin x) = V1 — x?

Using the double angle formula for cosine and the result from question 23, we have:

1Y 2 1-x*
cos (2 arctan x) = 2 cos” (arctan x) — 1 = 2( ) -1= 1=

Jx? +1 XX+l xi+1

Using the double angle formula for sine and the result for sin (arctan x) = , we have:

X

Jxt+1
X 1 _ 2x

NN

sin (2 arctan x) = 2 sin (arctan x) cos (arctan x) = 2

Hence: sin (arcsin x) cos (2 arctan x) + cos (arcsin x) sin (2 arctan x)

x— x>+ 2xV1-x? e

x*+1 *

= sin(arcsin x + 2 arctan x) =

We can use a diagram to verify the result for: sin (arctan x) =

x?+1 ‘ !
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28

29

30

31

16
We will find the cosine of both sides of the equation. The cosine of the right side is pre So, now we will

find the cosine of the left side (applying the compound angle formula for cosine):
.4 .5 .4 .5 . 4. .5
cos | arcsin — + arcsin — | = cos | arcsin — | cos | arcsin — |— sin | arcsin — | sin | arcsin — |. For the first
5 13 5 13 5 13

part of the calculation, we will use the formula from question 21:

Jl_(éwl_(i)z_é 5312 45 16
5 13 513 5 13 5 13 65

Hence: arcsin — + arcsin — = arccos — .
5 13 65

We will find the tangent of both sides of the equation. The tangent of the right side is 1. So, now we will
find the tangent of the left side (applying the compound angle formula for tangent):

( 1 ) ( 1 ) s .
tan | arctan — [+ tan | arctan — — 4 — -
2 3 2

1 1) _ _ 3 6 _
tan | arctan — + arctan = = = =1
2 1 1 11 1
1—tan| arctan — |- tan | arctan — 1-——— 1—-—
2 3 23 6

1 1 =
Hence: arctan — + arctan 5 = Z .

We will find the tangent of both sides of the equation (applying the compound angle formula for
tangent):

4
tan (tan’1 x+tan"'(1— x)) = tan tan~' (5)

tan (tan’1 x) + tan (tan’l(l - x)) 4

1—tan (tan_1 x)-tan (tan_l(l—x) 3

+(1- 4 1 4 1
u=—:>—2=—:>3s=4—4x+4x2:>4x2—4x+1=o=>x12=—
l1-x(1-x) 3 1-x+x 3 )

2 2 1 2
cos 2x = A = 2x = * arccos (EJ +2kn=>x=1% 5 arccos (g) +krm

. 1 2 1 2
Hence, the solutions are: E arccos E = (0.580, — E arccos E + = 2.56.

cos 10200 =ra-NERC 5t
1.139273481) cos1(2-22
Ans+. 3 1.1392739451
«2PIE397404) Ans* .5
“. 27 FE397484

Ans+n
2.961952913

X
E =arctan 2+ k7w = x = 2 arctan 2 + 2k

Hence, the solution is: 2 arctan 2 = 2.21.

Fran i
2.214297436
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32 We can rewrite the equation in tangent only: Lan T2

X . 1.1687148718
= = ns+n
cosx:”anx 2= x=arctan 2+ km 4. 245741371

Hence, the solutions are: arctan 2 = 1.11, arctan 2 + 7 = 4.25.

2cosx=sinx = 2=

Note: We can solve the equation directly, reading the results from a GDC.

e s
Inkerseckion Inkerseckion
w=1.1071487 YW=.B9442719 WEY.EHBPYLY Y= - BAYNESE
) ) 1 cos® x + sin’ x sin’® x 5 ) )
33 Since sec” x = — = B =1+ T = 1+ tan” x, the equation contains tangent
Ccos” x Ccos” x Ccos” x

only; hence, we can substitute tan x = ¢:
1

3(1+87)=2t+4 =37 -2t—1=0=1 =11, =3
T 57 tanT.-1-32
tanx=1=x=—,— . 3217585544
4 4 Ans+m
1 2.819242099
tanx = —— = x = 2.82,5.96 Ans=+n
3 S5.961434753

Note: We can solve directly using a GDC.

Flatl Fliokz Flots THOO

YB3 ACosCHIE “min=A /

=NeBZ2tandsa+d4 BMaxR=E. 22518535
FAFTIES...

2851
Rl | Ascl=1.57ar
=Ny= Ymin=-18
=Ne= Ymax=1d
=NE= V=l=1
=Ne= Hres=

O o i

Int-zr's-zi:tu:-n ( Inkerseckion { Inkerseckion /

=.FEEZ0H1E Y=6 n=c.B19B4E1 YSE. ZEEEEEE n=2.9za9908 Y=B

ns-mkFrac

1-4
ns-mEFrac

a-d

Interigckion
[=EBE14348 =3, 3333333
34 Substituting tan x = t will give us a quadratic equation: Far 1. 57

5 1 AEIEGTEED
2t =3tanx+1=0=1{ =E,t2 =1
So, either: tanx:E:x:arctan—+k7r,or tanx =1 = x = arctan1+ k7

T
Hence, the solutions are: arctan E = 0.464, Z .




35

36

37

Note: We can solve the equation directly, reading the results from a GDC.

L\H j ,, N ] WP reszssiess

2kFi 2K
HoMEZE4FEL Y=0 ¥=.PEE39A16 ‘Y=0
sin x 1 1 1 1
. = - = - cos"1C1 <50
s sinx 5= cos x 5:x iarccoss+2kn' 1 2ia4704a0
“Arn=+2m
4. 913745961

1 1
Hence, the solutions are: arccos g =~ 1.37,— arccos g +2mw =491 B

Note: We can solve the equation directly, reading the results from a GDC.

Inkerseckion—— Inkerseckion——
n=i.ze94=3A4 WY=L . n=4.91x"y69 Y=L .

Using the double angle formula for tangent:

2t 2+3(1—tan’ 5—3tan’
ﬂ+3tanx:0:>tanx( ( an x)):O:tanx(ﬁJ:O

1—tan® x 1—tan® x 1—tan® x

So, either: tan x =0 = x = k7, or

5—3tan’ x

5 5 5
B =0:>5—3tan2x:0=>tan2x:—:>tanx=i\ﬁﬁx=iarctan\ﬁ+kﬂ
1—tan” x 3 3 3

Hence, the solutions are:

5 5 5 5
T, 27, arctan \/g =~ (0.912, arctan \/; + = 4.05, — arctan \/g + T = 2.23,—arctan \/; +2m=>5.37.

tan T (532 4. {53 53E945
LA1173E291) han 1530
Ans+m LH117 58291
4. /53338945 “Ans+n
2. 229854363
Arn=+m
S5.371447816

Simplifying the equation:

2cos’x—3-2sinxcosx=2=2cos’ x—6sin x cosx =2cos” x+2sin’ x

-'I -
= 2sin’ x +6sin x cos x =0 = 2 sin x (sin x + 3 cos x) = 0 an El?%4gg45??g
. : HS+T
So, either: sin x =0 = x = k7, or 1.892545851
9. 0834139535
sin x + 3 cos x = 0 = sin x = =3 cos x = tan x = -3 = x = arctan (-3) + k7
Hence, the solutions are: 0, 7, arctan (—=3) + 7 = 1.89, arctan (—3) + 27 = 5.03.
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2 2
38 From the diagram, we can see that: tan 8 = E = 0 = arctan (5) .

For positive d, the graph is as below:

A
0

3.1

L L

39 a) i)

Tm

3m

1.2m

0.

X

ii) From the diagram below, we can see that: tan (0 + 6,) = 7+18 ,and tan (6,) = 18 Hence,
x
88 18 7
tan 6= tan ((6+6,)— 6,) = tan (6+ 6) — tan (6) =4 X - X =— ~__
l+tan(6+6) tan(6) 88 18 x’+1584 x’+15.84
X X x?

7
So, 6 = arctan Z—x .
x° +15.84

Tm

3m | 6 9

1.2m




iii) LITHOON
amin=-.1
amax=16
mecl=2
Ymin=-.1
“max=1
e l=1
sres=1

iv)

tualue
P zero
frinirmum

M 1 ram

=énﬁgrsect
s (TP .
A s ﬂg???uﬁu?ﬁ Y=.Pelseli7

Therefore, x = 3.98, which means you should sit in the second row.
b) i)

7m

ii) We can use the result from a ii. The differences are the distance from the screen to the seat
T
and the distance up the wall, which is reduced by x sin 5 So, we have to replace x by 2.5 + y,

T
where 2.5+ y = 2.5+ x cos ; Hence,

7 (x Ccos g + 2.5)

2
(x cos i + 2.5) + (8.8 — X sin ﬂ:) (1.8 — x sin 7[)
9 9 9

0 = arctan

iii)

iv)
Haximun
W=Z.4691930 7=.B3035857

Therefore, x = 2.47 and you should sit in the third row.
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Exercise 8.1
1 a) B B
1 5
cot9=—,sec¢9:\/§,csc9=£
5 5 3 2 2
3
¢) 0=634",90 —60=26.6
[ I 0 - o4 2 B B
A C 4 a
b) b=V5-3"=4 10 10
4 3 4 7 7
cosf@=—,tanO=—, cotf=—,
5 4 3
5 5 : :
secﬁzz,cscez— A cC A NG C
C 0=369,90 —0=53.1
) b) b=+10>-7> =51
2 a
) B : G 51
sin@=——, tan = —,
% % 10 7
10
; 5 8 5 cot@zL:%/S»l,secG:—,
51 51 7
| | g 10 10451
A C A V39 c 51 51
b) b=18-5 =39 ) 0=456,90 — 0=~ 444
39 39
sin92%,tan0=£, 5 a)
B B
cote—i—S\/5 9—8
\/5 39 )Sec _5’
g B 83 ; Y ;
J39 39
) 0=513,90—0~387
B B 0 0
3 a) 4 4 A 1 c A 1 c
b) c=+3"+1> =10
| ' |
3 310 1 J1o
sin 0= — = ,C080=—=——
10 10 10 1
3 0
A 2 ¢ A 2 ¢ tanG:I:3,sec9:—:\@,
b) c=V2'+1' =45 csc9=—m
3
2 25 J5
sinf=—=——,cos0=—=—, ¢c) 0=716,90 -0=184"
J5 5 NE:




a) B B
4 4
/i /i
[ %
C C
b) b=v4 -7 =
J7
cos@=—, tan 0 T,
3J7
cot 0= =——,secO=—,
7
47
csc 0= :i
7
c) 0=414",90 — 0 =486
a)
11

b)

V)

a)

© O

b) sin 6 9 9181
1 :—:—’
V181 181
0 10 10181 0 10
cos = —= ,cotf@=—,
V181 181 9
V181 181
ecf=——— cscf=——
10 9
c) 0=420,90 —0=48.0
a)
/5 & 7
[ 6
4 4
7 7J65
b) sinf=—=—,tanf0=—,
J65 4
4 65 J65
cot9=;, sec 9=T,csc 0=——

¢) 0=603,90 -0=29.7

10 cos@= % in a triangle with adjacent leg 1,

11

hypotenuse 2, and opposite leg 2> —1* = /3.

B
31
5ol 3
for | e
A 1 c 1
sin 6 = V2 = Lina triangle with opposite

2
leg 1, hypotenuse /2, and adjacent leg

V2P -1 =1 °
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12 tan O = /3 in a triangle with opposite leg +/3,

15 cosO= £ in a triangle with adjacent leg /3,
. 2, 2
adjacent leg 1, and hypotenuse /3" +12 = 2.

hypotenuse 2, and opposite leg \/2* — NERES)
B

B
305 [,
2 2
V3 2 ;A
A1 » éoo @

C 1

A I

0=60" =~ i

3 0=30" ==

6
232

3
13 cscO= 3 = E = sin 6 = 7 in a triangle 16 From the definition of tangent, we have:

o _ X _ o _ _
with opposite leg \/3 , hypotenuse 2, and tan 60" = 50 = x =50tan 60" = 5073 ~ §6.6

adjacent leg \2* = /3 ol From the definition of cosine, we have:
B .50 50 0
c0s60 =— =y = -=—=100
y cos 60 1
309 2
HLan{cE )
2 6. 6A254038
V3 56./cos(6E)
186
A I c )
60=60" = g 17 From the definition of cosine, we have:

S = © =
14 cot 8 = 11in a triangle with both legs 1, and C0s 35 = 15 = X =15¢c0555 = 8.60

hypotenuse V1% +1° = /2. From the definition of sine, we have:
B sin 55° :% = y=15sin55 =123
457 15co=0557
. B.eREede545
15=inc252
V2 12, 26720066
1
45°
A 1 C

0=45 =

=N




18 From the definition of sine, we have:

19

20

sin 40° = 3% — x = 32sin 40° = 20.6

From the definition of cosine, we have:

cos 40° = % = y =32c0s 40° = 24.5

Zeincd@i
28, 56920351
2oosidEl
24.51342218

From the definition of cosine, we have:
225 225
€cos53 = — = x = - = 374
X cos 53

From the definition of tangent, we have:

fan 53 = —2— = y = 225 tan 53’ = 299
225

Fot AR LSS
a5, BSR4

From the definition of tangent, we have:

1 18
tan45 = — = x = =18
x tan 45°

From the definition of sine, we have:

sin45°—§=> __18 —i
/= in 45 1

J2
=182 =255
1E8-tand4S2
18-=intdS>
25.45584412

21

22

23

24

25

© O

From the definition of sine, we have:
. . 100 100
sin30' =—=x = - =200
X sin 30

From the definition of tangent, we have:

. 100 100 100
tan30 =—=y = - =—
y tan30° 1
J3
=100/3 =173
I8@-"=inC 3@
28
188 tani 382
173 2658383
J300 1043 3 ’
hence, § = 60°.

Note: We can find f first:

J300 1043
tan f= ——=—— =13 = B=060,and
10 0
then o.

15 a5 .
COSO=—=0=cos |—|[=674 =
39 13
B=90"—o =226 s
Note: We can start with sin = I and then

find Band o

7 1
sinot=—=—=>a=30 =
V28 02
B=90"- =60

J7
Note: We can start with cos f = — and then

J28
find Band o
44 4 (4 3
tanog=—=—=0o=cos |—|=200 =
121 11 1
B=90"-a=70

121 11

Note: We can start with tan = — and

then find B and o
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26 Larger triangle:

Using the definition of the tangent function:
tan9:§:> h=5tan 6=5-0.81 = 4.05
So, the height of the street light is 4.05 m.

29 A

)

41.5m

10000 m

We have to find the other leg of the triangle
(h), so we use the definition of the tangent
function:

h
tan70° = —— = h=415tan70° = 114
41.5

So, the tree is approximately 114 m tall.

27 We have to find angle 6 From the right triangle ACD, we will find side

= tan 50" = CD = 10000 tan 50°

© 10000
From the right triangle ABD, we will find side

: = tan 38° = BD =10000 tan 38°
10 000

300 m So, we have:
d = BD — CD =10000 tan 50° — 10 000 tan 38"
/6 =10000 (tan 50" — tan 38°) =~ 4105
125m Teanactanc o8 —1a
r-”:SE”-:;HIEI-fi =r=l=1-) |
Using the definition of the tangent function, we )
have:
300
tan 0= —=24= O=tan 2.4 =674
125
28 Firstly, we find angle 6, and then the height h. Therefore, the ships are approximately 4105 m
apart.
30 The altitude on the base of the triangle splits the
h triangle into two congruent right triangles.
1.62m
5m 8cm 8 cm
Shaded triangle: /O

3ecm 3cm
Using the definition of the tangent function:
1.62 Using the definition of cosine, we can determine

tan 0= —— 3 3
2 angle 0: cos 0 = 3 = 0=cos™ (g) = 68.0°



31

The angle between two equal sides is
180° — 260 = 44.0°.

Hence, the angles are: 68.0°,68.0°,44.0".

o= TO3A872

&Y. 37568716
1808-2+An=s

dd ., B4 862567

Firstly, we will determine the distance between
the positions of the boats; then, using distance
and time, we will find the speed of the boat.

) A
4°

78°

50 m

X C D

From right triangle ACD, we will find side CD:
CD
= tan 78" = CD = 50 tan 78

From right triangle ABD, we will find side BD:
BD . .
52 tan 86" = BD = 50 tan 86

So, we have:

x = BD - CD =50 tan 86" — 50 tan 78"
=50 (tan 86" — tan 78°) = 479.01 m

Finally, we will find the speed:
x 479801m 60
5 min 5 100

ctantE&r—-tandy
2 sS5eEEs 188A
5.roredlaesd

0 km/h = 5.76 km/h

32

33

We can express x using right triangles ADC and
BDC.

In triangle ADC:

tan 31° =

= x = (67 + y) tan 31°
67+ y ( y)

x
In triangle BDC: tan 55" = — = x = y tan 55°

So, we have that:
(67 + y)tan 31° = y tan 55°

= 67 tan 31" = y tan 55" — y tan 31"
= 67 tan 31" = y (tan 55" — tan 31°)

=~ 48.6622 m

67 tan 31°
=)= S S
tan 55" — tan 31

Now, we can find x using any of the above
formulae: x = y tan 55° = 69.5 m.

ns#tant S
&9, 495503888
C
350 65
A 25m Bp————D

y

We can express x using right triangles ADC and
BDC.

In triangle ADC:

tan 35" = = x =(25+ y)tan 35°
25+y

In triangle BDC: tan 65° = o= y tan 65°

y

217




34

Chapter 8

So, we have that:

(25+ y) tan 35" = y tan 65°
= 25tan 35" = y tan 65° — y tan 35°
= 25tan 35 =y (tan 65" —tan 35°)

B 25 tan 35°
tan 65° — tan 35°

=y ~12.12m

Now, we can find x using any of the above
formulae: x = y tan 65° = 26.0 m.

-
Sa
12, 12819323
rs*tanteSl
23.99133954

So, the length of wire = \/12.12° + 26° = 28.7 m.

On the diagram, x represents the height of the
hill.

30

50°

y

From the right triangles, we have:

. 30+x 30+ x
tan 55" = y = - and
tan 55
. X x
tan50" = — = y = .
y tan 50
Hence,
30+x  «x

= =
tan55°  tan50°
(30 + x) tan 50° = x tan 55°

Finally:

30 tan 50° = x (tan 55" — tan 50°) =

30 tan 50°
tan 55° — tan 50°

an SLLan
r=tancSE )
151. 2413392

35

36

37

From the right triangles, we have:

X X
tan o = % and tan 2o = — . Hence,
x=70tana=10tan 2¢x = 7 tan & = tan 2.

Using the double angle formula for tangent,
we have:

2tan o
7tan ot = ———
1-tan” ¢
2 2
7=———-—=7(1-tan’ o) = 2.

1-tan” o

) 2

Therefore, 1 — tan a:;:>
5

5
tan® o = :>tan06=\ﬁ
7 7

(since oris an acute angle).

Now we can find the value of x:

5
x=70tan o¢ = 70\[; =592 m.

6
From triangle ABC, we have: cos 2x = o

From triangle ABD, we have:

6
cosx = — = BD = . Hence,
BD

cos x
we have to determine cos x. Using the

double angle formula for cosine, we have:

2 _3 2 _4 _ 4
2co08" x—1=—=cos" x=—=cosx =,/—-
5 5 5

Therefore:
6 6
BD = = — =3.5.
cosx 2
J5

Using the properties of cosine, we have:
cos DEA = cos (90° + 2x°)
= c0s 90° cos 2x° — sin 90° sin 2x°

= —sin 2x’



© O

To determine this value, it is enough to determine the values of sin x* and cos x°, and use the double
angle formula for sine. In triangle DEC, side DC = V1> + 3> = /10 ; hence,

1 3
sin x° = — and cos x° = — . Therefore:
V10

J10

cos DEA = cos (90° + 2x°) =—sin2x" =-2sinx" cosx’ = -2

S‘»—A
(@]
ﬁw
o
9]

38 We will introduce notation as given on the diagram below:

o)

C(p.9)

ax+by+c =0

We will find the area of triangle ABC in two ways. However, for both methods, we have to find the
magnitudes of the sides first.

+
Point A is on the line, its abscissa is p; hence, A ( P an c).
bg +
Point B is on the line, its ordinate is g; hence, B( L , q) .
a

gb+ap+c| |ap+qb+d
b b '
pa+bg+c B |ap+qb+c|

Side AC = ‘q—(— aprrc)

SideBC:‘p—(— bq“)

a

a a

|2

Side AB = |AC|2+|BC|2 z\/lap+qb+c|2+|ap+bq+c| N
b a
AB = lap-+ by e[ & = B0
v a’ ab

1
The area of the triangle equals the product of the legs, so: A = 5 |AC||BC| =

l|ap+qb+c| lap + gb + ¢
2 b a '

We can also find the area from the hypotenuse and its height:

A=%|AB|d=%w\/az+b2d
a

lap =gt ap+gb+d _ Y laprabTd
So,]l/ ,b/ /{ —g ﬂ’b/ a - +b°-d.

Hence, |ap + gb+d = dVa’ + b’ :d:%.
a +
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39 From the diagram, we have: ¢
X + y
tano=——=cota = = xcoto—d=y
d+y X .
X )
tan f=—=cot f===xcot f=y
X a B
Therefore: A d B———D

d y

cot ¢ —cot B S
v

) 6 . 64 .
sinf=——= 0=sin — = 75.86 6600
6600 66 6400

xcota—d=xcot B= x(cotax—cot f)=d = x =

40 The angle of depression is denoted by ¢. From the
right triangle on the diagram right, we will firstly find angle 0:

Hence, ¢ = 90" — 0 = 14°.

Exercise 8.2

1 r=\/x2+y2=\/122+92=15 4 r=x’+y’ = (—\/%)2+(—5)2:10
. y 9 3
Then, Sme_?_E_E Then, sin6=%=1—§=—%
c059=£=2=é e_x —\/ﬁ_ J3
r 15 5 cos =T T 2
tan =2 = 2 = 3 y -5 1 3
x 12 4 tane:;:ﬁ:ﬁ:?
2 r= \/xZ +y? = \/(_35)2 +12% =37 5 a) The terminal side of the angle forms a
180° —120° = 60° angle with the x-axis. The
Then, sin 0= 2= 12 sine values for 120" and 60° will be exactly
r 37 the same, and the cosine and tangent values
cos 0 = X __ E will be the same but of opposite sign. So:
r 37
y 12 sin120° = sin 60° = ﬁ
tanf=+==—— 2
X 35

1
c0s120° = —cos 60" = — 5

3 rz\/xz+y2 z\/12+(—1)2 =2

tan 120° = — tan 60° = —/3

Then, sin 6= P -1 - _ Q The values of the other three functions are:

ro 2 2 e
cospoto L V2 cot120' = —— %3

r 2 2 tan 120 3

=—=- sec120” = =-2
nd 1 : cos120°
1 2.3
csc120° = il

sin120° 3



b)

9)

d)

The terminal side of the angle forms a

180° — 135" = 45" angle with the x-axis. The
sine values for 135" and 45" will be exactly
the same, and the cosine and tangent values
will be the same but of opposite sign. So:

J2

sin135° = sin 45" = 7

V2
cos 135" = —cos 45° = _7

tan135° = —tan 45" = -1

The values of the other three functions are:

1
cotl35 = —=—
tan 135°
5 1
sec135 = ——=—
cos 135°
csc135° = =
sin 135°

The terminal side of the angle lies in the
fourth quadrant, and 330" = 360° — 30°. So,
the sine and tangent values for 330" and 30°
are the same but of opposite sign, and the
cosine values will be exactly the same. So:
sin 330" = —sin 30" = —%

cos 330" = cos 30° = ?

J3

tan 330° = —tan 30° = — ?

The values of the other three functions are:

1
cot330°) = ——=—
tan 330°
1 243
sec330"= —— = i
cos 330° 3
) 1
csc330 =——=—
sin 330°

The terminal side of the angle lies on
the negative y-axis. So, sin (270°) =-1,
cos (270°) = 0, and the tangent value is not

defined. cot (270°) =0, csc (270°) =—1,and

the secant is not defined.

e)

© O

The terminal side of the angle lies in the
third quadrant, and 240" = 180" + 60°. So,
the sine and cosine values for 240" and 60
are the same but of opposite sign, and the
tangent values will be exactly the same. So:

NE

sin 240° = —sin 60° = — 7

1
c0s 240° = —cos 60" = — 5

tan 240° = tan 60° = /3

The values of the other three functions are:

1 3
cot240° = —— = £
tan 240° 3
1
sec240° = ——=-2
cos 240°
1 243
csc 240° = =— /3
sin 240° 3

The terminal side of the angle lies in the

51 T
third quadrant, and I =+ Z So, the

. . 51 T
sine and cosine values for — and — are

the same but of opposite sign, and the
tangent values will be exactly the same. So:

5 T J2
SmMm—=-—S1mm-—=-—
4 2
51 T J2
COS— = —(COS — = — —
4 4 2
T
tan— =tan— =1
4

The values of the other three functions are:
51 1

cot— = =1
4 T
tan —
4
5m 1
sec — = = —\/5
4 COSs —
51 1
CSC 7 = = —\/5
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The terminal side of the angle lies in the i)
fourth quadrant. So, the sine and tangent

T T
values for — g and g are the same but of

opposite sign, and the cosine values will be
exactly the same. So:

i ( 71') T 1
sin|——|[=—-sin—=-—
6 6 2

( n) T 3
cos|——|=cos—=—
6 6 2
( n) T J3
tan|——|=—-tan—=——
6 3
The values of the other three functions are:

NG

o

yNE)

( ”) 1
seC|—— | = =
6 ( n) 3
COoS| — —
6

-2

s

The terminal side of the angle lies in the

7T T
third quadrant, and — = 7+ —. So, the

. . 7T T
sine and cosine values for ? and g are

the same but of opposite sign, and the

tangent values will be exactly the same. So: 0

7 4 3
tan — =tan — = —
6 6

The values of the other three functions are:
77 1

The terminal side of the angle lies in the
fourth quadrant. So, the sine and tangent
values for —60° and 60° are the same but of
opposite sign, and the cosine values will be
exactly the same. So:

J3

sin (=60°) = — sin 60" = — ~

cos (—60°) = cos60° = %

tan (—60°) =—tan60° = —/3

The values of the other three functions are:

1 J3

C0t<—60 ) = M= —?
) 1
sec(—60 ) = W: 2
csc (—60°) = ! = - 23
sin (—60°) 3

The terminal side of the angle lies on the

. . . 3r
positive y-axis. So, sin (— 7) =1,
3n .
cos (— 7) = 0, and the tangent value is
3m
not defined. cot (— 7) =0,

csc (— 37”) =1, and the secant is not
defined.
The terminal side of the angle lies in the

51 T
fourth quadrant, and — = 27w — —. So, the

RY/1 /4
sine and tangent values for 3 and 3 are

the same but of opposite sign, and the
cosine values will be exactly the same. So:

. 51 /4 \@
sSiInn—=—Smmm—=——-
3 2
5m T 1
COS— =COS — = —
3 3 2

5m T
tan—=—tan—=—\/§
3 3

The values of the other three functions are:

5m 1 J3

cot— = =—-—
5r
tan — 3




)

m)

sec > = ! =2
= T
Ccos —
3
57 1 23
csc— = =—
. 51 3
sin —

The terminal side of the angle lies in the
second quadrant, and —210° = —180° — 30".
So, the sine value for —210" and 30° will

be exactly the same, and the cosine and
tangent values are the same but of opposite
sign. So:

sin (=210°) = sin 30" = %

cos (—210°) =—c0s30° =— ?
tan (—210°) =—tan 30" = — g
The values of the other three functions are:
oY
cot(-210°) = o (210) J3
sec (—210°) = ! —~=- 23
cos (-210°) 3
o\ 1 _
csc (-210°) = (0] 2

The terminal side of the angle lies in the
fourth quadrant. So, the sine and tangent

V4 T
values for — Z and Z are the same but of

opposite sign, and the cosine values will be
exactly the same. So:

) ( n) T J2
sin|——|=—-sin—=—-—
4 4 2

The values of the other three functions are:

T 1
cot| ——|=——F——=-1
4 b4
tan| — —
4

5

ey

D)o
4

n) The terminal side of the angle lies on the
negative x-axis. So, sin (1) = 0,
cos(m) = —1,andtan () = 0. The
cotangent and cosecant are not defined, and
sec () = —1.

T
o) Since 425w =41+ 2 the terminal sides of

T
42571 and Z are the same. So:

. . T
sin (4.257) = sin i
T
cos (4.257) = cos " =

T
tan (4.257) = tan i 1

The values of the other three functions are:

cot(4.251) = ——=1
( ) tan (4.257)
sec(4.25m) = —— =
( ) cos (4.257)
csc(4.25m) = ———— =
( ) sin (4.257)

From cosine, we can immediately determine
17

the secant: sec 6 = S 0 is an angle in the first

quadrant. It follows from the definition

x
cos O = — that, with 6 in standard position,
r

there must be a point on the terminal side of
the angle that is 17 units from the origin

(i.e. r = 17) and which has an x-coordinate of 8.
Using Pythagoras’ theorem:

| y|=+V17> — 8> =15. Because 0 is in the first
quadrant, the y-coordinate of the point must be

15
positive; thus, y = 15. Therefore, sin 8 = —,

17 8
cscO=—,tan O = E,and cot = —.
15 8 15
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When the sine and tangent are negative, then 6
is an angle in the fourth quadrant. It follows
y

from the definition tan @ = = that, with Oin
x

standard position, there must be a point on the
terminal side of the angle which has an
x-coordinate of 5 and a y-coordinate of —6.
Using Pythagoras’ theorem:

r=1/5+(-6)" = J6l.

—6 6761
Therefore, sin 6 = =_ =

o 5 _ 5\61

cos 0= T el

If sin 6 = 0, then the cotangent and cosecant
are not defined. The terminal side of the angle
lies on the negative x-axis, so cos 8 = —1, and
sec 8 =—1. And tan 6 = 0.

and

5

From secant, we can immediately determine

1
the cosine: cos 0 = > Ois an angle in the
fourth quadrant. It follows from the definition

X
cos O = — that, with 6in standard position,
r

there must be a point on the terminal side of the
angle that is 2 units from the origin (ie.7 = 2)

and which has an x-coordinate of 1. Using
Pythagoras theorem: | y |= /22 =1 = /3.
Because @ is in the fourth quadrant, the
y-coordinate of the point must be negative; thus,

3
y = —/3. Therefore, sin 6 = — %’
csc O = —&,tan 0 =—3,and
3
J3
cot =——.
150" is in the second quadrant. Using

the identity sin (180° - 9) =sin 0,
we have: 180° —150° = 30°; therefore,
sin 150° = sin 30°.

ii) 95isin the second quadrant. Using the
identity sin (180" — 6) = sin 6,
we have: 180" — 95" = 85°; therefore,
sin 95° = sin 85°.

11

12

b) i) 315 isin the fourth quadrant. Using
the identity cos (360° - 9) = cos 6,
we have: 360" — 315" = 45°; therefore,

cos 315° = cos 45°.

ii) 353’is in the fourth quadrant. Using
the identity cos (360° - 0) = cos 6,
we have: 360° — 353" = 7°; therefore,
cos 353° = cos 7°.

240" is in the third quadrant. Using
the identity tan (0 - 180”) = tan 0,
we have: 240° — 180" = 60°; therefore,
tan 240° = tan 60°.

ii) 200’ is in the third quadrant. Using
the identity tan (9— 180°) =tan 0,
we have: 200" —180° = 20°; therefore,
tan 200° = tan 20°.

For each triangle in parts a—c, we are given a
pair of sides and the included angle (SAS).

a) Area= %(4)(6) $in(60°)
=12 (?) = 6/3 units>

1
b) Area= 5 (8)(23) sin(105°)
=925in(105") = 88.9 units?

c) Area= %(30)(90) sin(45°)

J2
= 1350 — = 675+/2 units?
In the triangle given: AB = ¢ =12 cm, and
AC = b =15 cm. The formula for area is:

1 _
A= 5 be sin A ; hence:

43=112-15sinA:>sinA:£
2 90

. (43 .
=sin | —|=28.5".
90

There are two triangles possible with the given
area and given sides: one has an acute angle

A = 28.5°, and the other an obtuse angle

A = 180" — 28.540... = 151",
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a) The formula for the area of a sector is
1
A= 5 r*0, where @is in radians.

120° in radian measure is:

. i ( T ) 120° 27
1200 =120 | — |=——m = —.
180° 180° 3

1 27
Therefore, A = 5 15% 5 =757 = 236 cm?.

b) For triangle AOB we are given a pair of sides
and the included angle, so:

1 2253

A= ElS-lSSin120° =—§

~225\3
4

=~97.4cm’.

For parts a and b, the area of the shaded region
(segment) can be found by subtracting the area
of the triangle from the area of the sector.

a) Area of the sector:

1 1 r 507
A, =—r'0==-10"-=="= cm?

2 2 3
Area of the triangle:

1 T J3
A, ==10-10sin— =50 —
« 2 3 2
=253 em’

Asegment = Asector - Atriangle

50
- Tﬂ — 253 = 9.06 cm’.

b) Firstly, we need to convert the degrees to

radian measure:
. (7 135° 3
135 =135 | — |=—m = —
180° 180° 4
Area of the sector:

sector

1 1 3
A =—7r0=—-12 "= =541 cm?
2 2 4

15

16

© O

Area of the triangle:
1

triangle

A 12-12 sin 135°

J2
= 727 =362 cm?

A - A

segment — * sector

=547 — 3632 =119 cm?

triangle

Triangles ABD and BCD are congruent.

For area, it holds:

1 1
A=A, +Ay, = Eabsin 9+Eabsin 0

=absin 0

Method I:

Triangle ABC is equilateral; hence, angle
DBC = 180" — 60° = 120". Triangle BDC is

~ 180" —120°

isosceles; hence, D = = 30°". Finally,

we can deduce that the shaded angle in Cis 90,
and ADC is a right triangle.
y N3 _y

sin60°=—:>—:—:>y:x\/§
2x 2 2x

(Note: We can find y using a Pythagorean

identity: y =/(2x)’ —x* =/3x? = x/3)

Method II:

Using a Pythagorean identity, or an appropriate
trigonometric value for an angle of 60°, we can
determine the sides EB and EC. Now, we can
determine y using a Pythagorean identity:
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\/(x\/gf (3x)2 [3x*  9x?
Y=i\l—75"| Tl5] =yt
2 2 4 4
=3x% = x\/3
17 We will find the area of all triangles:
1
Ape = 5 xh sin 8

1
A = B xf sin 6

1
Ap = 5 hf sin 20

Since A, + Ajy = Apyg > we have:

1 1 1

— xh sin O+ — xf sin 0= — hf sin20 =
2 2 2

xsin (h+ f) = hf sin 20

Finally, using the double angle formula for sine,

we have:
x sin 0-(h+ f)=2hf sin 6 cos 0 =
x(h+f):2hfc059=>x=Lcose
h+f

The right triangle on the diagram has

hypotenuse r and the leg opposite angle 6 is
x = The angle 6 = 00 :m_ @ Hence,
2 2 n

X . - (180°
—=sin0=>x=rsin| — |=
r n

S . (180°
—=rsin| —
2 n

and, finally, s = 2r sin (ﬂ)
n

1
19 a) A:56~85inx:24sinx

b) Domain: 0° < x <180’

For 0° < x <180°, 0 < sin x < 1, then
0 < 24 sin x < 24, and the range of the
functionis: 0 < A < 24.

c) From the range, we can see that A = 24.
So, we have to solve the equation
24sinx =24 = sinx =1= x =90".
Hence, the maximum point is: (90", 24),
and the triangle is a right triangle. So, a
right triangle gives a maximum area. A
geometrical reason for that is the fact that,
in a right triangle, the height of a leg equals
the other leg, while in the other types of
triangles, the height is shorter than the side.

20 a) A

o]

3
" [6~.B

From the diagram, we can see that
L(6) = AB+ BC.

3
— =sin@ = AB=3csc O
AB

2
— =cos0=CB=2secO
CB

Hence: L(60) =3 csc O+ 2sec 0



b) #tLant,
Flakl Flokz Flobz T OO0 1734, 255615
WM BZssindEI+20) | BEmin=E —J o
-y ¥max=1.57O7963.. g (1-tant. 5182
~Mz=l wecl=0 DEATPEYL 1742, 133856
WM Ymin=-1
wMy= “max=26
xEsf ;5&13%
. FEES 22 a) Forangles0 <6< E, the cosines
. . 2 T
are positive (notice that we exclude )
when cosine is 0 and hence the secant is
not defined). So,
cos 0= +J1—sin? 0 = V1 - x2. Hence,
V) sec O = 2,where0<x<l.

Hinirmurm

n=BEEPTell -Y=F0EEEEY

1-x
b) Forangles0< < > the sines are positive

T
(notice that we exclude ) when the tangent

is not defined). So,

The minimum value of function L is 7.02 m.
This is the length of the longest rod that can be
carried around the corner.

1=/ s+ 2 A oostid

sinB:y:}sinﬂ
cos 8

Pythagorean identity for sine and cosine, we

= cos f3. Using the

H=.BEEYEE0P ~Y=F . ZRI0EYY -

If we take a longer rod, for example, an 8 m rod,
then for an angle of 0.561 we will be stuck in the
corridor, and we can’t enlarge the angle, because
a larger angle will demand a rod shorter than

8 metres.

21 From the drawing, we have:

.
— = tan
383500 + r (

r = (383500 + 1) tan(

Hence,

0.5182")
=

0.5182°)

.5182° . °
r—rtan(osz8 )=383500tan(05282)

383500 tan (

0.5182°

) = 1740 km

=r=

2
(0.5182")
1—tan
2

23

have:
. ﬁ 2
sin
sin® B+ cos® f=1= sin’ ﬁ+[—) =1
Y

= y’sin’ B+sin’ f=y’

2 41
sin o2 o2
y +1

sinzﬂ:—y
y2+1 4/)/24,-1

OA
From right triangle OAP: cos 6 = Eu OA

Finally:

PB
From right triangle OBP: tan 6 = T PB

From right triangle OBP:

1
— =cos 6 = sec 6= OB
OB
In right triangle OPC, the angle in O is 90" — 0,
so the angle in Cis 6.
From right triangle OPC:

-~ CP

cot0=c0tP:T=CP
From right triangle OPC:

1
— =sin 0@ = csc 6=0C
oC
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Exercise 8.3 and 8.4

1  Three angles (AAA) are given and no side. The 6
sum of the angles equals 180°; hence, there are
infinitely many triangles.

2 Two sides and their included angle (SAS) are
given; therefore, there is one unique triangle.

Three sides (SSS) are given. The sum of the two
sides is greater than the third, so there is one
triangle.

C
V\m
A 23 ¢cm B

In questions 7-20, the diagrams are not drawn to

scale.
7 AASis given.
3 Two sides and a non-included angle (SSA) The third angle is ACB = 180° — 37° — 28° = 115"
are given; so, no triangle, one triangle, or two c
triangles are possible. In this case, one side is
half the other and the angle opposite the shorter 14
side is 30°; therefore, there is only one triangle
. 37 28°
possible. y 5

14(j:‘|||||

14 7 cm B

Possible position of the Actual position of the
given elements. given elements (half of an

Using the law of sines:

14 BC 14 sin 37°
= = 13(: =— =179
sin 28°  sin 37° sin 28°
14 AB 14 sin115°
- _oap= sy ooy
sin 28°  sin115° sin 28°

Therefore, ACB = 115°, BC = 17.9 and AB = 27.0.

equilateral triangle).

4 Two angles and a side (ASA) are given; therefore,
there is one triangle.

8

5 Two sides and a non-included angle (SSA)
are given; so, no triangle, one triangle, or two
triangles are possible. In this case, triangles ABC
and ABC’ have the given elements. Therefore,
there are two distinct triangles.

C i //
(:71 P - /
7 cm m K
250 250 /
B A B

14 12 cm 12 cm

lop—ar—2 ] 115
13 ld#=intEVr-sincz
ld#=intIvr-sint| 22
=0 17.94652291
17.94635291 %g?Sih'ﬁ 1150s2ing
27 BZ2e7E932
AAS is given.
The third angle is BAC = 180° — 68" — 47" = 65",
C
A
68°
A B
Using the law of sines:
23 _ AB  AB = 23 sin 47 ~18.1
sin 68°  sin 47° sin 68"
23 _ BC — BC = 23sin 65 25
sin 68" sin 65° sin 68"



Therefore, BAC = 65°, AB = 18.1 and BC = 22.5.

126-55-47 ] =]

] o B E3#sinid i sindg
Faksincdyrssinigl B2

18, 14217866

12. 14217366 %%*51ni65}f51ni6

22.48214283

9 AASisgiven.
The third angle is ABC = 180" — 18" —51° = 111",

Using the law of sines:

4.7 AB . ‘

sin111°  sin51° sinl11
4.7 BC 47sin18°
- — BC =" 56
sinl111° sin18° sin111°

Therefore, ABC = 111°, AB = 3.91 and BC = 1.56.

~hEmal 111
??SihﬂEI?fSihﬂ 1
J.912449228

FHsintSlr sing

1
I.912449228
T?SihﬂlE}fSihﬁ

1.33578343

[y ]

4.
11
] 11

10 ASA is given.
The third angle is BAC = 180" —112° — 25" = 43",
c

@ 240

4 B

Using the law of sines:

240  AB _240sin 112 - 326
sin43° sinl112° sin 43°
240 AC 240 sin 25°
= C=""" 2149
sin 43°  sin 25° sin 43°

Therefore, BAC = 43°, AB = 326 and AC = 149.

© O

I56-112-25 ] 43

) A3 BdBsincll2issing
ARz incllZys=ing| @432

3 326 2824929

326, 2824929 %?EElniESb351ni4

142, 7223266

11 SAS s given.

5968

A B

Using the law of cosines, we can find the
third side:

AB =/59? + 682 —2-58-68 cos 71° ~ 74.1

L
492641129
L A=
rd. 11235476
hs=*C
rd. 11235476

We use the law of sines to solve for one of
the other angles, say ABC:
sin ABC  sin71
= =
59 AB
59 sin 71°
_ =

sin ABC =
_ 59 sin 71°
ABC =sin™ | 22" | < 48.8°
AB

Then, BAC ~ 180° — 71° — 48.8° = 60.2".
Therefore, AB = 74.1, ABC =~ 48.8° and

BAC = 60.2°.

Dk=inl71l 2 HAns
_ L ra2r 165495
in 1 An=

48, 82624494
186-71-HAns
EH. 17375586
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Note: We can solve for any angle using the law

, A clZe+ige-140- 72
of cosines. For example, ABC: k] 21 G o
cos ABC = S8 T AB =59 oS e ) e
BEAL 180-F8 erae3es
ABC = cos™ 68 +AB -5 ) 48.8° )
2-68-AB R ~
TEE TS T ThAerefore, BAC = 75.5°, ABC = 57.9° and
LR ACB = 46.6°.
 BSE3447 395
oS 1CARS Note: We can solve for angles first using the law
48. 82624474 of cosines, then the law of sines. However, we
have to be careful not to find the wrong angle

using the law of sines. It is best to use the law

of cosines to find the largest angle in a triangle
C (opposite the largest side, in this case angle
BAC ), and then the law of sines to solve for any

12 SSSis given.

" N other angle (those angles should be acute!).
So, after finding BAC =~ 75.5°, we can use the law
4 12 B of sines:
We use the law of cosines to solve for any two sin ABC _sin BAC
angles. 14 16 -
Solve for BAC: sin ABC = S BAC e 579
2 2 1p2
cosBAc=12 116 1 Ry
2-12-14 4 o="1CHn= 1 +A
- (1 . 7oL 52248781
BAC =cos [—|[=755 ld#=intAX~ 16
4 ] 247215187
- in1CAN=
Solve for ABC: a7. 918842874
2 2 142
cosA]?Cz—12 rle -4 zz:
2-12-16 32 13 SSSis given. c
~ 1
ABC = cos™ (3—;) =57.9°
Solve for ACB: y N
ACB = 180" - 75.5" =57.9" = 46.6°
A 26 B
clZE+14e-1a20 02 CosTCHRS 2+
k14 L5l [e1ze +TE : ?%E%?ﬁ?é We use the law of cosines to solve for any two
zos"1CHRs 2 +H 12#182 angles.
Fo. 22248781 . :l_}éSSIES ~
o= 1CAR= .
5991 AA4ET4 Solve for the largest angle BAC :
_ 2 2 2 _422
cos BAC = 6 +37 =0.146 04... =

2-26-37
BAC = cos™ (0.146 04...) = 81.6°




Solve for ABC:
S 26 +42°-37° =
cos ABC = —————"—=0.49038... = ABC = cos ' (0.490 38...) = 60.6’
2:26-42
Solve for ACB:

ACB ~ 180" — 81.6" — 60.6° = 37.8°

[AGe+ire—d2a0 " (F Eas-TCHR=+H
2Rk 21.68191893 2
J4ER49895[ [M2EEHL 23V Ea 02 A3 E45154
o= 10 ARs 2+AH 2EHd 20 oz 1 ARs 2 3E
21.68131593 A3 E45154 EH. 63413554
as- 1 ARs 2 3+E 126-A-E
BH. 63413554 37.FE394543

Therefore, BAC = 81.6°, ABC = 60.6° and ACB = 37.8°.

Note: As with question 12, we could have used the law of cosines first, and then the law of sines.

So, after finding BAC = 81.6°, we can use the law of sines:

sin ABC _ sin BAC

37 42

rE1ntHy G
A7 15AG1 268

=1 1C AN
&8, 63413564

37 sin BAC

= sin ABC = = ABC = 60.6°

14 SSA is given.

C
28 14 The given angle is opposite the shorter side, so we have the ambiguous
case.
43° (Hint: The ambiguous case means there may be none, one or two
A B triangles. The number of triangles depends on the length of the side

opposite the given angle.)

Solve for CAB using the law of sines:

sin CAB  sin 43° . 34 sin 43° CAB = sin™ (0.828 14...) =~ 55.9°
= = sinCAB=—— = R
34 28 28 CAB =180" —sin™ (0.82814...) =~ 124.1°

de1nlds)o08

)  32214A3553
in 1 An=2

55. 90325894

n=-+H
55.90323894
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So, there are two possible triangles.

Triangle 1:
A triangle with angles CAB = 55.9° and BCA = 180° —55.9" — 43" = 81.1°; and the third side:
ABA _ 28 s AB= 28 sin BCA - 406.
sin BCA  sin 43" sin 43°
15-A-4.3
21.68917e9088
Rn=-+C
. =21.8917Ve906
LEsiniCr-sincd3)
46, 2852673
Triangle 2:
A triangle with angles CAB = 124.1° and BCA = 180° —124.1° — 43" = 12.9°; and the third side:
ABA _ 28 AR = 28 sin BCA ~ 917,
sin BCA  sin 43’ sin 43°
=B—H 15B-Ans—4.5
124.68917691 12.98323894
128-Anz—4.3 Hh=+C
12.982323894 C1Z2.968823634
22s1iniCrszingd3)
2.171464356

Therefore, the solutions are:
Triangle 1 with: CAB = 55.9°, BCA = 81.1°, AB = 40.6.
Triangle 2 with: CAB = 124.1°, BCA = 12.9°, AB = 9.17.

15 C
SSA is given.
0.55 051 The given angle is opposite the shorter side, so we have the
ambiguous case.
62°
A B
Solve for ABC using the law of sines:
sin ABC  sin62 . - 0.55sin62’ ABC =sin™ (0.95219...) = 72.2°
= = sinABC=——7—= _
0.55 0.51 0.51 ABC =180 —sin™" (0.95219...) = 107.8°
s oosIntEZ Y L O
] 9021983245
in1CHRs;
r2.21293551
h=+E

=
T2, 21293351




So, there are two possible triangles.

Triangle 1: . . 021985845
i t - . = inr1CARS 2
A triangle with angles ABC = 72.2° and . EF"E. 21293331
A e S e e qe. Cdide.  ARs®
ABA _ 051 s AB= 0.51sin BCA _ 0.414. 45. 7avac449
sin BCA  sin 62° sin 62°
Triangle 2:
A triangle with angles ABC = 107.8° and BCA = 180° —107.8" — 62° = 10.2°;and the third side:
ABA _ 0.51 — AB = 0.51sin BCA ~ 0.102.
sin BCA  sin 62° sin 62°
=T 15n-E
1687, Yavdeds 167, Ya7deds
186-Ans-62 188-Ans-62
18. 21293331 168, 212933351

colsintAnsY~sind
1824143874

Therefore, the solutions are:
Triangle 1 with: ABC = 72.2°, BCA =~ 45.8°, AB =~ 0.414.
Triangle 2 with: ABC = 107.8°, BCA = 10.2°, AB = 0.102.

D C
We can find the shorter diagonal BD from triangle ABD,
14 cm where SAS is given.
i Use the law of cosines:
A 18 cm B BD =/18> +14> =218 14 cos 37" ~10.8 cm
B ¢ We can find the longer diagonal AC from triangle ABC,
where SAS is given.
ten 14 cm First determine angle ABC: ABC = 180° — 37" = 143’
1439 Use the law of cosines:
A 8em B AC =18 +14’ ~2-18-14 cos 143" = 30.4 cm
SSS is given. ¢
Method I:
Use the law of cosines to solve for any angle: 8 8
- 8 +10°-8" 5 - 5
cos BAC= ——— == = BAC = cos ' (—) =51.3°
2-8-10 8 8

Angle ABC = BAC = 51.3",and ACB =~ 180" —2-51.3° = 77.4", A 10 B
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Method II:
The altitude CD divides an isosceles triangle into two right-angled
triangles, as shown.

8 8 The angle BAC is adjacent to leg AD, so using right triangle ADC we
have:

~ 5 - 5
3 cos BAC = g = BAC = cos™ (g) =51.3",

ABC = BAC = 51.3°, and ACB =~ 180° —2-51.3° = 77.4".
18 F

SSA is given.
24 18 ~
Firstly, we will determine two possible measures of DEF using the

p/ 4 law of sines:

18
24.sn143°)

- 24 - sin 43°
R o DEF = sin” (—) .
sin DEF _ sin 43 s sin DEF = 24 -sin 43

24 18 18

Lﬂﬂ?=180°—snfl( ~114.6°

So, angle DFE = 180" — 43" — DEF = 71.6", or DFE = 180° — 43" — DEF = 22.4".

Ad=1ntga)s10 Ads1nldsrs1 1:2k—H
] L FEASEE1 1468 ] LFE9EE31 1458 114.586915
=in- 1 AR=s 2 *H = in-1CAR=s 2+A 180—-43-An=
&5.4138584 55. 413834 22.4138584
126-43-An=
Fl.586916

19 In triangle ACB, SAS is given (the angle ACB = 180° — 45° = 145°).

R 300m 4B We can find side AB using the law of cosines:

C AB = /500% + 300 — 2-500 - 300 cos 135° ~ 743

500m AR E+ 300 E — 2+ oEE+
EERCOsC 1350

So2132.8344

An=
7438558757

Therefore, the distance between points A
and B is approximately 743 m.

In the triangle, SSS is given, so we can determine all the angles. The
smallest angle in the triangle is the angle opposite the shortest side,
i.e. the angle opposite the side of 4. Using the law of cosines, we

have:
' 497 —4° 101
R T e Tk cos@zL:>9:cos_1 (l):ZO.T’.
= 2:6-9 108
L A3513851852
—o="1CHn=2
Z2A.74191643




21 SAA is given, so we can determine all the other elements of the triangle.

1
To use the area formula, A = 5 ab sin C, we need to know two sides and the included angle. Therefore,

we will determine side RP using the law of sines: %55 intEZr s1nt 46
RP 15 15 sin 62° 28. 60433912
- - = — . :>RP=LOz20.6cm 1241 5+Ans*sint s
sin 62 sin 40 sin 40

1531. 135268366

1
Hence, A = 5 15-20.6 sin 78" = 151 cm?2.

22 When BCs given, triangle ABC is determined by SSA.
BC
a) One triangle is possible when BC =5 and = sin 36" = BC = 55in 36",

36° 36°

b) Two triangles are possible when 5 sin 36" < BC < 5.
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c) No triangle is possible when BC < 5 sin 36"

23 When BCis given, triangle ABC is determined by SSA.
BC
a) One triangle is possible when BC = 10 and To - sin 60° = BC = 10sin 60° = 5/3.




¢) No triangle is possible when BC < 5v/3.

In triangles ABC and ACD, we are given SAS, so we can solve for
the third side.

First determine angle A in the shaded right triangle:
A =90 -8 =82".

So, angle ABC equals: ABC = 180° — 82° = 98",

Using the law of cosines, we have:

x = /352 +50% — 2-35-50 cos 98° ~ 64.9 m

In triangle ACD, angle DAC equals angle A (vertically opposite
angles) so: DAC = 82°.

Using the law of cosines, we have: y = V352 +50° = 2-35-50 cos 82° = 56.9m

SE+SHE-FRI5+0HC THNR=
o= 930 &d . QAT IE47
4212, 185853 SE+5EZ-24354+500C

I CAns SCE2
6d . 9EEV 3847 ¢ 3237894147

ns
a6, 969249554

Therefore, the lengths of the supporting wires are approximately 64.9 m (x) and 56.9 m ().
25 a) The largest angle is opposite the largest side, so side x + 2. We will use the law of cosines to find x:

(x+2)" =x" +(x—2)" —2x (x — 2) cos 120°

-1
x2+4x+4=x2+x2—4x+4—2x(x—2)7

-1
x’+dax+4=x"+x° —4x+4—2x(x—2)? =2x’-10x=0=x, =0,x, =5
Since the side has to be positive, the only possibility is x = 5.

b) The sides adjacent to the angle of 120" are x — 2 = 3 and x = 5. Hence, the area is:
15 3 153

1
A=>3.55n120" = — .~ =
2 2 2 4
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¢) Denote the angles and sides as: A =120,a=x+2=7,B,b=x =5,C,c = x — 2 = 3. Using the sine
rule, we will express sin B and sin C:

s J3
sinB sin A sin B sin 120° . 2 573
= = =>sinB=—=—=——
b a 5 7 7 14
)
sinC _sinA _ sinc _ sin120° _ 5 33
= = = sinB=—==——
c a 3 7 7 14

V3 5\/5+3\/§_15\/§

Hence: sin A +sin B +sinC = — + =
2 14 14 14

6'+7' -8 1
26 Using the law of cosines, we can find any angle: cos® A = e 1

Using the Pythagorean identity for sine and cosine, we can find the sine of the angle.

sin A =,[1- — (Notlce that the sine of an angle in a triangle is always positive.)

15 _ 2115
Hence, the areais: A = — 6 — .
2 4 4
a+b ¢
27 a) Ifc® >a*+b° then 0> a’ +b> -’ Since b and c are positive, then 0 > T So,
a
0 > cos C and C is an obtuse angle; hence, the triangle is obtuse.
a’+b’ - ¢
b) If ¢’ <a’+b’ then0<a’+b’—c’. Since b and c are positive, then 0 < Y So,
a

0 < cos C and C s an acute angle. Angle C is the largest angle in the triangle; hence, all angles are
acute, and the triangle is acute.

28 In the triangle, SSA is given. We will use the law of sines to firstly find
F the angles and then the side.
Using the law of sines, we have:
15.1 -
sin F sin43.6° ~  19.3sin43.6°
= =sinF=——-——
o \ 19.3 15.1 15.1
D 193 E

There are two possible solutions for the angle: F, = 61.8° or
F,=180—F ~118".
In the first case, F, = 61.8°, then E, = 180° — 43.6" — F, = 74.6", and DF :

DF 15.1 15.1sin E,
= - = DF=—— 1 ~21.1.
sin E,  sin43.6 sin 43.6
In the second case, 132 = 118’, then Ez =180" —43.6" — 132 = 18.2°, and DF:
DF 15.1 15.1sin E
_ = 5 pF=-2"0" gy
sin E, sin43.6 sin 43.6

. E—Hn= 21. 18834878 150-43. 6-Ans

r4.5341 3673 188-F 18, 215386322
118. 1841368 Ans+E

4. 22413678 18E8-43, 6—Ans 18, 21586322

15é%51niE}f51ni4 15. EISEESEE%Sé%51niE}f51Hi4

Arn==+E .
21. 188345875 18. 21586322 5. 244535037

13, 3#=incdi. el 1
|

2214342513
=im1iARs
&l.81586322

ns+E




1 1 4
29 a) A:EZY-WZ-sin9=112=>520-WZ§=112:>WZ=14

2
b) cosf= 1—(é) _3
5 5

3
WY:\/202+142—2~20-14E =260 = 265

¢) From triangle XYW: WY = Vx? + 9x* — 2-3x” cos 120° = \/13x>
Hence: V13x” = /260 = x* =20 = x = 2.5
d) We will determine angles ZYW and XYW,

Using the cosine rule in triangle ZYW, we have:

20° +4-65—147

cos ZYW = =0.7194... = ZYW = 44.0°

2-20-265
ZH+A - CHE+EBE-CE - 2HER
[ CESa+B . r19dB8 146686
16. 1245155 c0=-1{AR=2
14=C 4399491399
14|An=+5
d43.99491399

Using the cosine rule in triangle XYW, we have:

4-65+180-20

=0.9707... = XYW = 13.9°
22465 65

cos XYW =

.1

+B  IPET 233434

41648786 cos-1CARs 2
2

13.89788625
13.89788625

135955 Ans+Y

So: XYZ =ZYW + XYW = 57.9°

. Ardr2o3dEd
o= 1 ARS 2

13.897885625
A=Y

13.897885625

o7 . 39288024

30 Using the law of sines and the double angle formula for sine, we have:

sin 26 _sin 0 - 2 sin O cos O _sin 0
15 12 15

31 a) RS=RP-PS=¢q—-PS

5
:>c059:§:>9=51.3°

PS PS
From right triangle PSQ, we have: cos P = — = — = PS =r cos P.
r

Hence, RS = g —r cos P.
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b) In triangle SRQ, we have: p* = SR* + SQ’. Since, from triangle PSQ, SQ = r sin P, we have:

P’ Z(q—rcosP)2+(rsinP)2 =q’> —2qrcos P+r’ cos’ P+r’ sin P

p’=q° —2qrcosP+r’ (cos2 P +sin P)
Using the Pythagorean identity for sine and cosine, we have the cosine rule:
p’=q" —2qrcosP+r*-1=q*+r’—2qrcos P.
) Using the cosine rule for angle PQR, we have:
2 2 2 2 2 2
ro+pt— 1 +p -
pP-q9  1_Tr*p—4q
2rp 2 2rp
Hence, we have to solve the equation for p. This is a quadratic equation in p:

rt r2—4(r2—q2) B rim

2 2

cos PQR = =S>mp=r+p —-q

promptr-q =0=p,=
1
Hence, pza(ri«/4q2—3r2).

32 a) Starting from the formula for area, we have:

4A = 2absin C = 16A” = 4a’b” sin’ C = 16A° = 4a’b’ (1 - cos’ C)
= 16A* = 4a’b* — 4a°b* cos’ C
a+b* - ((12+bz—c2)2
Using the cosine formula, we have: cosC = ——— = cos’ C = —
2ab 4a’b

Finally, we have:
(a2 +b* - cz)2
4a’b’
b) Using the difference of squares, we will transform the expression for 16 A”:
4a’b’ — (a2 +b' - cz)z = (Zab - (a2 +b* - cz)) (Zab + (az +b' - cz))
= (- (a* —2ab+b*)+*)((a® +2ab+b*) - )
= (c2 —(a- b)z) ((a +b)’ — cz) Use the difference of squares formula.
=(c—(a=b)(c+(a=b)((a+b)—c)((a+b)+c)
So: 16A* =(c—a+b)(c+a-b)(a+b—c)(a+b+c)

16A° = 4a’b’ — 4a’b’ =4a’b’ —(a’ +b° - cz)2

Now, we will introduce s into the formula. It holds that:
2s=a+b+c
2s—2a=-a+b+c
2s=2b=a-b+c
2s—2c=a+b-c
Therefore: 16A> = (25 — 2a) (25 — 2b) (25 — 2¢) (25)
c) Factorizing the right side of the equation:
16A2 =2 (s —a)(s=b)(s—c)s = A =Js(s—a)(s=b)(s—c¢)




Exercise 8.5
1 a) m=tan70 = 2.75
b) The line goes through the origin, so ¢ = 0.
y=mx+c=tan70"x = x tan 70°
2 a) m=tan(-20") = —0.364
b) The line goes through the origin, so ¢ = 0.
y = mx = tan (—20°) x = x tan(=20°)
3 a) The angle with the positive x-axis is 8 = —45, so: m = tan(—45") = —1.
b) The line goes through the point (0, 2), so c = 2.
y=mx+c=-x+2
4 a) The angle with the positive x-axis is 8 = 90" — 68" = 22", so: m = tan(22") = 0.404.

3 3
b) The line goes through the point (0, - E) ,$0 ¢ =— 5

y:mx+c:tan(22°)x—5:xtan22°x—5

For questions 5-7, we are asked to find the acute angle that a line through two given points makes with the
x-axis. Firstly, we will need to find the slope of each line. The slope of a line through two points (x,, y,) and

(x,, y,)is given by the formula: m = Yoo
X, T X
2-4 )
5 m=ﬁ=1:>tan9:1:>9:45
—-5-1 2 2 . . .
m= 6~ (3) =73 = tan 0= — 3 = 6 = —33.7". Therefore, the acute angle is approximately 33.7°.
1
7 m= 2-" S tanf="= 0=60.3
—-4-2

In questions 8-9, we are asked to find the acute angle between two given lines. The angle between two lines is
given by the formula: |tan_1(m1) — tan”' (m, )| .

abs L Lantll “ 2 -tan
8 Theslopesare m = -2 and m, = 1, hence: 1120
1 1 1 1 e HIEIE. 4343488
- o O U D e I . -ANs
|tan (m,)—tan~ (m, )| |tan (—2) — tan (1)| | 63.4° —45°| =108.4". B scsms11s
Therefore, the acute angle between the lines is: 6 = 180" —108.4° = 71.6".
abs L tantlt ~3)-tan
9 The slopes are m, = —3 and m, = 2, hence: (1020 135
[tan” (1m,) — tan™ (m, )| = [tan™ (=3) - tan”' (2)] = 135", 188-fns 45
Therefore, the acute angle between the lines is: 8 = 180" — 135" = 45". "

10 a) Theslope of the line is m = tan 30" = ? The line goes through the origin, so ¢ = 0. Therefore, the

J3
equation of the line is: y = 5 X.
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1
b) The equation of line L, can be written in the form 2y = —x + 6 = y = — — x + 3, so its slope is
1 .
m=— > Hence, the angle between L, and L, is:
J3 1 1
tan”' | — [—tan™ (— —) = ‘30° —tan™ (— —)‘ = 56.6".
3 2 2
Method I:

Angle DCA = 180° — 40" = 140" and angle CAD = 180" — 160" = 20", so, in triangle DCA, ASA is given.
We can determine side CA using the law of sines, but we notice that triangle DCA is isosceles; hence,
CA =CD =30cm.
AB

From right triangle ABC, we can determine side AB: sin 40" = 30 = AB=30sin 40" = 19.3 cm
Method II:
Angle DCA =180 — 40° = 140" and angle CAD = 180" — 160" = 20°, so, in triangle DCA, ASA is given.
We can determine side AD using the law of sines:

AD 30 30 sin 140°

= — AD =T

sin140°  sin 20° sin 20° AB
From right triangle ABD, we can determine side AB: sin 20" = D = AB= ADsin 20" =19.3cm

= 56.38

In triangle OPR, SSS is given, so we can find angle PRO using the law of cosines:
- 5°+8 -8 5 - 5
cos PRO==————=-"—= PRO =cos ' (—) =718
2:5-8 16 16
In triangle ORS, SSS is given, so we can find angle SRO using the law of cosines:
~ . 10°+8° -8 5 5
cos SRO= —————— === SRO =cos ™' (—) =51.3
2-10-8 8 8
In triangle PRS, SAS is given. Angle PRS = PRO + ORS = 123°; therefore:

1 _
A= 3 5-10-sin(PRS) = 20.9 cm?.

o=l S-S 16 0 +H
vl.79E84314

—os"105-30 B
S1.31721255

%HE*S*IB*51hiH+B

28,94 183535

Note: Triangles OPR and PRS are isosceles, so we can determine angles PRO and SRO as the adjacent
angle to the leg (one-half of the chord) and the hypotenuse (radius) in a right triangle formed inside
those isosceles triangles.

We will determine FG as a side of triangle FGB, where F BG = 78 +44° = 122,

Side BG is in triangle AGB, where ASA is given. So, using the law of sines, we can find BG:

BG 250 250 sin 81°
= - = BG="——"— ~301436m
sin 81 sin(180° — 81° — 44") sin 55
Side FB is in triangle ABF, where ASA is given. So, using the law of sines, we can find FB:
FB 250 250 sin 35°
- = - - — = FB=————=155.778m
sin35°  sin(180° —35° —78") sin 67°
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Now, in triangle FGB, SAS is given, so we can determine FG using the law of cosines:

FG = FB* + BG* —2-FB-BG cos 122° ~ 406 m

e e s e e FEE—Z#AFECoE 01
_ 55 301, 436207 220
PSRz inC S d siniD| [1BA-35-78 164597, 3442
FEC _ 67| FeAns
301, 436207 PSOsin(35) sinie 405, A7S54
180-35-75 3
&7 155, FF7E7as

Note: We can also find FG as a side of triangle FGA. Using the same method, we can find

FAG =35 +81" =116".

_ 250 sin 44 ~ 212,005 m, AF = 250 sin 78
sin 55° sin 67°

FG = JFA* + AG*—2-FA- AG cos 116’ ~ 406 m.

AG = 265.655 m, and finally:

In triangle ABO, angle AOB = 60", so SAS is given.

We can determine side x using the law of cosines:

x =225 +32—2.25-3c0s60° = 2.70

Therefore, the distance between the tips of the hands of the clock is
approximately 2.70 m.

ACB = 30° + (180° — 65°) = 145

a) In triangle ABC, SAS is given, so we can find AB using the law of

cosines: AB = /8502 + 500 — 2 - 850 - 500 - cos 145° ~ 1291.8 km

b) We can use the cosine law to find angle 6
850° + AB* — 500" .
cos 0= = 0.9750.. = 0 =12.8
2-850-AB

Therefore, the bearing from A to Bis 12.8" + 30" = 42.8".

rn=*H
1291.312385
1668779, 238 |[C85SEc+Re-SEEE b1
LAR=s2 * 2 5E+A
1291.212385 L AFSE45E312
n=+H oz 1 An=s
1291.212385 12. 82673673

16 To find CD we will determine side DB and angle DBC = 6.

In triangle ABD, SAS is given, so we can find DB using the law of cosines:

DB =+/53? +552 —2.53-55-c0s 76" ~ 66.51 cm
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55% + DB* — 53’
2-55-DB
6 =97 — ABD =~ 46.36°

cos ABD = ~ 0.6421... = 0 = 50.64°

DC =~/DB* +11* —=2-DB-11-cos 0 = 59.5

SEe+oo A5 54550 An=*A . A==+ C
R S 65,5181 1463 cos-1An=s1+E 46, 35788681
4423, 595549 (S5 -SFE b0k oH. 64219399 H2+112-2+H+11co=s
I CAR= S#H —Ar= cCa
65.5181 1453 B341612816 46, 357861 35934, 748441
An=+H os-1 An=2+E ns+C I Ans
65.5181 1453 5H. 64219399 46, 357861 a9, 45375844

Therefore, the length of tube CD must be approximately 59.5 cm.

Note: We can also solve for CD if we determine side AC and angle DAC (to find this angle, we must first
find angle CAB ). (Results: AC = 57.39 cm, DAC = 65.0°)
Triangle ABC is a right triangle with legs of 12 cm, so the area is:
1
A= 512-12 =72cm?
12 12

In right triangle ABD, for side BD, it holds that: tan 60" = 3D = BD = Nl 4+/3 cm; therefore, ABD is

1
a right triangle with legs of 12 cm and 4+/3 cm, and so the area is: A = 5 12-44/3 = 244/3 cm?,

In triangle BCD all three sides are given, so we can find one of the angles by use of the law of cosines:

o 10°+12° - (44/3)
cos DCB =
2:10-12

1 _
Therefore, the area is: A = 5 10-12 sin DCB = 34.6 cm?.

— DCB = 35.2475°

Ol = e B I B s U= E T

EasC2elBx12) . 2lEEEEEEET
B1EEEEEEEY| cos 1 ARs

—os-1CARs 33, 247 oEs99
35, 24758599 [1-2+1B8%12+=inlAn

1-2%18+12%=in{An

= 3462657939

In triangle ADC, side AD equals , /(4\/5)2 +12? = 83 cm and side AC equals V12* +12% = 12+/2 cm.

We can find one of the angles by use of the law of cosines:

_ o 10°+(8V3) —(122)

cos CDA =

2-10-8V3

— CDA ~ 89.1729...

1 ~
Therefore, the area is: A = 5 10 - 8/3 sin CDA = 69.3cm?.

Y2007 k] OHE
144337567
L H =

29, 1729779

LA

« 144337367
o="1CHn=
29, 17297724
%HE*lﬂ*BIES}*51n

ns2
59, 27421585
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Note: We can find the area of a triangle given three sides using Hero’s formula (or Heron’s formula):

A=1/s(s—a)(s=b)(s—c),where s = atbtc . For triangle BCD, we have:
TE+H T30 CHHB+C 23T
12+E 18 lpepecSiasg e DRy EE) DoE
* — — —
12 14. 46418162 1
AN TN #(0-A2¢0-BrC0-C 1199
6, 92828323 2 CAns
1199 34, 62657939

18 The sides of triangle DEF are:

DF =3’ +4*> =5cm

FE - [T Ve (T
« A ZEE4EYS
DE =4’ +6> =+/52 cm o= Ans
_ 41.96884 728
Using the law of cosines, we can find angle DEF :
- 52+45-25 -
DEF = ————— = DEF = 41.9°
2 Va2 Va5
19 From triangle ACD, we can find side AC = x: tan 58" = h =x= h -
X tan 58
. : . _h h
From triangle BCD, we can find side BC=y: tan27" = — = y = -
y tan 27

Triangle ABC is a right triangle with a right angle at A. So, from Pythagoras’ theorem, we have:

802=y2—x2=( h )2_( h )2=h2( 11 ):)
tan 27° tan 58° tan” 27° tan® 58

80° 80
h = =h= - ~43.0

( 11 ) 1
tan’ 27° tan’ 58 tan’ 27° a tan’ 58°

Therefore, the height of the building is approximately 43.0 m.

1 1
Note: To simplify the calculation, we can find and —and store the values in our GDC.

tan 27° tan 58
Then we can find h:

l<tancogl+H

5243633519
1-tantZyi+B

1. 952610586
BT BEZ=HE 2

42, 39978254
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20 We have to determine angle 6.

Using the cosine rule, we can determine the angle if we know the sides AC, AF and CF. (Note that sides
AF and CF are equal.)

Side AC is a diagonal of the base; hence: AC = 84/2.

Side AF is the height of triangle ADE. We can determine AF by finding the angles in the triangle, or the
area. Here, we will use the area.

Triangle ADE is isosceles. Side AD = 8, and AE = (4\/5)2 +10% = V132

Hence, the height on side AD is: Vv 132" — 4> = J/116 and the area is

A= 8 ;16 = 84/29. We can also find the area using side DE and its height AF; so:
2
A=sao = P2AF e 835 = J33AF = AF = 82
2 V33
Now we have all the necessary elements to find 6: *1 15 4§ Hoaos
64 -29 (A-62+23-H
2 2 2 —62-2 -, IB23VEEEDY
_2AF - AC” 33 _ _ . pos1CANs
cos 0 = T , €139 =-0.10237..= 6=95.9 a5 . 87STELTE
33
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Exercise 9.1 and 9.2
1 a),b),d) c), e)

2 ForA(3,4)and B(7, —1):
a) [AB = J(7-3) +(-1-4) = J4’ +(-5)" = a1

b) u=(4,-5)
1 4J41 —541
C) vV = ﬁ (4, —5) = (T N 41 ) = (0.62, —0.78)
441 )2 (—SJH )
d |v= + =
41 41
e) and b) A

x Vectors u and v have the same direction, but

different magnitude.
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For A(—2, 3) and B(5, 1):
a) [AB=G+27+1-3) =7 +(-2)" =53
b) u=(7,-2)

1 753 —24/53
o) V_E(Z_z)_(?, = )_(0.96,—0.27)
P \/(7@) +(—2J§) »
53 53
e) and b) A
DS oy >
v \\\
u \\
Y

Vectors u and v have the same direction, but different magnitude.
For A(3, 5) and B(0, 5):
a) [AB=G-0}+(-5=3 e) and b)

b) u=(-3,0)

0 v= %(—3, 0) = (-1,0)

d |v]=J1)+0 =1 <

For A(2, —4) and B(2, 1):
a) [AB=(@2-27+(-4-1 =J0*+ (-5 =5 e)andb)
b) u=(0,5)

c) v=é(0,5)=(0,1)

d) v[=v0'+1’ =1
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a)
<)

d)

a)
<)

PQ=(2+3,-5-1)=(5,-6)

A

b) [PQ =15 +(-6) =61

Al-1,1)

Y

For A(—1, 1) and B(x, y):

N

AB=(5-6) = (x+1,y—1)=(5,—6) = x =4,y = -5 = B(4,-5)

PQ=(7-3,8-2)=(4,6)

b) [PQ =V4*+6 =52=213

A /5(3,7)
/
- /
/
/
A
[/
- - —>
) 4

d) For A(—1,1)and B(x, y):

AB=(4,6) = (x+1,y—1)=(4,6) > x=3,y=7 = B(3,7)




Chapter 9

8 a) PQ=(7-2,7-2)=(5,5) b) |F@|:«/52+52=5ﬁ
C) A B(4,6)
Y

d) For A(—1,1) and B(x, y):
AB=(55) = (x+1,y-1)=(5,5) = x=4,y =6 = B(4,6)

9 a) PQ=(-2+6,-2+8)=(4,6) b) [PQ =V4'+6 =52=213
C) x |
/
/ /
/|

/

A /

Al-1,1) /

- '0  —t——T—T>

Y

d) For A(—1,1)and B(x, y):
AB = (4,6) = (x+1,y-1)=(4,6) = x=3,y=7 = B(3,7)

10 a=u-v,c=v+u

11 Forv = 3i-2jand A(-2,1), B(x, y) :

AB=v = (x+2,y-1)=(3,-2) =2 x+2=3,y-1=2=x=1y=-1
The terminal point is B(1, —1).

12 For v =(-3,1) and A(x, y), B(5,0) :
A—Bzv:(5—x,0—y)=(—3,1):>5—x=—3,—y:1:>x=8,y=—1
The initial point is A(8, —1).

13 Forv =(6,7)and A(-2,1), B(x, y):

AB=v = (x+2,y-1)=(6,7) = x+2=6,y—-1=7 =>x=4,y=38
The terminal point is B(4, 8).
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20

For v = 2i+7jand A(x, y), B(-3,2) :
AB=v =2(-3-x2-y9)=2,7) =2 -3-x=2,2-y=7 =5x=-5,y=-5
The initial point is A(-=5, —=5).

Foru=3i—jandv = —i+3j:

a) u+v=2i+2ju-v=4i-4j2u+3v=3i+7j2u-3v=9i-11j

b) |u+v|:m:f:Z\/E,lu—vlzx/m:ﬁzélx/E
Jul + v = /37 + (-1)* + V(=17 + 3 = V10 +10 = 2410
| —[v] = \/3° + (=1) = J(=1)? +3* =10 =10 =0

©) [2u+3v]|=[3i+7j = V3 +7% =/58; 2u—3v| =9 —11j| = V9* +11* =202
2 Jul+ 3 |v| = 2410 + 310 = 54/10; 2 [u| - 3|v| = 24/10 — 3410 = /10

For u=(1,5)andv = (3,-4):

1 1 11 1
2u—3x+v=5x-2v = 8x =2u+3v :x:§(2u+3v)=>x:§(ll,—2): P
u-—2v =2i-3j 1 4 8. 7
L. S5v=—itdj=>v=——it+—ju=—i-——j
u+3v=i+j 5 5
K Diagonals are OC and BA:
" 1 OC = OA + AC = (2i—3j) + (i +j) = 3i — 2j
ot BA =BO+O0A = —(i+j) + (2i - 3j) = i — 4
Length of the diagonals:
< "o > I0C| = /3" +(-2)" =13
N\ IBA| = JI* + (—4)! = V17
C(3,-2)
i Biz-3)
Y
PR=PQ+QR=u+v

PM =PS+-SR=v+-u
2 2
QS=QR+RS=v-u
— 1= 1 1
QN:EQSZEV_Eu
For the points A(2,0), B(8, 4), C(12,12), D(x, y) to form a parallelogram:
AD=BC = (x—2,y—0)=(12-8,12—4) =
Xx—2=4=>x=6
y—-0=8=y=8
The point is (6, 8).
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For the points A(0, 3), B(x, 2), C(5,4), D(2, y) to form a parallelogram:
AD=BC=(2-0,y-3)=(5-x,4-2)=
2=5-x=>x=3

y=-3=2=y=5
The point is (3, 5).

8 1 1 r+s=8
From 46 =r +s 4 wehavethesystem: =>13r=78=r=6,s=2

So: ( 8
46

9

Jo(s )

1

)

4 2 ) 2r+2s=4
From =r +s we have the system: =4r=10=r=
7 3 1 3r+s=7

So: (4,7) = g(z, 3)— % 2.1).

1 -1 r—s=5
=r 1+s ) we have the system: =s=r-5

From (

)

9r —4s = 46

1
S =——

2

N | G

—r+s=-5

So: (5,-5)=r(1,-1)+ (r —=5)(-1,1).

~11 2 3 2r+3s = —11
From o |77 +s 5 we have the system: =1lr=2=r=2,s=-5

5

So: (~11,0) = 2(2,5) - 5(3, 2).

Letw = (x, y). Then, from ( ; ]: r(

r—s=
r+s=

X

y

So:w=[xJ=—x+y
y 2

(

1
1

|

xX+y
:2r=x+y:r=T,25=y—x:>s=

5r+2s=0

1

) ) +s ( _11 ) , we have the system:

y—Xx

+_y—x(—1)'
2 1

Exercise 9.3

a)

1

AN

14

0
tan0=5=0 = O=arctan0 =0’



b | .4
A
< >
3 .
Y tan0=6:oo:>9:arctanoo:90
c) i
y
o1 X
1Y tan0=%=0:>9=arctan0=180°
d) u+v=(2,00+(0,3)=(2,3) ‘
-
U+V/
< A - >
ol u "
tan 6=i :>0=arctan§=56.3°
2 2 i
e) v+w=(0,3)+(-3,0)=(-3,3) A
y-v
-~ | N >
3 Tl i
tan 6 = — = 0 = arctan(—1) = 135° 3
-3 Y
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2 a) |u=v3+2>=V13 i

2 2
tan 6 = 5 = 60 = arctan (5) = 33.69°

u

b) |v|=(=3)* +(-2)* =13 A

-2 2 2
tan 6 = — = — = 0 = arctan (5) =180° + 33.69°

-3 3 '
=213.69" <~ —— /\ >

¢ [2u/=2[u=2V13
The direction angle for 2u is the same as that for u, i.e. 33.69".
d) [3v|=3Jv|=3V13

The direction angle for 3v is the same as that for v, i.e. 213.69".

e) 2u+3v=2 3 +3 = =v
2 -2 -2

So, the magnitude is |v| = v/13 and the direction angle is 213.69°".

f) 2u-3v=2 33 2= P |=5u
2 -2 10

So, the magnitude is [2u — 3v| = |5u| = 5|u] = 5v/13 and the direction angle is the same as that for u,
ie. 33.69".




Foru=(-4,7),v=(2,5):

a)

b)

d)

e)

f)

a)

b)

V)

d)

lu| = (—4)* +7% = /65

7 7
tan 0 = —4 = 0= arctan(—z)+ﬂ:= 119.7°

[v] =22 +5° =/29
5 5
tan 0 = 5 = 0 = arctan (5) =68.2°

I3u] = 3|u| = 365
Direction vector for 3u is the same as for u, i.e.119.7".
|-2v] = 2|v| = 2329

Direction vector for —2v is 180" more than for v, because they are opposite, i.e. 248".

—4 2
3u+2v:3( )+2()=(—8,31)
7 5

IBu+2v| = (-8)* + 31> = 1025 = 541

31 )
0 = arctan (—8) + 1T =104.5

()P s
T
lu—v] =+(-6)+2° =40 = 2410

2 .
0 = arctan (—) +mT=161.6

For |u| = 310 and 6 = 62°, we have:

u = [u] (cos 6i + sin 6j) = 310 (cos 62°i + sin 62°j) = (145.54, 273.71)

For |u| = 43.2 and 6 = 19.6°, we have:

u = |ul (cos 6i + sin 6j) = 43.2 (cos 19.6°i + sin 19.6°j) = (40.70,14.49)

For |u| =12, 6 = 135°, we have:

u = |ul (cos 6i + sin 6j) =12 (cos 135°i + sin 135°j) =12 (— g i+ % j) = (-63/2,642)
For |u| = 240, 6 = 300°, we have:

1
u = [u] (cos 6i + sin 6j) = 240 (cos 300°i + sin 300" j) = 240 (E i— ? j) = (120, -120+/3)

For A(2,1), B(4,7),C(-1,1), D(x, y):

- . 4-2 x+1 1 x+1
(7—1) (y—l) (3) (y—l)

x+1=1=x=0

y-1=3=y=4

Point D(0, 4).
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6 a) Foru=(3,4),the unit vector in the same direction is:
u

——;(3i+4') (31+4) (E é)
o VEea o) V=55

b) For u = 2i — 5j, the unit vector in the same direction is:

1—;(Zi—?)—i(zi_y)—ii_i-
F N T NG R N T RN T
31
7 a) cos1501+sm150]_(—£,—)
2 2
NCRNG
b) cos315i+sin315'j = 7—7

8 The vector of magnitude 7 that is parallel to u = 3i — 4j is:

7. . 21, 28, 21 28
VI M FIE ')

7
= (3i-4j)=
lul 3%+ (—4) Gi=4)=3 505 5° 5
9  The vector of magnitude 3 that is parallel to u = 2i + 3j is:

3 3 6\13 , 9VI13 613 9V13
3———(2i+3j):—(2i+3j)= \/—i+ J—j= Vi3 ov13
u 22 4+ 32 J13 13 13

u

>

13 13
10 One vector perpendicular to u = 3i — 4jis v = 4i + 3j because u- v = 3-4 + (—4) - 3 = 0; so, the vector of
magnitude 7 is:
7 v 7 (4i+3') 7 (4,+3_) 28 it 21 (28 21)
47 =2 (4i il Tl Y et
vl V4 +3 V=5 e W

11 One vector perpendicular to u = 2i + 3j is v = 3i — 2j, so the vector of magnitude 3 is:

v 3 a3 913, 6V13, (913 6413
—=———(3i-2j) = —(3i-2j) = i— j= ,—
v /3% +(<2) J13 13 13 13 13

12 a) The direction angle of a vector (in standard position) is the angle it makes with the positive x-axis.

The direction angle for the plane’s still-air velocity is: 90° — 170" = —80°".
The velocity vector for the plane is: P = 840 (cos(—80° )i + sin(—80° )j) = (840 cos 80°, —840 sin 80°).

The direction angle for the wind’s velocity is: 90" —120° = —30°".
The velocity vector for the wind is: W = 60 (cos(—30° )i + sin(=30° )j) = (60 cos 30°, —60 sin 30°).

b) The true velocity of the plane is:
V =P+ W = (840 cos 80° + 60 cos 30°, —840 sin 80° — 60 sin 30°) = (197.83, —857.24).
c) The speed is the magnitude of the velocity vector:

s =/197.832 + (~857.24)> = 879.77 km/h.

The direction angle for the true velocity of the plane is:
—857.24)
=-77
197.83
Therefore, the bearing of the plane is: 90" — 6 = 90" + 77" = 167".

0= arctan(
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. —
a) The direction angle for the plane’s still-air velocity is: 90" — 340" = —250" = 110".

The velocity vector for the plane is: P = 520 (cos 110°i + sin 110°j) = (520 cos 110", 520 sin 110°).

The direction angle for the wind’s velocity is: 90" — 320" = —230" = 130".
The velocity vector for the wind is: W = 64 (cos 130°i + sin 130°j) = (64 cos 130", 64 sin 130°).

b) The actual ground velocity of the plane is:
V=P+W = (520 cos 110° + 64 cos 130°, 520 sin 110° + 64 sin 130°) = (—218.99, 537.67).

Therefore, the speed is: s = \/(—218.99)” + 537.67> = 580.56 km/h.

537.67
( 99) = 112.16°, which gives us a bearing

The direction angle for the true velocity is: 6 = arctan
of 337.84".

The force vector is F = 25(cos 15°i + sin 15%j) = (24.15,6.47).

The velocity vector of the boat for still water is B = 30j. The velocity vector of the current is C = 6i.

Therefore, the true velocity vector of the boat is V = B+ C = 6i + 30j. It is collinear with the vector
1~ 6 30 1
3 V= 30 i+ 3 i= 5 i+ j.So, while moving 1 km (the width of the river) in the northerly direction,

1
the boat will also move 5 km = 200 m in an easterly direction.

The vector for the applied force is: A = 2500(cos 38°i + sin 38°j) = (1970.03,1539.15).
The force exerted by the ship is: S =10 000i = (10 000, 0).

Let F be the vector of the force needed. The force needed, together with the applied force, must counter
the force exerted by the ship, so:

F+A=8S = F=85-—A=(8029.97,-1539.15).

Therefore, the magnitude of the force needed to pull the ship in the direction given is:

|F| = \/8029.97* + (~1539.15) = 8176.15 N, and the direction angle is:

—1539.15

0= arctan(
8029.97

) =-10.85".

a) For a bearing of 072°, the direction angle of the boat is 90" — 72° = 18°. The velocity of the boat with
respect to the water is: B = 40(cos 18°i + sin 187j) = (38.04,12.36).

b) The speed of the water stream is 12.36 km/h and the true speed of the boat is 38.04 km/h.

The tensions in the strings, T and S, are the magnitudes of the vectors S and T. We have:
S =S(cos 135°i + sin 135°j), T = T(cos 35°i + sin 35°j)
S+T =50j = (Scos135i+ S sin 135°j) + (T cos 35°i + T sin 35°j) = 50j

Scos135 +Tcos35 =0

{S sin135° + T sin 35" = 50
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This system of equations can be solved easily with a GDC.

For: ﬁ”_ E]
[ .

we have: [THTTIE
[

So, the tensions in the strings are $ =41.6 N and T = 35.9 N.

The velocity vector of the runner relative to the water is: v = —8i + 35j.

The speed is: \/(—8)* + 35° = 35.9km/h.

35
The direction angle is: 6 = arctan (—) =102.88", which is N12.88° W.

To reach a point exactly north of the starting point:

0.2
0 = arctan (T) =11.31" in a north westerly direction
For forces F = (-10, 3), G = (—4, 1), and H = (4, —10), the resultant force R is:

R () ()= ()

The force required to keep the system in equilibrium is:

p=r=—[ "N-wos
i

For the wind velocity vector w = —601, the plane’s air velocity p = 60i + bj, and the speed of 300 km/h,
we have:

Ip| = V60® +b° =300 = b =/300> - 60° =293.94 =
p = 60i + 293.94j
93.94

2 .
0= arctan( ) = 78.46

90" —78.46" =11.54°
The pilot should steer the plane 11.54° in a north easterly direction. The plane is moving at a speed of
293.94 km/h.
For vertices of the parallelogram P(2, 2), Q(10, 2), R(12, 6), S(x, y):
a) If P and R are on the same diagonal:

— 2-10 x—=12

QP =RS = =

2-2 y—06

x—12=-8=x=4

y—-6=0=>y==6

Point S(4, 6).




b) If Pand R are on the common side:

. (2—12) (x—lo)
RP=QS = =
2-6 y=2

10—-x=-10=x =20
2—-y=-4=y=6
Point S(0, —2) or S(20, 6).

24 Let points A(x,, y,), B(x,, y,), C(x,, .), D(x,, y,) be the vertices of the parallelogram. For the diagonals

25

26

AC and BD we have:
. (x —x X, —X X —X, +X,—X X —x X, — X
AC+BD:(C a)+(d b)=(c b d a):(c h)+(d a)
yc_ya yd_yb yc_yb+yd_ya yc_yh yd_ya
:BE+KE:2A‘5:>%A‘C+%§5:XE
This shows that the diagonals AC and BD intersect.

Let the points A(x,, y,), B(x,, y,), C(x_, y.) be the vertices of a triangle ABC.

+ +
The midpoint of side ACis M, (x” 5 e Lo 5 Y )

+ +
The midpoint of side BC is M, (x” 5 afpd 5 )’c)_

The vector joining the midpoints:

X, +x, x,+x, X, — X,
=] 2 2 || 2 :l(xb—xa)zlA—B:
oty vty vl 2y 2
2 2 2

1
MM, || ABand |M,M,| = S4B

Let the points A(x,, y,), B(x,, y,), C(x,, y.), D(x,, y,) be the vertices of a quadrilateral.
The midpoint of side AB is M, (x“ ; % Y L )

2

The midpoint of side BCis M,

xd+xu yd+yu

The midpoint of side CD is M, (xc ! , et yd).

The midpoint of side DA is M,
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The vectors joining the midpoints:

X, X X, X, X, —Xx

WZ 2 2 _ 2
yb+yc_yu+yb yc_ya

2 2 2
xd+xa_xc+xd X, — X,

Mar=| 2 2 || 2
yd+yu_yc+yd yu_yc

2 2 2

MM, =-MM, =
MM, || M;M, and |M1M2| = |M3M4|'
This proves that M, M, M, M, is a parallelogram.

27 a) The velocity vector of the boat for still water is b = 30j. The velocity vector of the current is
¢ = 10i. The true velocity vector of the boat is: v = b + ¢ = 10i + 30j. It is collinear with the vector
5v = 5(10i + 30j) = 50i + 150j. So, while moving 150 m (which is the width of the river) in a
northerly direction, the boat will also move 50 m eastward.

b) The trip lasts 5 minutes.
150
c) The angle at which the boat must be steered is: 6 = arctan (5) =7157 = N1843 W

The length of the route across the river: v/150> +50° = 158.11 m
158.11

Time taken for the trip is: = 5.27 minutes
28 a) The true velocity of the jet is:
p = 400(cos 60°i + sin 60°j) + 20i = 200 + 200+/3j + 20i = 220i + 200~/3j
b) The true speed of the jet is:

Ip| = /220° + (2003)° = 410,37 k/h

OO\(?) =57.58 = N3242°E

The direction in which the jet moves is: 6 = arctan (
29 G = 200(cos 30°i + sin 30°j) = 100~/3i + 100j
F = 200(cos 135°i + sin 135°j) = —100+/2i + 100~/2j
Box: B = —300j
Resultant force: R = G + F + B = 100+/3i + 100j — 100~/2i + 100~/2j — 300j
= (100~/3 —100~/2)i + (100~/2 — 200)j

IR| = +/(100/3 — 1007/2)? + (10072 — 200)* = 66.6 N

100~/2 — 200

0 =arctan| —————
[moﬁ —100v2

) =—-61.5" = N151.5°E




Exercise 9.4

1 a)

b)

d)

e)

f)

g

u=i+3j,v=13-]j
u-v=1xV3+V3x(-1)=0
v 0

cos 0= wy _ - - =0 = 0=90°
N () ()

u=(2,5),v=(4,1)

u-v=2x4+5x1=13

cos 0= wy _ 13 = 13 = 0=54°
la-[v] 22452 Na2e12 V29417

u=2i-3j,v=4i—j

u-v=2x4+(=3)x(-1)=11
u-v 11 11

cos 6 = = = = 0=42°
ll-v] 27 4 (<3) 4+ (-1 V13417

u=2j,v=—i+3j

u-v=0x(-1)+2x~3 =23

. 2 2

costuV: 3 == \@=£2>9230°
Mo (B 42

u= (_370)7 V= (O) 7)

u-v=(-3)x0+0x7=0

cos 0= uwv =0= 0=90°
u] - [v]

u=(3,0),v=(3,1)

u-v=3xJ3+0x1=3/3

cos 0= wvo_ 33 =3\6=£=>9=30°
ul-Iv] /3> .J(@)Zﬂz 6 2

u = —6j, v = —2i + 2V/3j

u-v=0x(=2)—6x2/3=-12./3

. —-12 —-12

cos@zuv= 3 = = ﬁ:—£:9=150°
oV ey 2+ (23] 24 2

u = 2i+2j,v=—4i-4j

u-v=2%(—4)+2x(-4)=-16

cos = — Y - —16 -1 L e=1s0
la-[v] 22427 J(ca) + (4  2V2-4V2
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For u = 3i —2j, v = i+ 3j and w = 4i + 5j, we have:
a) u-(v+w)=(3i-2j)[(i+3j)+(4i+5j)]=0Bi-2j) (5i+8j)=3x5+(-2)x8=-1
b) u-v+u-w=(3i-2j) (i+3j)+Bi—2j)-(4i+5j)=3xX1+(-2)x3+3x4+(-2)x5=-1
o u-(v-w)=3i—2j)[(i+3j) (4i+5§)]=Bi—2j) - (1x4+3x5)=(3i-2j) 19 =57i— 38j
d)  (u-v)-w=[(3i-2j)(i+3j)] (4i+5j) = [3x1+(-2) x 3]-(4i +5j) = (-3) (4i + 5j) = —12i — 15j
e) (u-v)(u-w)=[(3i-2j) (i+3j)] [(3i-2j) (4i+5j)]
=[3x1+4+(=2)x3]:[3x4+(=2)x5]=(-3)(2)=-6
f) (u+v) (u—v)=[Gi-2j)+(i+3j)] [(3i-2j) - (i+3j)]
=[4i+j]-[2i—-5j]=4%x2+1%x(-5)=3
g) Scalar multiplication is distributive over addition of vectors. Scalar multiplication is not associative.
1 -2

1 1
Foru=| 2|,v=]|1 :u~v:——><(—2)+2><(—)=2
- 2 2
2 2
Vectors are neither orthogonal nor parallel.
8 6
Foru = ,V = tu-v=8xX6+4x(-12)=0
4 -12
Vectors are orthogonal.

Foruz[z\/gj,vz(l_\/g): u~v=2\@><1+2><(—\/§):0

Vectors are orthogonal.

a)  Work=F- MN = (400i — 50j)-[(12 — 2)i + (43 — 3) j] = 400 X 10 + (=50) x 40 = 2000
b)  Work =F-MN = (30i +150j)-[(15 - 0)i + (70 — 30) j] = 30 X 15 +150 x 40 = 6450
¢)  Work=F-MN = (5i+25j)-[1-0)i+(6-0)j]=5x1+25x6 =155

a) ‘ Cl2,5)
y
14
N / B(3,4)
|/
| A(1,2)
—1T—TT"T""T"
0.
Y
AC-AB  (i+3j)-(2i+2j) 1X2+3x2 8 2 .
cos o0 = = = — = 0= 26.6

[ACI [AB  fi+3j2i+2 r+3 V2+2’ JI0v8 5




cos i = BC-(-AB) _(-i+j)-(2i-2)) _  (DX(2)+1x(2) _ . B o0
[BC[FAB i+l F2i- 20 -0+ (0P J-2) + (-2p
So,7 = 180" —26.6" —90° = 63.4".
B cos o AC-AB _(Fl1i-6j)-(—4i-11j) (1) X (=4) +(=6)x (-11)
[ACH-[AB|  [1ti-6jf4i- 4 (=11 +(=6) /(-4) + (-1
S U > o=414
1574137 o
Cosﬁ:BC-(—AB)_(—7i+5j)-(4i+11j)_ (-7)x4+5x%x11 27 o f7ad

[BI-FAB ~ |[7i+5) J4i+11  J—7y +5 Ve +10 V74137

So,y =180° —41.4° —74.4° = 64.2°.

c) coso= AC-AB _ (-10i-4j)-(-2i—4j) _  (-10)x(-2)+(-4)x (-4)
[AC|-[AB] 101 —4jf- |2 - 4) (100" + (-4)* (27 + (47
36 9 o
= Te0 " Tos 5 O~ 46
cos B = BC-(-AB) _ (-8i)-(2i+4j) _ (-8)x2+0x11 _ -16 L L pot66

[BC|-FAB  [-8i-Ri+4j Jsy -2 +4 820 5
So,y =180° —41.6" —116.6" = 21.8".

Perpendicular to u is any vector v = ai + bj, such that u-v = 0.

a) u-v=(3i+5j) (ai+bj)=3a+5b=0
Fora=5t = b=-3t = v=(5t,-3t),t e R, t #0.

1, 3 a 3b
b) . =(—'——')- i+bj)=———=0
u-v 21 4] (ai + bj) ST

Fora=3t=b=2t =>v=_t2),teR,t=0.
For any point C(x, y) on the circle, vectors AC and BC must be perpendicular. Hence, AC - BC = 0.
a) E:(x—l,y—z),B—C=(x—3,y—4)

AC-BC=0= (x—1)(x-3)+(y-2)(y—4)=0=x"—4x+y’ -6y +11=0
b) TCz(x—S,y—4),FC=(x+l,y+7)

AC-BC=0= (x-3)(x+D)+(y—4)(y+7)=0=x" —2x+y* +3y-31=0

The triangle ABC is right angled if one of the products AB- AC, BA - BC, or CA - CB is equal to zero.
AB-AC = (i+3j)-(5i+j) =8

BA -BC = (—i—3j)- (4i—2j) = 2

CA-CB = (—5i—j)- (—4i+2j) =18

There are no perpendicular vectors, so the triangle is not right angled.
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21
9 alb=ab=0=(-35) (5i+7j)=0 = 5t-21=0 :>t:?

10 (—6,b) L (b,b*) = (—6i+Dbj)-(bi+b*)=0 = —6b+b’ =0 = b(b*=6)=0 = b=0,+/6
For b = 0, the second vector would be the zero vector, so the solution is /6 and — /6.

11 Let v = (a, b) be the required unit vector. Then:
u=(3,4)

V=1 =ad"+b> =1

1 : 1 3i+4j)-(ai+bj) 1
A(u,v)=60" = cos £(u,v)=— uv__:>(1 - (ai J):—
2 "l 2 V3t +42 1 2
3a+4b 1
= =— =6a+8=5
5 2
We have to solve the system of equations:
6a+8b=>5
a+b’ =1
5-8b  (5-8bY
a=— =>( . )+b2:1:>100b2—80b—11=0=>
po 4T3 3343
10 ° 10

So, there are two solutions for vector v:

(3—4@ 4+3J§Jand(3+4ﬁ 4—3@]

100 10 10 10

37:) 2 ab 2 (ti—j)-(i+j) J2

12 cos X(a, b)—cos( —_—— s — == = =
4 2 fal[b| 2 P i+ 2
t—1 2
Y—— = — - 1=P 11 = +1 2t=0
JE 4142 2
13 Let aand b be the sides of a rhombus. Then the diagonals are a + b and a — b, and we have:
o =8

(a+8)-(i-B)=aa+ba—ba—bb=[a [5} =0
Since their dot product is zero, the diagonals are perpendicular.

14 a) Foru=(0,7),v =(6,8):
uv_0><6+7><8 56

lu| cos Z(u, v) = = =—=56
MN v v Jet+sr 10
1 -2
b) Foru= 21, v=]|1
2 2
1 1
- V_( 2)x( 2)+2><— 4

|u| cos ZL(u, v) =

Iv] / 17 N
(-2) +



15

16

17

18

19

The force vector is: f = 16(cos 45°i + sin 45°j) = 16+/2i + sin 16+/2j.

The route vector is: s = 55i.

The work done is: s+ f = 55-163/2 +0-16v/2 = 4407/2.
3-0-4-0+5 5

a) ForP(0,0),l:3x—4y+5=0>d=—r——r—=—-=1
3 +4° 5
3.2-2-2-2
b) ForP(2,2),l:3x—2y—2:0:>d:gzo
3 +2°
5-1-3-5-11 21
9] ForP(l,S),l:Sx—3y—11=0=>d=| |=
J5? 432 34

Since OP L QR,0Q L PR = OP-QR = 0,0Q - PR = 0, then:
PQ+QR+RP=0/-OR
PQ-OR+QR-OR+RP-OR=0
PQ-OR + QR(OP + PR) + RP(OQ + QR) = 0
PQ-OR+QR-OP+QR-PR+RP-OQ+RP-QR=0

— —
PQ-OR+QR-PR-PR-QR=0

0

PQ-OR=0= PQ L OR

3 X
Foru = ,V = , we have:
4 1

u-v 3x +4 3x+4 /3

= = = — =
lul-[v] 32142 x?+12 5UxP+1 2

(3x+4 )2_(@);

5Ux% +1 2

9x* +24x+16 3 5 2

—————— = - =36x"+96x +64 = 75x" + 75 =
25(x* +1)

cos 30° =

39x° —96x+11=0=x,, =

9696’ —4-39-11 _ 96+50v/3  48+25\3

2-39 78
For force vectors a = (—200, 400) and b = (200, 600) :

The cosine of the angle between vector a and the horizontal h =i is:
—200-1+400-0 —200 1

2007 + 400V 20005 5

180° - =116.6" = o = 634"

cos(180° — &) =

The cosine of the angle between vector b and the horizontal h =i is:

200-1+600-0 200 1
cos 3 =

= = = =
J200% 6002412 200810 V10
B=1166 = B=716
Then: 0= 180" — (a+ f) = 45",

39




Chapter 9

20 Letr =la| b+ |bla, o be the angle between vectors a and b, and 3 the angle between vectors a and r.
Then o — B is the angle between vectors b and r. So, we have:

r=Jajb+bjla=r-a=(ab+[ba)-a=
|r||a] cos B = |a| ba +|b|a-a = |r||a| cos B = [a] ab + |b|[a’ =
|[r| cos B = ab + bl [a]

Also:
r=la/b+bja=r-b=(ab+|ba) b=

|r|[b| cos(ct— B) =|a| b-b +|b|a-b = |r||b| cos(ct— B) = |a| |b]* +|bab =
[r| cos(cx— ) = ab +|a] |b|

And we can see that:

|t| cos(ax— B) =|r| cos B = cos(a— f)=cos B= a— f=B= ﬂ:%




Exercise 10.1

11

13

15

17

19

21

23

25

27

28

29

30

31

From (2+43i)z=7+i=>z=

© Chapter 10

Since v—4 = 2i,5+/—4 =5+ 2i. 2 Since -7 =7i,7 -7 =7 -/7i.
—6=—-6+0-i 4 —J49=-7=-7+0-i
-25 5 5
J-81=9i=0+09i 6 ——=—Zi=0-"2i
16 4 4
—1—i 8 —3+4i—2+5i=-5+9i
(=3+4i) (2= 5i) = =6+ 8i +15i + 20 = 14 + 23 10 3i—2+4i=-2+7i
(2=7i)(3+4i) = 6—21i + 8i + 28 = 34 — 13i 12 (1+i)(2-3))=2+2i—-3i+3=5—1i
3+2 2-5i_16-11i _16-11i _16 11 g 270 3-20_4-7i _4-7i 4 7.
245 2—5i 4425 29 29 29 342 3-2i 9+4 13 3 13
4 1 25
1 16 —+—==—"
9 4 36
2 1, 4-3
_ 6 _1-I8i_ -1-18i -1 18 oo
1.1 2+3i 449 13 13 13
3 6
—i(3-7i
'(12 )_ 7 s 20 4+10i
13(5+12i) _ 65+156i _ 5+12i _5 ., 12 5y 12i(3-4i) _48+36i 48 36
25+ 144 169 13 13 13 9+16 25 25 25
9 +2 24 68
(39-520)(24-10i) _ 416-1638i _ 8 63 26 L _TH4 _T+4i_ 7 4
4> +10° 676 13 26 7-4i 49+16 65 65 65
1 _ 5412 _5+12i 5 12
5-12i 25+144 169 169 169
3, 2 _3(3+4i)+2(6—8i)_9+12i+12—16i_9+12i+3—4i 1248 _12 8
3-4i 6+8 9+16  36+64 25 100 25 25 25 25 25
54-19i (54—19i)(5+12i) 498+553i 498 498 553
5-12i 25+ 144 169 169 169
5-12i  (5-12i)(3—4i) —33-56i -33 56
3+ 4i 9+16 25 25 25
7+i  17-19i

243 13
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Note: We can find z by solving a system of equations:

2+3i)(a+bi)=7+i=2a-3b+Ba+2b)i=7+i=

17

b=7 T
2a—3b= -

3a+3b=1 po_ 12

13

However, it is easier to find z using division.

32 2x—y+(xy+2)i=1+43i=

2x—y=1

xy+2=3

We have to solve the system of equations. From the first equation, y = 2x —1; hence:
x(2x—11)+2: 32 —x-1=0=x, :—%,xz =1land y, = -2, y, = 1. The solutions are:

x1=—5,y1=—2andx2=1,y2=1.

33 a) (1+3) =1 +3-1V3i+3-1-(V3i) +(V3i)
=1+33i +3-3(=1)+ 33 (i)
=1-9+3V3i-3V3i=-8
b) Firstly, we will write the number in the form: (1 + \Ei)én = (((1 + \/gz')3)2)n. Then, we will use the fact,
from a, that (1++/3i) = 8. Now, we have:
(1+3)" = (((1 + ﬁz‘)3)2)n =((-8))" = (64)"
¢) We will use the result from b: (1 + \/gi)48 = (1 + \/gi)as = 64°
Note (1): If we write (1 + \/gz')ﬁn =(64)" = (26)n = 2% we have: (1 + \Bi)48 = 2%, The result is the

same, since 64° = 2%
Note (2): It is not recommended to use a GDC for high powers of complex numbers.
We have:

CIHL T30 ™3

ClHL TCE 248 ETHL L8 ]
1+ i14+5I5-. 224333344 | . 14+56., 29423534,

P
b 2.8147497e7EL4

1

cl+i JE3aa"45
-8 E 214749787 E

So, the third power is correct, but the 48th power has the same real part but its imaginary part is
completely wrong!

34 a) (—V2+iV2) =(—v2) +2-(—V2)V2i+(V2i) =2-4i+2(-1) = —4i
b) Firstly, we will write the number in the form: (—\6 +iV2 )4k = (((—\/E +iV2 )2)2)n . Then, we will use
the fact, from a, that (—ﬁ +i2 )2 = —4i. Now, we have:

(e i) = (2 s 2 | = (o) = ey




35

36

37

38

39

¢) We will use the results from b and a:
(V2 +i2)" = (V2 +iV2)"7 = (V2 +i2) " (V2 +id2)
=(-16)" (—4i) = 16" - 4i = 47 = 2"
Note: It is not recommended to use a GDC for high powers of complex numbers.
We have:
v 'J-':E:'+1..£':E:' R DR I T S A I N R T D W=D T A Il I T T
E-

13—di
|| -135. VERE1A9+Y. L 7. B36EY4413 1350
| 2 dE

u r.B3eE74418E13

So, the second power is almost correct, but the 46th power has the same imaginary part but its real
part is completely wrong!

Take z = x + yi, thenz+ 4i = x +(y + 4)i and z +i = x + (y + 1) i. Hence, we have to solve:
\/x2 +(y+4) = 2\/x2 +(y+1)°

A(y+a) =4(+(y+1)) > a0+ ) +8y+16=4x" +4y’ +8y+4

3x*+3y’=12=x"+y' =4

Therefore, \/x* + y* =2 = |z = 2.
2 2+iV2 4i-2J2 9-2+2i 9-2 2,
: =3+ = = +=i
2-iV2 2+4iV2 4+2 3 3 3
Note: It is easier to simplify the fraction (divide) first, and then add 3, as we did. The alternative is to add
first and then simplify the fraction, as shown below.

2 6-i3V2+2  6+(2-3V2)i 24i2

z=3+

z=3+ = =
2-iV2 2-iV2 2-iN2 242
(6+(2-3v2)i)(2-iN2) 9-v2 2,
= = +=i
442 3 3
From (x + iy) (4 — 7i) = 3+ 2i, and dividing by 4 — 7i, we have:
. 3+2i 4471 12+21i+8—-14 —-2+4+29i 2 29
x+iy= . = = .Hence,x =——,y=—.
4-7i 4+7i 16 + 49 65 65 65

Note: It is easier to divide first and then solve the system, as we did. The alternative is to multiply first, as
shown below.

(x+iy)(4—7i)=3+2i = dx+7y+i(-7x+4y)=3+2i

2
4x+7y =3 x:_g
=
~7x+4y =2 29
4 65
Fromi(z+1)=3z-2= -3z +iz=-2—-i=(-3+1i) z = -2 —i. Hence, dividing by —3 + i, we have:
—2-i 1 1,
z= =—+—i.
=34+i 2 2
2—i 2-3i)(1+2i 8+i
From I\F:Z—?)i,wehave:\/;:( i)( 1): l:3+2i.Hence,
1+2i 2—i 2—1i

z=(3+2i)’ =5+12i. a
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40 From (x +iy)’ =3—4i = x> — y* + 2xy = 3 — 4i. Hence:
X2 —}’2 -3 2, 2\? 4
= Sy=—-",x"—|-=| =3, x’-—==3=2x"-3x"-4=0=x] =4, x,="1
2xy = —4 Y=7% ( x) x? ==
Therefore, we have two solutions: (x, y) = (2,—-1) and (x, y) = (-2,1).
xP—y*=-8 3
41 a) From (x2 - y2)+ 2xyi = -8+ 6i = 4 . Hence, using y = —, we have:
2xy =6 x
3Y’ :
xz—(;) =8=x"+8x’-9=0=x =1, %.So,eltherxz1andy=3,orx:—1
and y = -3.

b) Solving a quadratic equation with complex coefficients:

+itJO-i) —4(2-2) -1+itJ1-2i—1-8+8i —l+i*/-8+6i

z = =
b 2 2 2
—1+i+(1+3i
Since V-8 + 6i = £ (1 + 3i), then z equals either z, = +1) = 2i, or
_—l+i—(1430)

5 —i.

2
42 Using the notation z = x + iy, we have:
28 =27 = x* +3x i+ 3%y (1) + y (—i) = 27i = (x° = 3xp° ) +i (3x’y — y*) = 27i
x*=3xy*=0 x(x*=3y*)=0
Hence: 4 = ( 4 )
3x’y—y’ =27 3x’y—y’ =27
If we let x = 0, from the second equation, we have: —y* = 27 = y = -3 and

If welet x* =3 yz, from the second equation, we have:

27 3 3)’ 3
3(3y2)y—y3:27:>8y3=27:>y3=?:>y=5;hence: x2=3(5) :>x=i5\@.

33 3.
=—+ =i
2 2

33 3.
-+ =il

So, the solutions are |z, 5 5

and |z, =

1
43 Since the polynomial has real coefficients, then — — 2i is also a zero. Hence,

R R S e
o2 ool -2))

1Y 1 17

:(X_E) —(2i) = x° —x+Z+4=x2 —x+1,thepolynomialis:
17

fx)=4 (xz —-x+ Z) (x — ¢). To determine ¢, we can check for the free coeflicient:

17
—51:4'1(—c):>c:3

1
Hence, the other zeros are E —2iand 3.




44

45

46

47

48

49

50

Since a polynomial has real coefficients, 3 —iv/2 is also a zero. Hence, using the factor theorem, we have:
1 1 1
a(x—z)(x+1)(x—3—i\/§)<x—3+i\/§): a(x2 +Ex—5)(x2 —6x+9+2)

After multiplication we have:

2 1 1 2 4 1 3 1 2
XT+—x—— || x"—6x+9+2|=x"+-x" ——x
2 2 = 2 2

11

—6x° —3x% + 3x

, 11 11

Nx"+—x——

2 2
11 15 17 11
o=+ =X+ —x——
2 2 2 2

Since we need integer coeflicients, we can use any even number for a; so, if we let a = 2, the polynomial
will be: f(x)=2x"—11x> +15x* +17x — 11

Since a polynomial has real coefficients, 1 — i/3 is also a zero. Hence, using the factor theorem, we have:
a(x+2)° (x—1-iV3)(x —1+iv/3) = a(x* + 4x + 4) (x* — 2x + 1 + 3) . After multiplication we have:
(xz +4x+4)(x2 —2x+4)= x*+2x° +8x+16.

So, we let a =1 and the polynomial is: f(x) = x* + 2x” + 8x +16.

Since the polynomial has real coefficients, then 5 — 2i is also a zero. Hence,
fx)=(x—(5+2i)(x—(5-2i)(x—c)= (x2 —10x + 25+ 4) (x — c). To determine c, we can check for
the free coefficient: 87 = 29 - (—c) = ¢ = —3. Hence, the other zeros are 5 — 2i and —3.

Since the polynomial has real coefficients, then 1+ i+/3 is also a zero. Hence,
f(x)=3 (x - (1 + z\/g)) (x - (1 - 1\/5)) (x—=¢)=3 (x2 —-2x+1+ 3) (x — ¢). To determine c, we can check

2 2
for the free coefficient: 8§ =3-4-(—¢) = c=— 3 Hence, the other zeros are 1+i/3 and — 3
ol _ Xyt
1 et (o)
Note: The property of the number and its conjugate have the same modulus.

For z = x +iy, we have: |a+ bi| =

a) Using the binomial theorem, we have:
(k+i)' =k*+4-K’i+6k> (-1)+ 4k (i) + 1= k* — 6k* + 1+ i (4k’ — 4k). Therefore, the number is
real if 4k’ — 4k =0 = 4k (k> =1)= 0= k =0, or k = £1.

6t36—4
f =3+ 2/2. Since both

b) Using the calculation from a, we have: k* =6k’ +1=0=k;, =

numbers are positive, k = £\/3+2/2 .

Multiply the first equation by -2, and the second by i.

iz, +2z,=3—1i
22, +(2+i)z, =7+2i

—i2z, —4z, = —6+2i
2iz, + (2i—1)z, =7i— 2 Add the equations.
—-8+9i

-5+2i)z,=-8+9% =z, = =
( )% P 542

—1
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Substituting z, in the first equation, we have:
iz, +202—-i)=3—i=iz, =—l+i=z =1+i

Hence, the solutions are z, =1+iand z, =2 —i.

iz,—(1+i)z, =3
51 (2+i)z, +iz, = 4 Multiply the first equation by j, and the second by 1 + .
1712, =
-z, —i(l+i)z, =3i
Q+i) (1 +i)z, +i(1+i)z, = 4(1+i) Add the equations.

. . . . . 7 —4i
—z, +(1+3i)z, =3i+4+4i = 3iz, =4+7i =z, =

Substituting z, in the second equation, we have:
7—4i

1 1
(2+1) +iz2:4:>iz2:4—6+5i:zz:§+2i

7—4i

1
Hence, the solutions are z, = and z, = 3 + 2i.

Exercise 10.2

2 T
1 r=v22+22=2V2 ,tan 0= E = 1, and, since the number is in the first quadrant, 0 = Z Hence,
b4
242 cis Z .

1 T T
2 r=J3 +1>=2tan 6= NGk and, since the number is in the first quadrant, 8 = o Hence, 2 cis ra

-2 v/

3 r=4y22+(-2) =22, tan 6= 5= —1, and, since the number is in the fourth quadrant, 6 = R
/T
Hence, 2V/2 cis 7

4 r=J6 + (_\/E )2 =2J2,tan 6= £ =_ i, and, since the number is in the fourth quadrant,
J6 J3

117 117
0= ? Hence, 22 cis?.

23
5 r=.2"+ (—2\/3)2 =4 ,tan 6= T = —/3, and, since the number is in the fourth quadrant,

5m 5m
0 =— . Hence, 4 cis —.
6 6

3 3
6 r=+(-37+3"=3J2,tan 0= = = —1, and, since the number is in the second quadrant, 8 = e
3 -
Hence, 3\/5 cis T

4 T
7 r=+4"+0*=4,tan 0= 6 is not defined, and, since the number is on the positive y-axis, 6 = 5 .
T
Hence, 4 cis by
Note: From the geometric interpretation, we can see that the distance from the origin is 4 and the angle

. T
1s —.
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11

12

13

14

15

16

.—
=3

1
r= (—3\/3)2 +(-3)" =6, tan 6= 55 =7 and, since the number is in the third quadrant,

7 7
92—”.Hence,6cis—n.
6 6

1 T
r=J1I’+1> =2 ,tan 6 = I =1, and, since the number is in the first quadrant, 6 = Z Hence,
T
J2 cis Z .

0
r= \/(—15)2 +0> =15,tan O = E = 0, and, since the number is on the negative x-axis, 8 = 7. Hence,
15cis .
Note: From the geometric interpretation, we can see that the distance from the origin is 15 and the angle
is 7.

1 4—34
(4+3i)" = -2
4+ 3 25
3
4y 3 1 T 3
r= (_) + (_ _) = —,tan 0 = —=2 = — = and, since the number is in the fourth quadrant,
25 25 5 4 4
25

3 1
6=tan™ (— Z) + 271 = 5.64. Hence, E cis 5.64.

i(3+3i))=-3+3i
3 3
r=+(=3)7+3 = 3V2, tan 6 = 3 = —1, and, since the number is in the second quadrant, 6 = i

3r
Hence, 32 cis I .

0 .
r=~N7n"+0> =, tan @ = — = 0, and, since the number is on the positive x-axis, @ = 0. Hence,
7 cis 0. T
Note: From the geometric interpretation, we can see that the distance from the origin is 77 and the angle
is 0.

T
r =+0* +¢* = e, tan 0 is not defined, and, since the number is on the positive y-axis, @ = —. Hence,
. T 2
ecis—.
2
Note: From the geometric interpretation, we can see that the distance from the origin is e and the angle

. T
1S —.

. T .
z, =lcis —, z, = 1 cis —, and hence:
2 3

(m m\ . 5% st .. 57 N3 O1,
ZIZZZCIS —+—|=Ccas—=coS—+i1sm—=——+—1
2 3 6 6 6 2 2
z, . (n n) 4 n ..m 31,
— =CIS| ——— |=Ccs—=cos—+i1sIn—=—+—1
z, R 6 6 6 2 2

5w n
z, =lcis—, z, = 1 cis —, and hence:
6 6

RV
zz, = cis(z+?) =cis(2m) =cos2w+isin2r=1+0i =1

273
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z, . (5m 7m\ . ( T n .m 1 3,
— = CIS ?—? = CIS —E =COSE—ZSIHE=E—71

T 2r
17 z =1cis e z, =1lcis 3 and hence:

. (ﬂ 271) . (57:) (57:) . (571) J3 1.
zz,=cis| —+—|=cis| — |=cos| — |[+isin| — |=——+ =i
6 3 6 6 6 2 2
z, . (7T 2w . T T .. T ) .
— =cis| ———|=cis|—— |=cos——isin—=0—-1i = —i
z, 6 3 2 2 2

137 5m
18 z = lcisE, z, = lcisE, and hence:

. (137 b5rm (3¢ 3w .. (3m . .
2122=CIS —+—|=cis|—|=cos| — |+isin| —|=0—-1-i=—i
12 12 2 2 2

z, (137r 57:) , (27:) 2r . 2r 1 3
— =cis|———|=cis| —|=cos—+isin—=——+—1i
12 12 3 3 3 2 2

3w 2 4
19 z = 3cisT, z, = gcis?, and hence:

2 3 4 2
z,z, =3-—ci s(—ﬂ+—n) 2cis(ﬂ) = 2cis(l): 2cos(£)+2i sin(i)
3 4 3 12 12 12 12

_JE+2 Vo2

Z
172 2 2
z, 3 ,(37r 47:) 9 ( 77r) 9 ,(17%)
— =cds|———|=—ds|——|=—cis| —
z, 2 4 3 2 12) 2 12
3
9 17y 9 17r
i=—cos.(—)+—isin( ) ( J—+\/—)——<\/—+f)
z, 2 12) 2 12

5 5
20 z1:3\/§cis7ﬂ,z2:ZCiS?ﬂ,andhence:
57
2z, =32 2cs(—+—) 62 ci ( ) 62 1s( ) 62 os( )+6f1 1n( )
4 3 12 12 12 12

=_6J—+6 6J§_ i=—3/3-3+(3/3-3)i

L (5—”-5—”) Pl F)- e ()

_3N2 05(19n) f (119:)_ f(( 5)- 3f((+f)

2 12
_33-3 3J3+3 ;
4 4
21 z =1cis135’, z, = 1cis 90", and hence:
z,z, = cis (135° + 90°) =cis (225°) = cos (225°)+ i sin (225°) =— g_ gi - _ g(l i)
2 V2 2

ZL— cis (135" = 90°) = cis (45°) = cos 45" +i sin 45" = ~— 4 =i = = (1+1)
z, 22 2




22

23

24

25

z, = 3cis120°, z, = 2 cis 240", and hence:
z,z, = 3-2cis (120" +240°) = 6 cis (360°) = 6 cos (0°) + 6i sin (0°) =6 -0-i = 6
3 33,

A3 (120" - 240°) = 3 is (-120°) = 3 s (240°) = 2 05240 + 2 isin 240" = — >~ 22
z, 2 2 2 2 2 4 4

5 3
z, = —cis 225, z, = - cis 330°, and hence:

53

2z, = g : ? cis (225" +330°) = % cis (555°) = o cis (1957) =

_ —5%—15ﬁ+i5£—15ﬁ
64 64

53

R-NE .
p cos(195)+?1sm(195)

cis (225" - 330°) = % cis (—105°) = % cis (255°)

NN
‘&“oo\m

2
_5J6-15\2 i5J€+15ﬁ
48 48

zZ, = 32 cis 315°,z, = 2¢is 300°, and hence:
2,2z, = 332 - 2cis (315" +300°) = 6v/2 cis (6157) = 6v/2 cis (2557) = 63/2 cos (2557) + 6+/2i sin (255°)

=-3J3+3+i(33+3)
32 32
212 2V2 (3159 - 300°) = = cis(15°)
z, 2 2

_3B+3 i(3V3-3)
4 4

/ 1 4
Forz: r=++/3 "+1° =2, tan 6= NS and, since the number is in the first quadrant, 6 = e Hence,
T
z, =2cis—.
6

23

Forz,:r=/2"+ (2\@ )2 =4, tan 0= T = —/3, and, since the number is in the fourth quadrant,

51 5 -
6=—.Hence, z, =4 cis — (or4cis—).
3 3 3
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1
26 Forz:r=+8=2J2,tan0=—,6 =— ; hence, z, =2V2cis Z.
J3 6
R4 R4 -
For z,: r =48 = 43, tan O=—3,0= ?;hence, z, = 43 cis? (or 43 cis T)

L__mecjg_1§d<;z)
z, 22 6) 4 6

Lol 2)-Ea(3
z, 4[ 3 12 3

(7 57 . (1l -
z2,2, = 86 cis (g + ?) = 86 cis (?) (or 86 cis ?)

zZ _ \/Eas(n 5_7:) \/E( 37r) J6 . &

= —2CIS
z, 23 3 6

1 T T
27 For z,:r=38,tan 0=—=, 6= —;hence, z, = 8cis—.
J3 6 6

5m 5m -3r
Forz,:r = 3\5,tan 60=1,0= I;hence, z, = SﬁciSI (or 3\/ECiST).

i—lmﬁﬂ}ﬁmﬁﬂ
z, 32 4 6 4

T 51w 17w -7
z,2, = 242 cis (E + TJ =242 cis (3) (or 24:/2 cis ?)

z _ . (7: Sn) 42 ( 137r) 42 (1171')
—cis| ——— |=——cis| —
z, 3f 4 3 12 3 12
. T . T
28 Forz, :r=1/3, tan91snotdeﬁned,O:E;hence,zl:\/§c1s5.

4ar ar -2r
For z,: r = 242, tan 0=\/§,0=?;hence, z, :Zﬁcis? (orZ\/EcisT).

s

O
[\S)
Q‘H
[\S)

e)

[y

%)

|
w|§

N—

[l

NI

o
—
~/
|N
)
—

T 4r 117 -
2.z, =2J6cis| =+ — | = 2/6 cis| —= | | or 2/6 cis —
e 2 3 6 6

2 o5 ) al-2) (2]

4

6

4
T . T
29 Forzlzrzm,tan Qzl,Ozz;hence, zZ, =\/Ec1sz.

T T
For z,: 7 = 24/2, tan 6 is not defined, 6 = = ; hence, z, = 2+/2 cis =

z, 10 4) 10 4




1 1 ( n) J2 ( 71:)
—=——=cis|—— |=—cis|——
z, 232 2) 4 2

T T 3
z2,2, = 4\/§ cis (Z+5) = 4\/§ cis (T)

2o ()= L[~ 2)

/9
30 Forz,:r=2,tan 0= \/5 0= —hencez 2cis§.

For z,: r=2\/§,tan 0=0,0=0;hence, z, =23 cis 0.

Z;

z2,2, = 443 cis (g + 0) =43 cis (g)
z,

2eaal(30)-5e(f)

31 a) Letz=x+ yi, hence: \/x2+(y—1)2 :\/x2+(y+2)2 =>y2—2y+1:y2+4y+4:>y:—%

1 A
b) i) The points are on the unit circle and their y-coordinates are — —. !
1
ii) Forz, :sin 0= — > and, since the number is in the fourth / v
»
»
117 n 117 < )7
quadrant, = —— (or — = ). Hence, arg (z,) = —. 2 2 Az
6 6 6
1
For z,: sin 8= — E , and, since the number is in the third quadrant,
T
0= ( -— ) Hence, ar =—
. glz) =~
32
yA 7 A
\ Z1+25 / \\\
) 2>\ S L e
2 2

=
22

On the above diagrams,

It is obvious that the line segment which represents |z, + z,| (blue + pink) is shorter than the ‘blue + red’

segment. They are the same if z, and z, are on the same line (on the same side of the origin), as shown on
the second diagram.




33

34

35
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- ' 4 4 333
z=+/3 —l+i£ —ﬂ and z° = 3(cos—n+isin—”):ﬂ
2 2 2 3 3 2
o 3 3 3 6(V3-3i) 3o
3tz —3+3 V343 349 2 2
J3+
2 2
—/3+3i
b 22 _ > 5 B —J—M 2.3
2 T .
342 3+—3—3ﬁz 3-3J3 397{{5 3
2 2 5
2
5 73733 9+3V3i
C) 3—22_ - 2 _ 2 _3\/5(\/54‘1)_\/541_
3420, -3-33 3-3U3 0 3(1-43) 143
2 2
For z,: |z,|=V12+4 =4, tan t9=—%;hence,argz1 z—g.
For z,: |z,| = V4 + 4 = 24/2, tan 6 = 1; hence, arg z, = %
. T T T
Since z, = 2,2, , |z,| = 8v/2, and arg z, = B AT
Method I:
We can find the side lengths and the angles of the triangle: %
2z, = \(2-2V3) +4* = /32-8V3 ’
2 2 Z3
e,z = (23 + 4] + (43 - 2)} = 80 2 ﬁ
le,z,] = (a3 +2) + (43 —6) =136-323 W
Z1
Angle 0 between sides |z,z,| and |z,z,] is:
|Z122|2 + |21Z3|2 — |Zzz3|2 o
cos 0= = 0=76.6689...
2 |ZlZZ| |ZIZS|
Hence, the area is: A = %|zlz2| |z,2,| sin 6 = 18.5.
e C2=2ICE 2 E+427 (E3P-B2E330C
+A 2. 9VE322970  23ESVES141
4. 259529732 CAz+BE-CEr- C2ABY cos-1CHRS
Jec2fCap+d 404 TE. BLE95654
C3a-22223E » 23ESTES141) (L 24A+BERs1inlAns )
2.94427131 cos1CARS
o, GHE95E54 12.53589338
Method II:

We can find the side lengths of the triangle and use Hero’s formula for the area:

22, = (2-2V3) +4° =

J32-8V3 =a




36

e,z = (23 +4) + (403 -2) =80 = b
e,z = (43 +2) +(43-6) =V136-323 = ¢

A=\/s(s—a)(s—b)(s—c),wheres:a+b+c
Hence, A = 18.5.
e Z=2I (30 E+427 4. 759529732
=H CCRMC3a+d e+ 4 18, 53589338
4, 209529732 K3 -2z a3E CA+E+C <230
o2 CE+dre+04.[ 2.94427191 11. 89085231
(3a=22E23E Cod LR a2+ C4 ) TeOCD-A»cO-B>cO-
2.94427191| (Za-622 330 Caa
B.9VEI22I7S 12.53589838
Method TIT:

There is a formula for the area of a triangle using the coordinates of the vertices. If the vertices are
A(x,,9,),B(x,,9,),C(x,, ;). then the area is:

1
A=E|x1 (yz _y3)+x2 (ys _y1)+x3 (yl _)’2)|

Applying the formula, we have:
A:%|2\@(2—4\@+4)+2(4\@—4+2)+(4\/§+4)(—2—2)| =%|4@—44| =22-23

Method IV:
After completing Chapter 14 of the textbook, we will know the formula for the area of a triangle using a
vector product.

2-23 ) [ 2V/3+4 0
2,2, X 2,2, = 4 x| 4/3-2 |= 0
0 0 43 - 44
11—

A=—
2

Z,2, X Z,Z, ‘ =22-2V3

a) The set of points is the circle with centre (0, 0) and radius 3. y

\
b) Letz = x+ yi;hence: x + yi = x — yi = y = 0. The set of points
is the y-axis. Lz 2

c¢) Letz=x+yi;hence: x+ yi+x— yi=8= 2x =8 = x = 4. The B
set of points is the line x = 4.

d) Letz=x+ yi;hence: \/(x —3)" + y’ =2=(x—-3)+y’ =4.The

set of points is the circle with centre (3, 0) and radius 2.

e) Letz=x+ yi;hence:
Jx =17+ +J(x =37+ :2=>(x—1)2+y2=4—4\/m+(x—3)2+y2
= 2x 414y =4—4(x =3+  + 1’ —6x+9+ y’
dx-12=-4J(x=3) +*

x—3=—(x—3)"+ y* (Since the right side of the equation is negative, then x —3 <0 = x < 3.)
(x=3)=(x=3+y"=y=0

279
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Therefore: \/(x —1)* ++/(x —3)* =2 Sk-1+x-3=2=21sx<3
The set of points is {(x, y),1 < x < 3, y = 0}; hence, the line segment between (1, 0) and (3, 0).
37 Letz=x+yi:
a) Jx'+y’ <3
The set of points is the disk with centre (0, 0) and radius 3.

b) Jx’+(y-3) =2

The solution is the set of points outside the disk with centre (0, 3) and radius 2.

Exercise 10.3

[S—

2r
el 2 2 1 3
z=4e =4(cos(——”)+isin(——”))=4 ERRER I
3 3 2 2

2 z=3e"" =3(cos(2m)+isin(27m))=3(1+i-0)=3
3 z=3e"" =3(cos(0.5m)+isin (0.57)) =3(0+i-1)=3i

4 z=4cis(i—;r)=4(cos(i—;[)+isin(i—;[))=4(\/5_\/g+i\/E+\/EJ=\/E—\/E+1'(\/E+\/€)

4 4
ud 1 13 1
5 z=13¢? =13(cos(z)+isin(z)):l3 —+i£ =—3+3—\/§z‘
3 3 2 2 2 2
F L® 1 3 3e  3eV3
6 Z:?ae1 3 = 3ee? =3e(cos(£)+isin(z))=3e —+i£ :_e+ e\fi
3 3 2 2 2 2

T —i
7 r=+8= 2\/5, tan 0 = 1, the first quadrant, 0 = Z ; hence, z = 24/2e*

T

1 T =i
8 r=2,tan 6 = —, the first quadrant, 6 = —; hence, z = 2¢°
J3 6

1 T I
9 r=48= 2\/5, tan 0= — ﬁ , the fourth quadrant, 6 = — g; hence, z = 23/2e ¢

T I
10 r =4, tan @ = —/3, the fourth quadrant, 8 = — g; hence, z = 4e ?

37 Rt
11 r=+/18 =32, tan @ = —1, the second quadrant, 6 = e s hence, z = 3v/2¢

T,

T —i
12 r =4, tan 0 is not defined, positive y-axis, 6 = > hence, z = 4e?

7.
—i

7T
13 r=6,tan 0= 1 , the third quadrant, 6 = o ; hence, z = 6¢ ¢

J3

3m 2
14 z=-3+3i, r =18 = 3J/2, tan @ = —1, the second quadrant, § = I; hence, z = 3v/2¢
15 r =7, tan 6= 0, positive x-axis, @ = 0; hence, z = me"’ (= me*™)

Va

. .. . T =i 142
16 r =e,tan 6 is not defined, positive y-axis, 6 = —; hence,z =e-e? =e

—i
2

T T
17 r= \/5, tan 0 = 1, the first quadrant, 0 = Z; hence,1+i = J2 cis Z)

(1+i)° = (V2)" cis (10 : f) = 2° cis (E) =32 (cos Z yisin f) = 32i
4 2 2 2



18

19

20

21

22

23

24

25

26

1
r=2,tan0=——,

J3
<\/> - i)6 =(2)° cis (6 : —?n) = 64 cis (—7) = 64 (cos (—m) +i sin (— 7)) = —64

the fourth quadrant, 6 = — g; hence, \/3 —i = 2 cis (— %)

r==6,tan 6 = J3 , the first quadrant, 8 = g ; hence, 3 + 3iv/3 = 6 cis (g)

(3+3i/3)" = (6)’ cis (9 : g) =10 077 696 cis (37) = 10 077 696 (cos () + i sin (7)) = —10 077 696
r = 242, tan @ = —1, the fourth quadrant, 0 = — %; hence, 2 — 2i = 2+/2 cis (— %)

(2-2i) = (2v2)" cis (12 : _Tﬂ) = 262 144 cis (—37) = 262 144 (cos (7) + i sin (7)) = —262 144

r = 6, tan O = —1, the fourth quadrant, 6 = —%; hence, J3 i3 =6 cis (— %)

(V3- i\B)8 = 6" cis (8 : _Tﬂ) = 1296 cis (—27) = 1296 (cos (0) + i sin (0)) = 1296

r =+/18 = 342, tan @ = —1, the second quadrant, 6 = % ; hence, z = 3v/2 cis (%)
N7 7. 3w . (57 5\ .. (57w
(=3+3i) = (3\/5) cis (7 : T) =17 4962 cis (T) =17 4962 (cos (I) +1isin (T))
_17496f( —):17496 —1—i
NG 1=
r= \/E, tan 0 = —1, the fourth quadrant, 6 = —g; hence, J3 —i3 =6 cis (— g)

. -8 -8 . —-T 1 . 1 . 1
(\@ - 1\@) =6 cis (—8 . T) = % cis (27) = 296 (cos (0)+isin (0)) = 1296

r=6,tan 6 = the third quadrant, 0 = — hence -3J3-3i=6 c1s( )
ﬁ 6

N 7 1 1 (V31
(-3v3-3i)" = (6)7 cis (—7 : —”) - cis (— f) £ —i J3-i)
6) 27993 \ 6) 279936 3 e

1
the first quadrant, 6 = 2 ; hence, /3 +i = 2 ()

\/5 e nrs qua ran 6 ence, 1 cis 6

2(V3+i) =2(2) cis (7%) = 256 cis (%ﬂ) =256 (— ?— i %) =—1283 —128i

r=2,tan 0= —

r =8, tan 92\/§,theﬁrst uadrant,sz;hence,4+4if=8cis r A
d 3 3
P y

( 4+4i\6) = /8 cis %+T —2\/Ec1s(76r+kn’);k:0,1 “

1,2

5 >

(Vv aid5), =23 cos T isn %) = zf(_+ ) 6 +i2 .

1
(4+4i\6) —Zf(cos%+zsm?) ZI(—g—EJ:—f—zf

2
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T T
27 r=8,tan 0= \/5, the first quadrant, 0 = ; ; hence, 4 + 4iN/3 = 8 cis (E)

& A
3 2k 2k
(34+4iﬁ) = 38 cis %JFTE =2cis(g+7”);k=o,1,2 y

1,2,3

LT

(3 4+4z‘@) _ 2cis(§)= 2¢'9
1

T 27 77 i’
(34+4iﬁ) =2cis(—+—)=2cis(—)zze 9
2 9 3 9

137

4 e
(34+4iﬁ) :2cis(z+—n)=2ci5(13—n):26 D 7
3 9 3 9

28 r =1, tan =0, on the negative x-axis, @ = 7 ; hence, —1 = 1cis (7)

r  2krm r km
(¥-1) =41cis(—+—)=cis(—+—);k=0,1,2,3
12,3.4 4 4 4 2 A
y
. (n) N NG NG )
( —1) =cis|—|=cos—+tisin—=—+i—
! 4 4 4 2 2
\ 37:) 3ar V2 2
( —1) =cis| —|=cos—+isin—=——+i—
2 4 2 2
. (57:) 5 st N2 2
( —1) =cis| — [=cos—+isin—=———i—
3 4 4 2 2
4 .(77r) 7r .. 7 N2 2
( —1) =cis|— |=cos—+isin—=——i—
4 4 4 2 2
T T
29 r =1, tan 60 is not defined, on the positive y—axis,9:—;hence,i:16is(—)
T
2 2km r km
(i) = Y1cis| 2+ == =cis(—+—);k=0,1,2,3,4,5
1,2,3,4,5,6 6 6 12 3

= C1S

() = (%):ﬁr@”@—ﬁ

4

1
57 =—ﬁ+\@+i\@+ﬁ

)= :
)




30

31

32

33

34

r=+/243 = 9\/3, tan 0 = /2, the third quadrant, 6 = arctan J2 + 7 = 4.0969; hence,

-9 - 9i\/2 = 943 cis (4.0969) (to 4 d.p.)
40969 2
S 5 + ?ﬂ) =3 cis(

4 2
0969 5”) k=0,1,2,3,4

= /3 cis (0.8194) (to 4 d.p.)

= /3 cis (2.0760) (to 4 d.p.)

)
)

—9-9i\/2 ) =3 cis (3.3327) (to 4 d.p.)
) =3 cis (4.5893) (to 4 d.p)
)

= /3 cis (5.8459) (to 4 d.p.)

From z° — 32 = 0 = z’° = 32; hence, we have to find the fifth roots of 32.

r =32, tan 6 = 0, the positive x-axis, 6 = 0; hence, 32 = 32¢"°

(2) =

1,2,3,4,5

v

(

=2 5 ;k=0,1,2,3,4

32) =26 =2, (¥32) = 2’ (¥/32), = 2¢ : (¥32), = 2’7, (V32), =2¢

8

From z® +i = 0 = z® = —i ; hence, we have to find the eighth roots of —i.

3m i
r =1, tan 6 is not defined, the negative y-axis, 8 = — ; hence, —i =e

o

(V=i

)1,2,3,4,5,6,7,8

(

=)

27r

o

r=28,tan 0= —

(3/46 - 4i)

1,2,3

(%/46 - 41')l ~ 2, (\3/ 43— 41')2 2, (%/4ﬁ - 41')3

)
;k=0,1,2,3,4,5,6,7
_i)l _ eiﬁ’ (§/_—i)2 — e’ﬁ’ (8 —i)3 e s (g/_—l)

. e 8 . !
—1) =e ‘6,( —z) =e ¢
7 8

From z° + 43 — 4i = 0 = z° = —4/3 + 4i ; hence, we have to find the third roots of 4+/3 — 4i.

);kZO,l,Z

.3

57 i
, the second quadrant, 8 = — ; hence, 43 —4i=8e ¢

From z* —16 = 0 = z* = 16; hence we have to find the fourth roots of 16.

r =16, tan 6 = 0, the positive x-axis, 8 = 0; hence, 16 = 16e™°

<4 16)1,2,3,4 = %@t

2.k=0,1,2,3
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35 From z° +128 =128i = z° = —128 4+ 128i; hence, we have to find the fifth roots of —128 + 128i.

15

r=128J2=22,

(¥~128+128i)
_ JBe'®, (V-128+128i), = Jae' (V-128+ 128i) =J8e @,

(Y-128+ 1281‘)1

36 From z° —64i

15 37r

3w
tan 6 = —1, the second quadrant, 6 = o ;hence, —128 +128i =27 ¢ *
4 | 2km
3n 2km

3
- i/zT;et[5+5] e - 55 ks 012,54

197

27 ,.7
(NS/_128+ 1231') =8¢ 2, (\5/—128+128i) =8¢ * Z\f( ) 2—2i
4 5 L 2
=0 = z° = 64i; hence, we have to find the sixth roots of 64i.
T iz
r = 64, tan 0 is not defined, the positive y-axis, 6 = E ; hence, 64i = 64e 2
LZT 2krm
{ ] ()
= Y64e =2e\2 3/ k=0,1,2,3,4,5
1,2,3,4,5,6
57 3r
i— 6 N _ — _
. z)—Zelz,(\/64z)3—2e4—2( \/7 \/7) \/—+\/—z,
1371 A7 I
— o, 12 (8/cai) —
\ (64)—2612,(\/641)6—26 (\/— \/—) J2 =/2i

)
(Y64i) =
), =

37 cis(9P)cis(-58) =cis(9B—5p) = cis (4 8) = cos (4 ) + i sin (4 B)

cis(6f)cis(4)
cis (3 )

1

38

=cis(68+4B—3p) = cis(7) = cos (7 ) + i sin (7 )

39 (cis(9P)): =cis (?) = cis (38) = cos (38) +i sin (3 B)

40 /cis(2np) = cis(
(e/7") = Re (e”e”)

41 cos(a+ fB)=Re

Hence we have to find e

%) =cis(28) = cos (2 8) + i sin (2 B)

ai [31‘

e“e” = (cos a+i sin a)(cos B+isin B)

= cos ccos B—sin asin B+i(cos orsin B+ sin ot cos B)

The real part of e“e

Pis cos o cos B— sin orsin B, so cos (e + ) = cos acos B~ sin arsin .

42 cos(40)=Re (e(mﬁ) =Re ((e“i)4)
Hence, we have to find (e”"')4 :
(e“i )4 = (cos (@) +i sin (o))" Use the binomial theorem.
=cos’ a+4cos’ osin o + 6 cos” orsin® o’ + 4 cos asin’® o’ +sin* i’

The real part of the number is:
cos* o+ 6cos” asin® od” +sin* o' = cos* o+ 6 cos’ Oc(l —cos’ OC) (-1)+ (1 - cos’ a)z 1)

cos (4a) = 8 cos*

=cos' a—6cos’> a+6cos* a+1—2cos® o+ cos* a

=8cos’ o— 8 cos® o+ 1; therefore:
oa—8cos’ a+1



43

44

45

cos (5a) = Re (e(sa)i) =Re ((e”‘i)s)
Hence, we have to find (e“"')5 :
(e"‘i )5 = (cos (o) +i sin (o))’ Use the binomial theorem.
=cos’ ot+5cos’ asin o +10 cos’ arsin® i’ +10 cos® orsin® i’ + 5 cos arsin® ¢i* + sin® i’

The real part of the number is:
cos’ a+10cos’ arsin® or(=1) + 5 cos asin® (1)
=cos’ a—10cos’ ol —cos® &) + 5 cos o1 — cos’ @)
=cos’ @—10cos’ a+10cos’ a+5cos ot—10 cos’ o+ 5cos’

=16 cos’ ar— 20 cos’ o+ 5 cos «; therefore:
cos (50) =16 cos® ot — 20 cos® o+ 5 cos &

Using the formula from question 41, cos (4¢) = 8 cos’ or— 8 cos” o+ 1, and the double angle formula,
cos2a=2cos’ ¢—1=>8cos’ or=4(cos 2a— 1), we have:

cos (40) = 8cos’ @—4(cos2a—1)+1=> cos (4) + 4 cos 2+ 3 = 8 cos* a; hence,

cos' o= %(cos (400)+ 4 cos 20+ 3)

cos (40) = 8 cos* or—8cos” ax+1

a) Since 1. cos (—20) +i sin (—2¢x) , we have: z + 1. (cos (2a) +i sin (2¢x)) + (cos (—2 ) + i sin (—2@)).
Using ihe even/odd property, we have: cos (—2aZ) = cos (2) and sin (—2) = — sin (2¢x). Hence,

1
z+—=cos(20) +isin (2c) + cos (2a) — i sin (20t) = 2 cos (2)
z

- é _ (cos (201) +i sin (200)) — (cos (~2¢1) +i sin (~200))
=cos(2a)+isin (2a) — cos (2¢x) +i sin (2¢r) = 2i sin (2¢x)

Pl

b) z'+ L (cos (2na) +i sin (2na)) + (cos (—2nox) + i sin (—2nor))
“ . cos (2na) +i sin (2nor) + cos (2no) — i sin (2na) = 2 cos (2no)
Hence, z" + zi” =2 cos (2no) = cos (2no) = %(z” + zi”)
z" - P (cos (2na) +i sin (2na)) — (cos (—2na) + i sin (—2nor))

= cos (2na) + i sin (2na) — cos (2no) + i sin (2na) = 2i sin (2na)

n

1 1 1
So, 2" — — = 2i sin (2na) = sin (2no) = — (z" - —)
z 2i z

46 (1+3w)(1+3w*) =1+3w+3w’ +9w> =10+ 3w (1+w)

=1
=1

[
1+w)(1- -w’ -1
wlaw)(=w) _w-w _w = —1, we have: (1+3w) (1+3w*) = 10+ 3(~1) = 7.

Since w (1+w) =

1-w 1-w  1-w
Note: We can establish the formula w + w” = —1 using the values of the cube roots of 1:
2 . 2m 1 N3, ar . 4am 1 3,
LLw=cos—+isin—=——+—i,w =cos— +isin—=————1.
22 3 3 2 2

1
Hence, w +w’ = ——+£i + _l_ﬁi -1
2 2 2 2
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47 a) For the fourth roots of 1 =1cis (0):

%=cis(2';—”)=cis(%);k=o,1,2,3

(%)l =cis(0) =1, (éﬁ)z =cis (g), (%)3 =cis () = (cis (g))z , ((‘5)4 = cis (37”) = (cis (1))3

2
Therefore, we can denote the fourth roots as 1, 8, 5, 5.

b) (1+B)(1+f+B)=1+B+p +2f +B =2+i-1-2i=1-i
Note: We can solve the task using the values: =1, f° = -1, f° = —i, so:
(1+l3)(1+,32+B3)=(1+z')(1—1—i)=(1+i)(—i):1—z‘.
o B+f+f=1+p+pf+p -
%,—/
Note: We have used the formula1+ S+ ° + B° = 0. This formula holds because
(1+B+B +B)1-P=1-p' =0and f£1=1-#0.

Although, notice that we can solve the task using the values: 8 =i, f*> = -1, §° = —i, so:
B+ B+ B =i+ (-1)+(-i)=-1

48 a) For the fifth roots of 1 =1cis (0):
N =cis(2];—”);k= 0,1,2,3,4

10, 12,6 8] o) (5 o)
-o(2)-(o(2)

Therefore, we can denote the fifth roots as 1, o, o, o, o’
b) (+a)(l+a')=1+a+a'+a =2+a+0’
2 . . 2% (2%)(2%)
=2+cos—+isin—+cos|—— |[+isin| ——
5 5 5 5

27 -1+J5 3+5

=2+2cos?=2+

2 2
. s (1+a+a2+a3+a4)(1—a) 1-o 1-1 _
o l+a+d’+a’+o' = I "o 1
_a — —

49 1+i/3= 2c1s(3) (1+i3)" = cis(%)

1—1f—2c1s(—;) (l—zf) = 2° c1s(—?)

Hence:
n n T T T T

(1 + i\/g) + (1 - i\/g) =2" (cos (n_) +1i sin (n_) + cos (— n_) +1i sin (— n_)) Use the,even/Odd

3 3 3 3 properties.
" nc) .. (nw ney .. (nw
=2 (cos (—) +isin (—) + cos (—) —1isin (—D
3 3 3 3
=2"" cos (ﬂ)

3

Therefore, the number is real.
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For n = 18, the value is: 2" cos (Tﬂ) =2 =524 288.

135° 3 3
50 Sincearg (2a+ 3i)’ = 135', then arg (2a + 3i) = - - 45°, Therefore, tan 6=1= o =a= 3
a




Exercise 11.1
1

a)

V)

d)

@ Chapter 11

The experimental unit would be the gender
of a student. A sensible population would be
all the students in a certain school (a large
one), city, district, or country. The sample
could be students from one class, or even

a smaller group of students. The variable is
qualitative as it describes a characteristic

of a student (female or male) rather than a
numerical quantity.

The experimental unit would be a final exam
taken by a 10th-grade student. A sensible
population would be all the exams done

by 10th-grade students in a certain school

(a large one), city, district, or country. The
sample could be the exams of students

from one class, or even a smaller group of
students. The variable is quantitative since
we need to count the number of errors.

The experimental unit would be a newborn
child. A sensible population would be all the
newborn children in a certain city, district,
or country. The sample could be newborn
children born in the same hospital, or born
on the same day. The variable is quantitative
since we measure the height.

The experimental unit would be a child aged
less than 14. A sensible population would

be all the children aged less than 14 who

live in a certain city, district, and country.
The sample could be all the children aged
less than 14 who live in the same building,
block, or street. The variable is qualitative as
it describes a characteristic of a child (blue
eyes, brown eyes, green eyes, and so on)
rather than a numerical quantity.

The experimental unit would be a working
person. A sensible population would be

all the working people in a certain city,
district, or country. The sample could be

people working in the same company, or
people living in the same part of the city. The
variable is quantitative since we measure the
time it takes them to travel to work.

f) The experimental unit would be a country
leader. A sensible population would be
all the country leaders worldwide. The
sample could be all the country leaders
within a certain geographical region, or a
continent, or even the leaders of the same
country throughout history. The variable
is qualitative as it describes a characteristic
of a leader (excellent, good, fair, or poor)
rather than a numerical quantity.

g) The experimental unit would be a
student. A sensible population would
be all the countries of origin of students
at an international school, or a group of
international schools within a certain
country or a geographical region. The
sample could be all the countries of origin of
students from one grade of an international
school. The variable is qualitative as it
describes a characteristic of a student
through their country of origin (Austria,
Germany, Italy, Croatia, and so on) rather
than a numerical quantity.

Note: Answers for question 2 are not unique.

a) Skewed to the left, since there are many
players who don't score at all and there are a
few who are top scorers.

b) It should be symmetric since the weights
will be grouped around one particular
weight. (Later on, we will find out that this
weight is called the mean weight.)

c) Again skewed to the left, since there are a
few students who travel a lot and visit many
countries.



d) In this case we would again expect a
distribution skewed to the left, because
some students do receive a lot of emails
(especially those who use social networking
sites).

Quantitative because we can measure the
time taken to finish the essay.

b) Quantitative because we can count the
number of students in each section.

¢) Qualitative since the rating has descriptors
rather than a numerical quantity.

d) Qualitative since the country of origin is
listed by its name rather than a numerical
quantity.

4 a) Discrete since we can count the exact
number of students from each country.

b) The weight of exam papers cannot be
measured exactly and therefore it is
continuous.

¢) Time cannot be measured exactly and
therefore it is continuous.

d) Discrete since the number of customers
must be exact. (Customer satisfaction is a
different experiment altogether.)

e) Again, time cannot be measured exactly
and therefore it is continuous. We always
measure time to a certain degree of
accuracy, but never exactly.

f) The amount of sugar, as a mass, cannot
be measured exactly and therefore it is
continuous. On the other hand, if we take
a microscope and count the grains of sugar
without breaking them apart, then we can
say that it is discrete; but quite honestly who
would do that?

5 This analysis is done by grouping the grades into
classes of length 2, since the range of the data is
not very large.

50

40

30

20

Frequency

18 2 22 24

Relative frequency (Percentage)

Cumulative frequency

G.P.A.

18 2 22 24 26 28 3 32 34 36
The data looks relatively symmetrical, with no
apparent outliers.

We will group the data into classes of length 5,
and count the frequencies for each interval.

Interval Midpoint Frequency
525-57.5 55 3
57.5-62.5 60 4
62.5-67.5 65 6
67.5-72.5 70 4
72.5-77.5 75 5
77.5-825 80 1
82.5-87.5 85 8
87.5-92.5 90 5
92.5-97.5 95 4
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Frequencies

Grades
105 110

55

60 65 70 75 80 85 920 95 100

We can say that this distribution is almost
bimodal, where one group has a mode of 65 and
the other group has a mode of 85.

a) This set of data has a very large range and
therefore we are going to group it into
suitable intervals. The midpoint of each
interval is shown in the table.

Midpoint | Frequency
0 10
4 14
8 12
12 3
16 3
20 4
24 2
28 1
32 1
164 Frequency
147
127
6
‘ L i_l_l Manths
4 8 12 16 20 24 28 32 36 40

b) The data is not symmetric but skewed to the
right.

50

40

9)

Cumulative frequency

30

20

10

Months

4 8 12 16 20 24 28 32 36 40

From the diagram, we notice that there are
36 young drivers who will lose their licence;
therefore, 72% may lose their licence.

8 a) We will use classes of length 0.6, having 0 as
the midpoint of the first interval.
Relative frequency (Percentage)
30
20
10
——
iEs HH s
0.6 1.2 1.8 24 3 ”3.‘0’5‘I 4.2 I 4.8 I 5.4 I 6 6.6
b)

60

50

Cumulative frequency

40

30

20

Minutes

1.8 24 3 36 4.2 4.8 54 6 6.6

Using the graph, we can say that there are
approximately 49 customers who need

to wait up to 2 minutes; therefore, 11
customers will need to wait longer than
that.



9 a) The datais skewed to the right, with the 10 a) From the frequency graph, we can see that
modal value as 6-8 days spent at hospital. the longest time spent doing his exercise is
A very few patients will stay longer than between 38 and 40 minutes; therefore, the
20 days. longest time is 40 minutes.
b) Due to the poor scale on the frequency b) In order to solve this problem, we need the
diagram, it is going to be difficult to cumulative frequencies.
estimate the frequencies. Our estimates are ;
Interval Frequency Cumulative
as follows:
frequency
Interval Frequency Cumulative 18-20 10 10
frequency 20-22 15 25
0-2 /50 /50 22-24 25 50
2-4 450 1200 24-26 30 80
4-6 750 1950 26-28 32 112
6-8 950 2900 28-30 40 152
8-10 700 3600 30-32 30 182
10-12 425 4025 32-34 22 204
12-14 350 4375 34-36 12 216
14-16 225 4600 36-38 0 216
16-18 190 4790 38-40 4 220
18-20 180 4970 , .
The percentage of time spent exercising
20-22 150 5120 . .
more than 30 minutes is:
22-24 100 5220
152
24-26 50 5270 p=1-—==030909..=31%
26-28 40 5310 )
c
28-30 30 5340 250
30-32 30 5370 b
g 200 =
32-34 20 5390 £ /
g P
34-36 10 5400 8 150
: 100 /
6000 £
e 3 Y-
% 5000 o E 5 /
8 7 ©
E 4000 / "t . //
2 %00 / 16 21 26 31 36 41
g 2000 Minutes
5 /’
© 1000
0
0O 5 10 15 20 25 30 35 40
Days

c) Using the table, or graph, we can estimate
the percentage of patients who stayed less

than 6 days as:

1950
=——=10.36111... = 36%.
5400
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11 a) The frequency table is given in horizontal
form in the question.

b)

180 4 Frequency

160

140

120

100

50 60 70 80 90

100

110 120 130 140

c) To draw the cumulative frequency graph,
we take the endpoints of the intervals and
calculate the corresponding cumulative
frequencies, which are: 20, 90, 200, 350, 390
and 400.

4! Cumulative frequency

&
3

400

350

300

250

200

150

100

50

Speed
160

60 70 80 90 100 110 120 130 140 150

d) To estimate the number of drivers
exceeding the speed limit, we draw a
vertical line from 130 km/h on the diagram
above. Our estimate is 380; therefore, since
there are 400 cars, 20 cars, or 5% of the cars,
were exceeding the speed limit.

12

a) To draw the cumulative frequency graph,
we take the endpoints of the intervals and
calculate the corresponding cumulative
frequencies, which are: 16, 116, 239, 343,
391 and 400.

Cumulative frequency

Length
53

4.95 5 525

300

250

200

150

100

50

b) We need to draw two vertical lines, from
5.01 and 5.18, on the diagram in part a. Our
estimate for the number of components

of length 5.01 mm is 30 and of 5.18 mm

is 376. Therefore, 30 + (400 — 376) = 54
components will be scrapped, that is, 13.5%

of the components.

13 a)

Frequency

b) To draw the cumulative frequency graph,
we take the endpoints of the intervals and
calculate the corresponding cumulative
frequencies, which are: 12, 27, 69, 174, 240,
285 and 300.

Cumulative frequency

v Time

50 100 150 200 250 300 350 400 450

There are 300 customers and 25% of 300 is
75. To find the waiting time that is exceeded
by 75 customers, we draw a horizontal

line at the cumulative frequency of 225

(see diagram above). Our estimate is 285
seconds (4 minutes 45 seconds).




Exercise 11.2

1

5+4+7+8+6+6+5+7 48
8 8
b) In order to find the median, we need to list the observations in order of magnitude. Since there are
eight observations, we need to take the two middle ones, which are the fourth and fifth observations,
and take their average.

a) x= 6

4) 5) 5) 6) 6) 7, 7, 8
Since the middle observations are both 6, the median is 6.

c) The data is symmetric with respect to the mean value.
3
2
NEEE ST
0
5+7+8+6+12+7+8+11+4+10 78

10 10
b) 4,5,6,7,7,8,8,10, 11,12

7.8

a) x=

There are ten observations, so we need to identify the fifth and sixth observations. The fifth
observation is 7 and the sixth is 8; therefore, the median is 7.5.

c) 'This set of data is bimodal, with 7 and 8 as the modes, since these two observations have the highest
frequency.

Number of DVD players (x;) 0 1 2 3 X
Number of households (f) = 12 | 24 8 6 | 50
x; X f; 0| 24 | 16 | 18 | 58

Y xf 58

We calculate the mean value by using the formula x = Z I = — =1.16.

There are 50 pieces of data, so to find the median value we have to identify the 25th and 26th
observations, when listed in order of magnitude, and then take their average. From the table, we notice
that all the observations from the 13th until the 36th are 1; therefore, the median is 1.

The median is the measure that best describes this data since the data is skewed to the right and, as such,
the mean is more influenced by it.

We are going to list the losses in order of magnitude: 3, 270, 393, 417, 814, 861, 1362, 10567, 21 167,
39093.

814 + 861
The median value is: x = T = 837.5 millions of dollars.

74 947
= 7494.7 millions of dollars.

The mean is the total sum of losses divided by 10: x =
In this case, the median is more appropriate as there are extreme values.
For this question we will use a calculator since there are many observations.

Firstly, we input all the observations in list L; and then, from the List menu, we can use the mean and
median features of the GDC.
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L1 Lz Lz 1| [meanclia
yin 438

z;g mediantld 434

L1z =

Since both measures are equal, and the data looks symmetrical, either measure looks good.

_ 4460
) X = —— = 49.56, correct to the nearest cent.
b) x-= 4460 +74 + 60 = 49.93, correct to the nearest cent.
90+ 2

We need to consider all the bags, measure their total weight and divide it by the total number of bags.

144 x2.15+56x1.8  309.6+100.8
144 + 56 200
So, the mean weight of a bag of potatoes is 2.052 g.

2% _ 749

X = =2.052

a) x= 2 = 2996
25 25
b 189
20233445666777
3134568
4102266

n+l
Since there are 25 observations, we have to find the 13th (T) observation. Looking at the stem

plot, the 13th observation is 27; therefore, the median is 27.

c) To draw a histogram we need to group the data into suitable intervals. We will use intervals of length
4, starting from 16.

Grades | Frequency

16-19 2

20-23 4 107 Frequency

24-27 9 z

28-31 0 !

32-35 3 2

36-39 2 ‘;

40-43 3 2

44-47 2 ; Marks

36 40 44 48




d .,
2
2
20
18
16
14
12 »
10

[

Cumulative frequency

Marks
1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50

o N Ao

An estimate for the median (which corresponds to a cumulative frequency of 12.5) is 26.5.

Year | Fatal | Serious | Slight | Total
1970 | 758 7860 13515 | 22133
1975 | 699 6912 13041 | 20652
1980 | 644 7218 13926 | 21788 Injuries
1985 | 550 6507 13587 | 20644 zzggg
1990 | 491 5237 14443 | 20171 | | 15000
1995 | 361 4071 12102 | 16534 | | 10000
2000 | 297 3007 11825 | 15129 5002

2005 264 2250 10922 | 13436 1970 1975 1980 1985 1990 1995 2000 2005

From the bar graph, we notice that the number of injuries are decreasing year on year.

b) Key: 1 denotes the year 1970, 2 the year 1990, and 3 the year 2005.

Fatal Serious Slight

21 m2m3 m1m2m3 mlm2m3
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10 a)

Age Number
15-19 103
20-24 125
25-29 103
30-34 80
35-39 88 140 1 Number
40-44 96 130

120
45-49 78 110

100
50-54 60 90

80
55-59 45 70

60
60-64 33 o
65-69 17 40

30
70-74 13 20

10 Age
75-79 26 0 pr—

b) To estimate the mean value, we need to use the midpoints of the intervals (17, 22, 27, ..., 77) and the

2 xS,

corresponding frequencies: x = —— = 37.61.

9) Zf

900 1 Cumulative frequency
800
700
600

500

\

400

300

200

100

v Ages

Since there were a total of 867 casualties, we need to draw a horizontal line at 433.5 to find an
estimate of the median of the data. Our estimate is 36 years of age.

To answer questions 11-15, we are going to use our graphs from the previous exercise, together with
calculator software.

11 Since there are 5400 patients, we need to draw

a horizontal line at 2700 (on the cumulative “1 L;Il- L2 2 E?q LA e 33,203
frequency diagram) to estimate the median. Our £ A ééaﬁ ¢ E1 ?L?} 11 1.
estimate is 7.5 days. g s I, BEFARTAET
To estimate the mean, we use the midpoints of the i 35

intervals and the corresponding frequencies. So, Lath="75H

the estimate of the mean is 9.01 days (correct to three significant figures).



12

13

14

15

16

17

Since there are 220 recordings, we need to draw a horizontal line at 110 (on the cumulative frequency

diagram) to estimate the median. Our estimate is

28 minutes. Li Lz Lz
i9 . ______
To estimate the mean, we use the midpoints of the | &1 15
intervals and the corresponding frequencies. So, £5 Ed
the estimate of the mean is 27.7 minutes (correct £] i
to three significant figures). Lzci=10@

SE“:"“::“:: Ha 19,39, 22

=+L1
19 21 23 25 27..
meantLlia.Llz2

27« BEIAIEIE

There are 400 cars and one of the cumulative frequencies is exactly 200; therefore, the median value is

105 km/h [(105, 200) is a point on the cumulative

) L1 Lz K SEul A, Mo 67 .00 142
frequency diagram]. 57t 120 | . LS. 15031
B2.E | o f67.50 82,5 97.5
To estimate the mean, we use the midpoints of the | §{¢ | }&i meantli.Lz?
- : : 1Z7E | o 1a3, 125
intervals and the corresponding frequencies. So, iGe
the estimate of the mean is 103 km/h (correctto =~ | —======
L Lei?y =
three significant figures).
An estima'te for the median (wh.ich corresponds to - iz = —eai . 4.975.5.
a cumulative frequency of 200) is 5.08. T T A B A5 L
) o £k | 100 £4.375 2.825 3.
To estimate the mean, we use the midpoints of the | E¥E | }&F meanitli.Lz)
intervals and the corresponding frequencies. So, Ei'ii?igi 48 9. BEGETS
the estimate of the mean length is 5.09 (correct to R a—
three significant figures). =
An estimate for the median (which corresponds to 5 = 5 P T T T
a cumulative frequency of 150) is 225 seconds. 0 | (| Ba3l 1
a0 | 38 98 158 218 ..
To estimate the mean, we use the midpoints of the F10 Pt meantli-Lz2 256
intervals and the corresponding frequencies. 260 ke )
So, the estimate of the mean waiting time is L:(E:L 1 215

229 seconds (correct to three significant figures).

& _ 1664
a) in=1664:>x=4—0=41.6

i=1

& _ 1664
D (x,—20) =1664 = X == t20=832+20=1032

i=1

b)

& _ 4404
a) z(xi+12)=4404:>x=W—12=73.4—12=61.4

i=1

b) Average score of the whole group of 100 students =

61.4x60+67.4x40

100

63.8
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Exercise 11.3

1  We are going to use a graphic display calculator. Since there are only 15 patients, we will use a simple list
with 15 elements.

1072 3 2 2
a) The mean pulse of the 15 patients is: x = 1072 =~ 71.5 (to 3 s.f.). E?SEEEE?BE?EE??E
_ L1 L B8, 71a 76,60, 79,
For the next part of the question, we will use the standard deviation Flxa
feature directly from the List menu, but we need to adopt it since the Ans ¥ Fié&q-E-E-E-E-E-E-?
calculator finds the unbiased estimation of the population standard 1872-15
deviation; therefore, we need to multiply it by , | ——
stdlew {72, 88,67
The standard deviation is: s, = 7.04 (to 3 s.f.). » B3, B, B8, 2H. D6,
Th:BE: Fla VB, 6,7
QaFLFI[C14-150
7« Bd1454494

b) We will input all the data into list L; and then plot the box-whisker diagram.

Lr2, 88,67, 68, 20; Flotz  Flots 1 THOI
B2, 80,06, 7668, T o+ Bmin=5d
1.7E 68,79, 712+l [T9Fed [ L= dm Bmax=85
1 B LU nscl=5
Ir? 88 67 68 8@ | [Hlistily Ymin=-5
Fre«il “Ymax=1H

Y=o l=1

Hress

mink=E6 RAi=6H Hed=r1

Fi:Ld T3 FiiLd T

g3=79 MaxA=An

c) Since we can see that the data is skewed to the left, we need to check whether there are any outliers to
the left. IQR =Q, — Q, =79 — 68 = 11. The outliers lie 1.5IQR from the lower or upper quartile, so,
in this problem, we calculate: Q, —1.5XIQR =68 -1.5x11=51.5 <56 = x__ ; therefore, there are
no outliers.

min

2 a) For this question, we will use a spreadsheet. We input the data into a column and use the functions
to find the following:

Mean value x = 162.6.

Standard deviation s, | = 23.35.




b)

9]

11
12
13
14
15
16
17
18
19
20
21

79

567

089
123679
033445689
02334568
1344789
02255779
8

9

08

Since there are 50 observations, we need to find the
25th and 26th observations and take their average. By
counting the observations, we find the 25th and 26th

observations are 162 and 163 respectively; therefore, the

.. 162+163
median is T =162.5.

To draw the cumulative frequency curve, we need to group the data into suitable intervals.

Interval

Frequency

110-119 2

120-129

130-139

140-149

150-159

160-169

170-179

180-189

O | N |00 |0V | Oy W |Ww

190-199 1

200-209

—

210-219 2

50 Cumulative frequency

45
40
35
30
25
20
15 E

10
5
i v y Passengers

q05 115 125 135 145 165 165 175 185 195 205 215 225

\d

The first and third quartiles correspond to the cumulative frequencies of 12.5 and 37.5 respectively;
therefore, an estimate for Q, is 147.5 and Q5 is 178.5. An estimate for the median (which
corresponds to a cumulative frequency of 25) is 162.

It is also possible to use the raw data that we entered into the spreadsheet to draw the box diagram.
In that case, the measures are slightly more accurate.

(2]

Frequency

. |

Passengers

qOO 110

130 140 150 160 170 180 190 200 210 220 230 240
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d) IQR =Q,—-Q, =178.5-147.5 = 31. If there are any outliers, they would be outside of the interval
[Q, - 1.5IQR, Q, + 1.5IQR] = [101, 225], which includes the whole range of the number of
passengers; therefore, there are no outliers.

e) The empirical rule states that the whole range should lie within three standard deviations of the
mean value. That will give an even larger segment [92, 233]; therefore, there are no outliers.

3 Marks 0-9 10-19 20-29 30-39 40-49 50-60
Number of students 5 9 16 24 27 19
a)
Cumulative frequency
100
75 >,

50
25

& v Marks

5 10 15 20 25 30 35 40 45 50 55 60

b) We draw horizontal lines at 50, 25 and 75 to find estimates for the median and quartiles. The
estimates are as follows: the median is 38, the lower quartile is 27, and the upper quartile is 47.

4 Time 30-40 | 40-50 50-60 60-70 70-80 80-90 90-100 100-110 110-120

Number of students 8 12 24 29 19 16 12 8 2
a) 140 7 Cumulative frequency

130

120

110

100 >

90

80 /

70 =

60 Z

50

40

30 >

20

10 v Time

05 35 45 55 65 75 85 95 105 115 125

b) We draw horizontal lines at 65, 32.5 and 97.5 to find estimates for the median and quartiles. The
estimates are as follows: the median is 67, the lower quartile is 55, and the upper quartile is 83.
Therefore, IQR = Q, —Q, = 83—-55=28.




C) 160 T Cumulative frequency

Time
25 35 45 55 65 75 85 95 105 115 125 135

The horizontal line at 75 gives us an estimate of 71 minutes for the median finishing time for all

150 students.
_ 26X22+84x32 326
5 x= =—=296
110 11
6 Score 59-63 | 63-67 | 67-71 71-75 75-79 | 79-83 | 83-87
Number of students 6 10 18 24 10 8 4
a) To find the mean and standard deviation of the L1 Lz L= z| 1-Yar Stats
i idpoi 61 P =P,
glven data, we need to use the midpoints of the el i FrEnin
intervals. H i Ixt=418848
77 10 Sx=6, 13683627 T
The mean value is 72.1 and the standard al 2 JeUEE%  B923504 35
deviation is 6.10 (correct to three significant LziD=E, n=
figures).
7 a)
Number of x=<10 x=<20 x =30 x =40 x <50 x <60 x<70 x <80 x<90 | x=<100
empty seats
Days 15 65 165 335 595 815 905 950 980 1000
b) | Cumulative frequency

1000
900 T

800 T

700 T

600 T

500

»
>
400 1
300 1
»
Ly
200 T
100 T L
v \ \ Empty seats
& A

10 20 30 40 50 60 70 80 90 100

c¢) i) To find an estimate of the median number of empty seats, we need to look at the cumulative
frequency of 500 (see diagram above). The estimate is 47.
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ii) For the first and third quartiles, we look at the cumulative frequencies of 250 and 750
respectively. Hence, an estimate for the first quartile is 35, whilst an estimate for the third
quartile is 58. The IQR is the difference between the third and first quartiles, which is 23.

iii) From the previous estimates, we can see that the number of bumper days was about 250.

iv) The highest 15% corresponds to the cumulative frequency of 850. An estimate for the number of
empty seats for that cumulative frequency is 63.

8 | Time = Number of employees

30-35 16
35-40 24
40-45 22
45-50 26
50-55 38
55-60 36
60-65 32
65-70 18
a) 40 1 Employees

30

220 7 Employees
b) ploy

200
180
160 >

140
120
100
80
60 »
40

20
A 4 v Time
028 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70 72

We draw horizontal lines at 106, 53 and 159 to find estimates for the median and quartiles. The
estimates are as follows: the median is 52.5, the lower quartile is 43, and the upper quartile is 59.5.
Therefore, IQR = 59.5 — 43 = 16.5.




V)

a)

b)

d)

e)

To estimate the mean and standard deviation,
we will use the midpoints of the intervals.

The mean value is 51.3 and the standard
deviation is 10.3 (correct to three significant
figures).

We can solve this problem by using a
calculator.

The minimum value is 152 and the maximum
value is 193. The lower and upper quartiles are
165 and 178 respectively, whilst the median
value is 168.

30 +f

L1 Lz L x| |[1=Var Stats
e |16 | oo #=51.,27358491
FE | En Tw=1RE7AE
E%E %E Twe=579825
£z k| Sx=18, 32209522
ErE |28 ogx=10.29772188
B2k 3z =21
L =
L1 Lz L 1| [1-Yar Stats
180 B Th=1368
1B g minxs=152
}ﬁ g =165
191 ; HEdT%EE
3:
e — maxi=193
L1182 =

o LI

1

150 155 160 165 170 175 180

Tx=9, 6485343182
+n=13A

185 190

195

IZU?FES%atE

H= .
EK§EE 185 The mean value is 170.5 and the standard deviation
%§=§323%§gg43 is 9.65, correct to three significant figures.

The players’ heights have a very wide spread. There are a few short players and there are a few
extremely tall players. The heights are skewed slightly to the right, with no apparent outliers. There
is a very small range from the first quartile to the median. 25% of all the players have heights within

those 3 cm, from 165-168 cm.

Cumulative frequenc
130 Auency

120

\ 4

110
100
%
80
70
60
50
40
30
20
10

v

Height

(%50 155 160 165 170 175

185

190

195

The 90th percentile of 130 players corresponds to a cumulative frequency of 117. Using the graph, we

estimate the 90th percentile as 184.5 cm.
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22165+182x10 23985

f) x=
130+10 140

= 171, correct to the nearest cm.

10 a) The mean is not going to change since the added observation has the same value as the mean of the
previous observations. Therefore, the new mean is also 12.

_ 9x11+21
b) x-= T = 12; the new mean is 12.

_9x1l+x

c) 21 = 210 = 99 + x = x = 111; therefore, the last observation is 111.

11 If the mean of all 10 data points is 30, then z x =30x10 = 300.

a) If the value of 25 was incorrectly entered as 15, that means the total sum should increase by 10;

_ 310
therefore, the correct mean value is: x = W =31

b) Since the added value is greater than the mean value, the mean is going to increase. The new mean is:
_  310+32 342
x=——=—=311.
10+1 11

_ 1 1 1 110
12 x=—-%X20+—%X40+—-%X60=—= 36.7
2 6 3 3

7+10+12+17+21+x+y
13 p =12=67+x+y=84=x+ty=17
7P +10° +12° +17° + 217 + x* + y* , 172 15+ x*+y* 172 .,
. -12 =T ==Xy =157

To solve the simultaneous equations, we will use the substitution method by expressing the variable y
(from the first equation) in terms of x.

x+y=17 y=17-x { y=17-x :{ y=17—-x N

=
x*+y* =157 x*+(17 - x) =157 2x? — 34x + 289 = 157 X —17x+66=0

y=17-x y=1lor p=§
x=6o0orx =11 x=6o0r x=I1

Note that we have discarded one solution because of the condition that x < y.

& _ 278
14 Y x =278=X =5 -2

i=1

= , 3682 ,
Y x?=3682= s = 5 11127 = 236256

i=1

To answer questions 15-19, we are going to use our tables and graphs from the previous exercises, together
with calculator and computer software.

15 Estimates of the upper and lower quartiles are 12 and 4.5 respectively; therefore, IQR = 7.5. The standard
deviation is 6.63 (to 3 s.f.).



16

17

18

19

Estimates of the upper and lower quartiles are 30.5 and 24.5 respectively; therefore, IQR = 6. The
standard deviation is 4.46 (to 3 s.f.).

Estimates of the upper and lower quartiles are 91 and 114 respectively; therefore, IQR = 23. The standard
deviation is 16.7 (to 3 s.f.).

Estimates of the upper and lower quartiles are 5.045 and 5.4 respectively; therefore, IQR = 0.355. The
standard deviation is 0.0569 (to 3 s.f.).

Estimates of the upper and lower quartiles are 280 and 180 respectively; therefore, IQR = 100. The
standard deviation is 82.1 (to 3 s.f.).
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Exercise 12.1 and 12.2

1 a) S={left-handed, right-handed}
b) S={heR:50<h<250},where height (h) is in centimetres.

o S={teR:0<t <240}, if we decide that the night starts at 20:00 and we don’t study after
midnight.

2 S$={(1,h),(2,h),(3,h), (4, h), (5,h), (6,h), (1, 1), (2,1), (3, 1), (4, 1), (5, 1), (6, 1) }

3 a) S={2&4,3%,4%,5%, 6%, 7%, 8%, 9%, 104, Job, Qi Kb, A, 24,34, 44, 50,64,74A,84,94,
104, A, QA KA, AN, 26,34,44,5¢,64,74,84,9¢,10¢,]¢,Q¢,Ke,A¢,2v,3v, 4v,
59,6v,7v,8v,9v,10v,Jv,Qv,Kv,Av}

b) We need to list all the possible pairs from a deck of 52 cards, which is many more than the listing in
a, so we are just going to initiate a possible listing.

S={(2%,3%), 2, 4%), ...2%, A%), 2, 24), (20, 34), .20, AN), (2,2¢),(2&%,39), ...
(20, A9),(2,29), (2%,39), ...2%, A¥), (B3eh, 4k ), (3eh, 5¢%), ...(3%, Ak), (3%, 24), (3%, 3a),
(B, AB), (342,20),(3%,3¢),..(3%,A¢),(3%,2v),(3%,3v),..3%,Av), .. (Kv,Av), ...}

¢) In the first experiment there are 52 outcomes, as there are 52 cards in the deck. In the second

52x51 2652
== = 1326 outcomes, since the order of the pair doesn’t matter.

experiment there are

4 a) Since Tim tossed 20 coins 10 times, there are 200 possible outcomes. The sum of all the number of

heads that appeared in the experiment is the number of favourable outcomes.

94 47
11+9+10+8+13+9+6+7+10+11=94 =P(H)=—=—=

= =047
200 100

b) Tim should expect any number between 0 and 20.

c) Ifhe tossed 20 coins 1000 times, we would expect heads to be obtained exactly half the time;
therefore, 10000 heads.

5 2 $={11),12),13),14),(21),(22),(253),(2,4),5,1),3,2),(3,3),3,4),
(4,1),(4,2), (4,3),(4,4)}

b) We need to look at each pair from a and add 1 to the sum of the components. So,
S=13,4,56,7,8,9}.

6 a) Since we are replacing the first ball drawn, there are three different colours possible for the first ball
drawn and three different colours possible for the second ball drawn.

§S={(b,b), (b, g), (b, y), (g b), (g 8, (g ¥) (v b), (v, &), (v, )}
b) A={(yb) (g, %y}
¢) B={(b,b),(g g, Yy}

7 a) Since we do not replace the first ball drawn, there are only two colours possible for the second ball
drawn.

§={(b, g, (b, y), (g D), (g y), (v, b), (v 8)}
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b) A={(y,b),(y.8)}
¢ B=0
a) S={(h,h,h), (h,h,t),(h,t,h),(thh),(htt),(tht),(tth),(tt)}
b) A={(h,hh), (h h,t),(hth),(thh)}
Let H = Hungary, I = Italy, b = boat, d = drive, f = fly, t = train.
Country and mode of travel: S = {(I, f), (I, d), (L, t), (H, d), (H, b)}
Fly to destination: S = {(I, f)}
a) $={(0,9),(0,1),(0,5), (0, ), (1, 8), (1, 1), (1,8), (1, ) }
b) A={(0,s),(0,0)}
¢) B={(0,),(0,1),(1,¢), (L, )}
In this case we are not concerned as to whether the patient is insured or not.
d) C={(1,¢). (110, (1Ls), (1,0}

The study is investigating three different characteristics. There are 2 classifications for gender, 3
classifications for drinking habits, and 4 classifications for marital status; so, there are 2 x 3 x 4 = 24
different classifications for a person in this study.

a) S={(G,K,,M,),(G,K,,M,),(G,K,,M,),(G,K,,M,),(G,K,,M,),(G,K,, M,),
(G, K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,, K,, M,),(G,, K,, M,),
(G,, K, M,),(G,,K,, M,),(G,,K,, M,),(G,, K, M,),(G,,K,, M,),(G,,K,, M,),
(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,, K;, M) ,(G,, K,, M, )}
b) Set A is defined as ‘the person is a male’; therefore, it consists of all the triplets containing G, .
A={(G,,K,,M,),(G,, K, M,),(G,, K, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),
(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,, K,, M, )}

Set B is defined as ‘the person drinks’; therefore, it consists of all the triplets containing K, or K.

B={(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,, K, M,),(G,, K,, M,),
(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M), (G,,K,, M,),
(G,,K,, M,),(G,,K,, M,),(G,,K,, M,),(G,,K,, M,)}

Set B can also be described as the set that consists of all the triplets not containing K;.

Set Cis defined as ‘the person is single’; therefore, it consists of all the triplets containing M, .

c={(G,, K, M,),(G,,K,, M,),(G,,K,, M,),(G,, K, M,),(G,,K,, M,),(G,, K,, M, )}

c) Set AU Bcan be described as the set that consists of male persons or persons who drink.

Set AN C can be described as the set that consists of single male persons.

Set C' can be described as the set that consists of non-single persons.

Set AN BN C can be described as the set that consists of single male persons who drink.

Set A'M B can be described as the set that consists of female persons who drink.
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12 a) Since we are taking four cars at a time, we will be recording quadruplets. For example, (L, L, L, L),
(R,R,R,S), (L, S, R, S), and so on. Every car leaving the highway has three options; therefore, there
are 3* = 81 different quadruplets.

b) Ifall cars go in the same direction, we have (L, L, L, L), (R, R, R, R) and (§, S, S, S).

c) Ifonly two cars turn right, the remaining two cars will either turn left or go straight: (R, R, L, L),
(R, R, S, 5), (R, R, L, S), and now we have to find the remaining permutations. For example, let us
take the first quadruplet and its permutations: (R, L, R, L), (R, L, L, R), (L, R, L, R), (L, R, R, L),
(L, L, R, R). The same pattern works for the second quadruplet. For these two quadruplets, there are
12 different permutations altogether. The last quadruplet has more permutations since we have three
possible ways of leaving the highway. There are 12 possibilities. So, the remaining quadruplets are
(R,R,S,L), (R,L,R,S), (R, S,R, L), (R, L,S,R), (R, S, L, R), (LR, R, S), (S, R, R, L), (L, R, S, R),
(S,R,L,R), (L, S, R, R), (5, L, R, R). Hence, there are a total of 24 outcomes where only two cars turn
right.

d) Only two cars going in the same direction contains the previous part, and there are two further ways
of the cars going in the same direction: L, L and S, S. So, altogether, there are 3 x 24 = 72 different
outcomes.

13 Since we have to look at three different components, we will be recording triplets. The first component,
size of the vehicle, has three different classifications, whilst the remaining two components have just two
different outcomes. Therefore, there are 3 X 2 x 2 = 12 different triplets.

a) U={(T,SY,0),(T,SY,F),(T,SN,0),(T, SN, F), (B, SY,0), (B, SY, F) (B, SN, 0), (B, SN, F),
(C,SY,0),(C,SY, F),(C, SN,0),(C, SN, F)}

b) SY ={(T,SY,0),(T,SY,F),(B,SY,0),(B,SY, F),(C,SY,0),(C, SY, F)}

) C={(C,SY,0),(C,SY,F),(C,SN,0),(C, SN, F)}

d) CnSY ={(C,SY,0),(C,SY,F)}
C'={(T,SY,0),(T,SY, F),(T,SN,0),(T, SN, F), (B, SY, 0), (B, SY, F),, (B, SN, O) , (B, SN, F)}
CuUSY ={(T, SY,0),(T, SY, F),(B,SY,0), (B, SY, F),(C, SY,0),(C, SY, F), (C, SN, 0),, (C, SN, F)}

14 a) Since there are three components and each can work or not, there are 2 x 2 x 2 = 8 different
outcomes.
U = {(0,0,0),(0,0,1),(0,1,0),(1,0,0),(0,1,1),(1,0,1),(1,1,0), (1,1,1)}

b) Xx={(0,1,1),(1,0,1),(1,1,0)}

o Y={0,11),(1,0,1),(1,1,0),(1,1,1)}

d z={1,01),31,1,0),(1,1,1)}

e) z'=1{0,0,0),(0,0,1),(0,1,0),(1,0,0),(0,1,1)}
Xuz={0,1,1),(1,0,1),(1,1,0),(1,1,1)}
Xnz={1,01),(1,1,0)}
YuZz={0,1,1),(1,0,1),(1,1,0),(1,1,1)} = Y
YnZz={101),(110),011L,1)}=Z2




15 a)

b)

d)

U =1{1,2,31,32,41,42,51,52, 341, 342, 431, 432, 351, 352, 531, 532, 451, 452, 541, 542, 3451, 3452,
3541, 3542, 4351, 4352, 4531, 4532, 5341, 5342, 5431, 5432} .
There are 32 different outcomes altogether.

A ={31,32,41,42,51,52} . There are six possible outcomes.

B=1{31,32,41,42,51,52,341, 342, 431, 432, 351, 352, 531, 532, 451, 452, 541, 542, 3451, 3452, 3541,
3542, 4351,4352, 4531, 4532, 5341, 5342, 5431, 5432}.
There are 30 possible outcomes.

C =1{1,31,41,51,341, 431, 351,531, 451, 541, 3451, 3541, 4351, 4531, 5341, 5431} . There are 16
possible outcomes.

Exercise 12.3

1

a)

b)

s _3
20 10
Note: The number of multiples can be obtained by using the greatest integer function:

21 (667]=6.
H

We will use the complementary event that the number is a multiple of 4. There are five multiples of
5 1 3

4 from1t020.S0,P(B)=1-P(B)=1-—=1-—=—.
20 4 4

There are six multiples of 3 from 1 to 20. So, P(A) =

P(A)=1-P(A)=1-0.37 =0.63
P(AUA)=P(S)=1orP(AUA")=P(A)+P(A)=037+0.63=1

i) There is one ace of hearts in a deck of cards, so: P(A,) = >

1+13 14 7
ii) There is one ace of hearts and 13 spades in a deck, so: P(4,) = =—=

52 52 26
iii) The ace of hearts is already included in the 13 hearts in a deck, so we only need to add the three
13+3 16 4
52 52 13
iv) There are 12 face cards. We will use the probability of the complementary event:
12 3 10
P(A,)=1-P4, )=1l-—=1-—=—
52 13 13
As the drawn card is not replaced, there are 51 cards remaining in the deck.

: _ L
i) P(Bi)—Sl

remaining aces. So, P(4,,) =

12 4 13
ii) P(B.)=1-PB,)=1-—=1—-—=
) B 51 17 17
As the drawn card is replaced in the deck, there are no influences on the drawing of the next card.

Therefore, the probability is the same as in a.

1
i) PC)=—
) P(C) =

12 310

ii) P(C,)=1-P(C,)=1-—=1-—=—

) PG (G 52 13 13
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4  The total number of students is 30. Looking at the table, we obtain:
4+124+8 24 4
a) PA)=——=—=—
30 30 5
8+3 11
30 30
¢) All of the students studied less than six hours; therefore, P (C) = 1.

b) P(B)=

5 There are 12 different possible outcomes: 6 possible outcomes for the die and 2 possible outcomes for the
coin, so, by the counting principle, we obtain 12.

a) There are three outcomes that are greater than 3, i.e. 4, 5 or 6, and since it doesn’t matter whether a
6 1
head or a tail is obtained we get: P(A) = TREY
1
b) Obtaining a head and a 6 is just one possible outcome out of 12; therefore, P (B) = E .

6 Let the probability of any other number than 1 appear be x, so the probability of 1 is 2x. The sum of all
1
the probabilities is 1; therefore, 2 p=l1=>7x=1=x= rE
1
a) P(A)=-

7
2+1+1 4
b) The odd numbers are 1,3 and 5, so P(B) = =

7 7’
7 a) i) Thereare 6 possible outcomes for the first die and 6 possible outcomes for the second die;
therefore, there are a total of 36 possible outcomes.

$={11,12),13),1,4),15),1,6),(2,1),(2,2),(2,3),(2,4),(2,5),(2,6),
(3.1),(3,2),(3,3),(3,4),(3,5),(3,6),(4,1),(4,2),(4,3),(4,4),(4,5), (4,6),

(5’ 1) > (5’ 2) > (5’ 3) > (5’ 4) > (5’ 5) > (5’ 6) > (6’ 1) b4 (6’ 2) > (6’ 3) > (6’ 4) > (6’ 5) > (6’ 6)}

6 1
ii) There are six possible pairs with equal numbers; therefore, P (A) = % = P
iii) Looking at the sample space, we notice that there are eight such outcomes:

2
B=1{1,3),(2,4),(3,1),(3,5),(4,2),(4,6),(5,3),(6,4)} = P(B) = ;% =5
1
iv) This event is complementary to the event in ii, so P (C) = 1— . % .
b) The probability distribution for the sum of the numbers that appear is shown in the table.

X (sum) 2 3 4 5 6 7 8 9 10 11 12

poy | L | 2 3 | 4 | 5 6 5 | 4 | 3 2 1
36 | 36 | 36 | 36 | 36 | 3 | 36 | 36 36 | 36 | 36

i) There is no sum equal to 1 and therefore P (D) = 0.

4 1
ii) Looking at the table, we can read that P (E) = %9

5
iii) Looking at the table, we can read that P (F) = %"

iv) The largest sum is 12 and therefore P(G) = 0.
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11

12

13

a) Since the sum of all the probabilities is equal to 1,
P(AB[US) =1—-(0.43+0.41+0.12) = 1 — 0.96 = 0.04.

b) Since the events are mutually exclusive, the probability of their union is the sum of their
probabilities. Therefore, P (O L B|US) = 0.43+0.12 = 0.55.

¢) Since we have to independently select two people, their probabilities should be multiplied; therefore,
P(USC)=P(O[US)xP(O|C) =0.43x0.36 = 0.1548 = 0.155, correct to three significant figures.

d) Since we have to independently select three people, their probabilities should be multiplied;
therefore, P (0) = P (O |US) x P (O|C) x P (O |R) = 0.43 x 0.36 X 0.39 = 0.060 372 = 0.0604, correct
to three significant figures.

e) Firstly, we need to find the probability of type B in Russia:
P(B|R)=1-(0.39+0.34+0.09)=1-0.82=0.18

Similarly, as in d, we need to calculate the probability of only one blood type:
P(A) =P (A|US)xP(A|C)xP(A|R)=0.41x0.27 X 0.34 = 0.037 638 = 0.0376
P(B) = P (B|US)x P (B|C)x P (B|R) = 0.12 X 0.26 X 0.18 = 0.056 16 = 0.005 62
P(AB) = P (AB|US)x P (AB|C) x P (AB|R) = 0.04 X 0.11 X 0.09 = 0.000 396
P(S)=P(0)+P(A)+P(B)+P(AB)=0.104 022 = 0.104, correct to three significant figures.
a) Yes, since the sum of all the probabilities is 1.
b) No, since four mutually exclusive events are given and their sum exceeds 1.

¢) No. There is the same number of cards in each suit, but, by looking at the probability distribution, we
notice that one heart and one diamond are missing, whilst we have two extra spades.

a) Since the sum of all the probabilities is 1, P (O) = 1—(0.58 + 0.24 + 0.12) = 1 — 0.94 = 0.06.
b) We need to use the complementary event, so P(G ') = 1—0.58 = 0.42.
c) P(GG)=0.58x0.58 =0.3364 = 0.336, correct to three significant figures.

d) The two Swiss that we select could have German as their mother tongue, French as their mother
tongue, or Italian as their mother tongue. Therefore,
P(GG)+P(FF)+P(II)+P(00) = 0.58* + 0.24° +0.12° + 0.06” = 0.412.

a) We use the probability of the complementary event, so:
P(A) =1-(0.165+0.142 + 0.075+ 0.081+ 0.209 + 0.145) = 1—0.817 = 0.183.

b) Again, the complementary event will be used: P (B) =1—-(0.165+ 0.145) = 1—0.31 = 0.69.

n o
f<x>((x;j) ("“’/;??Klﬂ L N =

x xT(n-x)\

-1
a) (Z]: 190 :%z 190 = n*> —n = 380 = (n—20) (n+19) = 0. Since n must be a positive

integer, the only possible solution is n = 20.
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b) We know the symmetrical property of binomial coefficients, ( n J = ( " ) . Therefore,
r n

—r
"o " |=n=a+8=12.
4 8

14 There are 36 different outcomes that we will present as ordered pairs. The first component will represent
the outcome of the white die, whilst the second component will represent the red die.

U={11,012),013),01,4),15),(1,6),(2,1),(2,2)(2,3),(2,4),(2,5),(2,6),
(3.1),(3,2),(3,3),(3,4),(3,5),(3,6),(4,1),(4,2),(4,3),(4,4),(4,5), (4,6),

(5.1),(5,2),(5,3),(5,4),(5,5),(5,6),(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}
a) By inspection, we can see that the sum is greater than 8 on ten different occasions; therefore,

10 5
P(A)=—=—.
36 18
b) A number greater than 4 means that 5 or 6 will appear on the first die. There are 12 such possible
12 1
outcomes; therefore, P (B) = — = —.
36 3
¢) At most a total of 5 means that the sum could be 2, 3, 4 or 5. By inspection, we can see that again
10 5
there are 10 possible pairs; therefore, P (C) = % I8 We can see that it is the same as the

probability of obtaining a sum greater than 8 and at most 5, which is true due to the symmetrical
property of the outcomes.

15 a) There are 9 books on the shelf altogether. We select 3 books and one of the books must be the only
thesaurus on the shelf. Since we don’t care which of the remaining books will be selected, we have to
select 2 out of 8 books.

8

(z)xl
p(a)=~ 2 =28_1

;) =

b) We need to select 3 books from the 9 books on the shelf. Our preferred choice would be to select two
novels (from five) and one science book (from three).

)0)

py = \2\1) _10x3_ 5
9 84 14
2]

16 a) We have to select 5 cards (from 52) and we need 3 kings (from 4). That means that the remaining 2
drawn cards can be any from the 48 non-king cards.

( ; )( N )
30 2 4x1128 94
P(A) = = = ~0.00174
( 52 J 2598960 54145
5
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18

19

b) Again, we need to select 5 cards altogether. We have to select 4 hearts (from 13) and 1 diamond
(from 13).

(13 J( 13)
4 1 715%13 143
( 52 ) 2598960 39984

5

= 0.003 58

a) We have to select 6 students from a class of 22. We would like to have 1 out of the 12 boys and 5 out
of the 10 girls.

(12)(10)
P(4) = 1 )\ 5 ) 12x252 144

(22] 74613 3553
6

b) Itcould be 4, 5 or 6 boys and 2, 1 or no girls respectively in the team of 6 students.

(12)(10) (12)(10) (12)(10)
4 )\ 2 5 )1 6 )l o 495 % 45+792x10+924 943
P(B) = + + = =
( 22) ( 22) (22) 74613 2261
6 6

6
In questions where conditions are given, we need to fulfil the conditions first and then we have to see
what possibilities are available with the remaining elements. We select 6 people from a group of 15.

= 0.0405

= 0417

a) We need to select both married couples, that is, all 4 from the group of 4, and then we look at the
remaining 11 people from which we need to select a further 2 people.

)
payo A2 ) 1x55 1

= =—=0.0110
15 5005 91
6

b) If we select the three youngest members in the group, we can select any of the remaining members of
the group for the final three places.

2

P(B) = 3)\3 ) _1x220 4
(15J 5005 91
6

10 \( 15
p(4) = 3 3 ) 120x455 78
( 25 ] 177100 253

=~ 0.0440

a) =~ 0.308

6
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‘At least 3’ means 3, 4, 5 or 6. We will use the complementary event since it has fewer calculations.
The complementary event is at most 2, which is 0, 1 or 2 colour laser printers.

. (0 E N BN
7))

~ 1X5005 +10 X 3003 + 45 X 1365
177100
689 576

=1 =——=0.445
1265 1265

Since there are 30 buses and we need to select 6 for inspection, there are ( 360 ) = 593775 ways to
select six buses.

Half means that 3 buses have cracks on the instrument panel.

(10)(20)
ppy =268 a5
30 2639
7]
‘At least half’ means 3, 4, 5 or 6. Again, we will calculate the probability by using the complementary
event, which is 0, 1 or 2 buses have cracks.

vorrern |5 () ()
) @)

B 38760 +155040 + 218 025
593775
491 242
=1——59 2—6:0.306
7917 7917

‘At most half’ means 0, 1, 2 or 3. Again, we will calculate the probability by using the complementary
event, which is 4, 5 or 6 buses have cracks.

4 2 5 1 6 0
P(D)=1-P(D)=1- + ;
30 30 30
6 6 6
3 3990045040+ 210 548 625
593775 593775

104
-1 0924
1131



21 There are 67 workers in the factory altogether and we have to select 9.

22

30
( 9 ] 14 307150 10005
a) P(A)= = = ~ 0.000 335
67 42757703560 29900 492
9
b) The same shift means either from the day, evening or morning shift.
30 22 15
9 9 9 14 307 150 + 497 420 + 5005 269 265
P(B) = + + = = ~ 0.000 346
67 67 67 42757703560 777 412792
9 9 9
¢) We will calculate the probability that at least two of the shifts are represented by considering the
complementary event, which is that only one of the shifts is represented (part b of this question).
269 265 777 143 527
P(C)=1-P(B)=1- = ~ 0.9997
777 412792 777 412792
d) The probability that at least one of the shifts is unrepresented means that one shift is not selected,
either from the day, evening or morning shift.
morning evening day
52 45 37
9 9 9 3679075400+ 886163135+ 124 403 620
P(D) = + + =
67 67 67 42757703560
9 9 9
85266221
=— =(0.1097
777 412792
a) Since we have to select 2 out of these 8 chips, there are ( i ) = 56 different outcomes.
A sum of 7 is obtained with the following pairs: (1, 6), (6, 1), (2, 5), (5, 2), (3, 4) and (4, 3); therefore,
6 3
the probability is P (A) = T 0.107.
b) Since we have to select 2 out of these 20 chips, there are ( 220 ) = 190 different outcomes.
Since we do not care about the order of the numbers, we will take the smaller number first. We
notice that there are 17 favourble outcomes, because 18, 19 and 20 don’t have numbers in the box
17
which differ by 3, so the probability is P (B) = 100~ 0.0895.
c) We have 190 different outcomes and we are going to use the complementary event to find the

required probability. Again, we take the smaller number first and need to find all of those pairs in
which the numbers differ by 1 or 2. As in the previous part, we will count the number of pairs that
differ by 1, which is 19 because 20 doesn’t have such a number in the box. The number of pairs in
which the numbers differ by 2 is 18, since 19 and 20 don’'t have such numbers in the box.

19+18 153
P(B)=1- =

=—=0.805
190 190

Note: It is impossible to draw two equal numbers.
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To solve this problem we are going to use geometric
probability. Let x be Tim’s time of arrival and y Val’s time of
arrival. For ease of calculation, we are going to measure the
time from 20:00, taking 30 minutes as a unit on both axes.
Now, we can conclude that the range of both variables will

be 0 < x, y < 4. In order to have dinner together, they have
to arrive at the restaurant within 1 unit (30 minutes) of each
other; therefore, they have to satisfy the inequality |x — y| < 1.
The unshaded area represents the favourable outcomes. N

We notice that all the possible outcomes are represented by a
square with an area of 16, whilst the unshaded part consists of

four unit squares and six half-squares; therefore, the

probability is: P (D) = % .

Let x represent the time of the tram and y the time of the bus T
at the station. Since both stay for 3 minutes in the station, we

are going to use minutes as units on both axes. Now, we can N
conclude that the range of both variables will be 0 < x, y < 20.

In order to be at the station at the same time, they have to

arrive at the station within 3 minutes of each other; therefore, .|
they have to satisfy the inequality |x — y| < 3. The unshaded

area represents the favourable outcomes.

To avoid counting squares, we can divide the unshaded area
into three parts: two isosceles right-angled triangles at each
end and one rectangle. The two isosceles right triangles form a

square with an area of 9. The rectangle in the middle has side
lengths of 172 and 332 ; therefore, its area is 102. So, the 111

total area of the unshaded figure is 111. Thus, the probability is: P (B) = 200"

We have to select 6 from 30 bottles.

e
2 )L 2 )L 2 264
a) P(A)= " = Taag ~ 0140
6
8 10 12
(e
b) P(B)= ~0.00196

30 84825
6

c) Serving only Italian and French wines means that we have 8 +12 = 20 bottles for the favourable

( s )
6 2584
_ 28 = 0.0653

30 ) 39585
6

event. Hence, P (C) =




26 There are 1000 cubes altogether. Eight cubes are painted green at three faces (vertices). There are eight

cubes painted green at two sides per edge. There are 12 edges, so there are 96 such cubes. There are 64
cubes on each of six faces that have only a green face; therefore, there are 384 such cubes.

9% 12
a) P(A)=——=——

1000 125

8§ 1
b) P(B)=—=—
) PB)= 1000 = 128

c) From the above explanation, we notice that there are 8 + 96 + 384 = 488 cubes with at least one face
painted. So, to find the probability that a cube does not have a green face, we are going to use the
complementary event.

P(C)=1-P(C) = P(C)=1- 2 _ &

100 125

Exercise 12.4

1

Using the addition rule:
P(AUB)=P(A)+P(B)-P(AnB)= P(B)=P(AUB)+P(ANB)—P(A)

4 3 3 16+6-15 7
P(B)= -+ ——2=2t 270 L
5 10 4 20 20

a) P(B):P(AuB)+P(AmB)—P(A):P(B):%+%—%=%=%

b) Firstly, we need to write the event in a different form: B'n A = A\ (AN B) and since AN B C A we

can now calculate the probability:

P(B'mA):P(A\(AmB)):P(A)—P(AmB):%—%:%:%

5 3 2 1
¢) Similarly, P(BNA')=P(B\(ANB))=P(B)-P(ANB)=———=—=—
) ¥ P( )=P(B\(ANB)=P(B)-P(ANB)=_ - =1 =
d) By using a Venn diagram, we can spot that the intersection of the complements of two sets can be
written as the complement of the union of the sets. Hence:

9 1
BNA'=(AUB)'=>P(BNA)=P(AUB))=1-P(AUB) = T
1
e) Using the conditional probability formula: P(B|A") = P(Bn4) = 2 _2
P(A) 3 3
102
Given the addition rule, we can calculate the intersection.
1 2 4 1
P(ANB)=P(A)+P(B)-P(AUB) = P(ANB) = s*575%5
1
It is obvious that the events are not mutually exclusive since P (A N B) = 5 # 0, and also they are not
1 2 2 1
independent since P(A)XxP(B)=—=x—=—=—-=P(ANB).
39 27 9




Chapter 12

4  Firstly, we will calculate the probability of event B.

P(ANB)=P(A)xP(B) = P(B) =

\1\w|o\w
|

From the addition rule, we obtain:

3.7 3 58 29
P(AUB)=P(A)+P(B)-P(ANB)=P(AUB)=-+—-—="==
(AUB)=P(A)+P(B)-P(ANB) = P(AUB) =+ - =" =0

5 In order to pass the test without having to wait 6 months, the new driver has to pass either the first time
or fail at the first attempt and pass the second time.

pass Ist fail 1st pass 2nd
attempt attempt attempt

— —— ——
P(A)= 06 + 04 x 0.75 =0.9
6 a) Usingthe complementary event, we get P(O')=1-P(0) = P(0O') =1-0.08 = 0.92 (92%).
b) i) P(0O0)=0.08x0.08 =0.0064 = 0.64%

ii) The complementary event of at least one of them has O-negative is none of them has O-negative.
P(O'0") =0.92x0.92 = 0.8464 = 84.64% = P (B) =1—0.8464 = 0.1536 = 15.36%

iii) If only one of them has O-negative, that means that the other is not O-negative, so:
P(O0")+P(0'0)=2x0.08x0.92 =0.1472 = 14.72%

¢) Using the complementary event that none has O-negative:
P(C)=1-P(80") =1-0.92° = 0.486 7811269 = 48.7%, correct to three significant figures.

7 a) 10 different digits can be used to make each four-digit number; as such, there are 10* = 10000
different possible PIN numbers.

b) Since the first digit cannot be zero, there are 9 X 10° = 9000 such codes; therefore, the probability is

9000 9
P(B) = ==
10000 10

¢) The complementary event is that the code doesn’t contain a zero; therefore,
9" 10000—-6561 3439

P(C)=1-—= - )
10* 10 000 10000
1000
P(DNC) 10000 1000
d) Using the conditional probability formula: P(D|C) = = =
) s P Y (P[C) P(C) 3439 3439

10000
8 a) We need to use the complementary event that no red ball is drawn:

2 2 64—4 60 15
P(A)=1-P(BB)=1-—x==—=2_22
88 64 64 16

2 6,6 6 181
b) Using the conditional probability formula: P (B|A) = P(AnB) 878 8" 8 _ 28} _4
P(B) 1> 155
Z B2 16 16
o p(cla)=ANO) _ A7 A1
P(A) 155 5

16




b)

)

d)

e)

f)

10 a)

b)

V)
d)

f)

11 a)

§={11),(12),(13),(1,4),(1,5),(16),(2,1),(2,2),(2,3),(2,4),(2,5),(2,6),
(3.1),(3,2),(3,3),(3,4),(3,5),(3,6),(4,1),(4,2),(4,3),(4,4),(4,5),(4,6) ,
(5.1),(5,2),(5,3),(54),(5,5),(5,6),(6,1),(6,2),(6,3),(6,4),(6,5), (6, 6)}

X 2 3 4 5 6 7 8 9 10 11 12
P@) 1 1 1 1|5 |1 5 1 | 1 1 1
36 8 12 9 36 6 36 9 12 18 36

Looking at the sample space, we notice that there are 11 pairs with at least one die showing 6, so:

11
P(C
©=-

For the sum is at most 10, we will use a complementary event, that is, 11 or 12. Looking at the table,

1 1 1 11
we obtain: P(D)—l—(—+—): - — =22
18 36 12 12

Using the addition formula:

1.3 2 121
P(XUY)=P(X)+P(Y)-P(XNnY)=>P(XUY - =Z==
( )=P(X)+P(Y)-P( ) = P( )= 673 36 3% 3

2
P(XNY 36
Using the conditional probability formula: P (Y |X) = ﬁ =>P(YI|X)= ? ==
36
700 7
There are 1500 students altogether, 700 of whom are female, so: P (A) = % E .
220 11
PB)=——=—
1500 75
. 180 9
Now the sample space contains only female students, so: P (C) = 00" 35

In this problem we need to use the addition formula. Let T be the event of selecting a student from
grade 12, and F selecting a female student.

P(T UF)=P(T)+P(F)—P(T AF) = P(TUF)=200+700-180 46

1500 75

220 11
There are 400 grade 12 students altogether, 220 of whom are male, so: P (E) =

400 20
In order to confirm that the two events are independent, we need to check whether the probability of

the intersection of the two events is equal to the product of the probabilities of each individual event.
Let’s focus on grade 12 (G) and female (F).

400 4 7 7 28
P(G)= ,P(F)=—=P(G)xP(F)= — = ——; whilst, by looking at the table, we
1500 15 15 15 15 225
180 9 27 28
notice that P(GN F) = = — # — . Therefore, the events are dependent.

1500 75 225 225
Using the table, we can read off the results:
i) 041+0.15=0.56

i) 0.15
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0.15 15
0.56 56

¢) Another way of showing independence is by considering whether P (C|A) = P (C). Now, if we use

the events C using glasses and A needing glasses, we obtain:
P(Cn4)_o041_41,

P(C)=0.41+0.04 = 0.45,P (A) = 0.56, P (C|A) = -~ == C
© (4) (Cla) P(A) 056 567 100 PO

b) In this case, we use the conditional probability formula: P (B) =

Hence, the events are dependent.

If the events are mutually exclusive, their intersection is an empty set and its probability is zero:
P(ANnB)=P(D) =

If they are independent, then the probability of their intersection is the product of their probabilities:
P(ANB)=P(A)xP(B).

To find the probability of the union, we need to use the addition formula:
P(AUB)=P(A)+P(B)-P(A)xP(B).

The conditional probability doesn’t change the probability of the original event, so: P (A |B) = P (A).

P(A) P(B) Conditions for events Aand B | P(A N B) P(A U B) P(A|B)
0.3 | 0.4 | Mutually exclusive 0 0.7 0
0.3 | 0.4 |Independent 0.12 0.58 0.3
0.1 | 0.5 | Mutually exclusive 0 0.6 0
0.2 | 0.5 | Independent 0.1 0.6 0.2

a) Since the condition is that the chosen student is doing Maths/SL, we have to find the number of

12 3
favourable outcomes, which is the intersection itself: P (A) =

40 10
40 30 3 12
b) P(M)XP(F)=—Xx—=—=—=P(MNF), sothe events are independent.
100 100 25 100

a) We need to use the addition formula: P (M U V) = 0.21+0.57 — 0.13 = 0.65 = 65%.
b) We need to use the complementary event: P (M U V)') =1-0.65 = 0.35 = 35%.

c) Exactly one acceptable card means that the person cannot have both cards. So:
P(MUV)\(MAV))=0.65-0.13 = 0.52 = 52%.

Let S be the set of patients taking a swimming class, and A the set of patients taking an aerobics class.

132 11 78 7
The following probabilities are given: P(SuU A =—= =—=—
&P § ( ) 300 25 () 300 50 () 300 25
11 14
a) P(SUA))=1-PSuAd)=1-—=—
) P(SUA))=1-P(SUA) =1-—2=

13,7 11_5 1
b) P(SNA)=P(S)+P(A)-P(SUA)=P(SNA ———= ==
) PENA)=P()+P(A)-P(SUA)=P(SNA)=_+——-—— ==

a) Ineach attempt the probability of rolling a two is 1 out of 6.
I 1 1
P(A)=— >< —X=
6 6 6 216
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b)

V)

b)

V)

We will calculate the probability of the event ‘at least one two is rolled’ by using the complementary
event, which is ‘no two is rolled.

5 5 5 125 91
P(B)=1-P(B)=1--X=-X==1-—=—
6 6 6 216 216
Exactly one 2 can be rolled in three different ways. A two can be rolled at the first, second or third
1 5 5 25
rolling; therefore, the probability is P (C) = 3 x g X A X =7y

She needs to miss the centre with her first shot and then hit the centre with her second shot;
therefore, the probability is P (A) = 0.7 X 0.3 = 0.21 = 21%.

She can hit the centre with her first, second or third shot; therefore, the probability is:

number twice "
of ways . no centre
;_Y hit N

~ 2
P(B)= 3 x0.3x0.7> =0441=44.1%

We will calculate the probability of ‘at least once’ by using the complementary event, which is ‘no hit
in the centre’

no centre
in 3 attempts

——
P(C)=1-P(C)=1- 0.77 =1-0.343=0.657 = 65.7%

Since each die has 12 different outcomes, rolling two dice has12 X 12 = 144 outcomes.

a)

b)

d)

b)

We will calculate the probability of ‘at least one twelve shows’ by using the complementary event,

which is ‘no twelve shows on either di€’

11 11 121 23
P(A)=1-P(A)=1-—x—=1-—=

12712 144 144
A sum of 12 can be achieved as follows: (1, 11), (2, 10), (3, 9), (4, 8), (5, 7), (6, 6), (7, 5), (8, 4), (9, 3),
11
(10, 2), (11, 1). Therefore, the probability is P (B) = e

A total score of at least 20 can be achieved as follows: (8, 12), (9, 11), (9, 12), (10, 10), (10, 11),
(10, 12), (11,9), (11, 10), (11, 11), (11, 12), (12, 8), (12, 9), (12, 10), (12, 11), (12, 12). Therefore, the

15 5
robability is P(C) = — = —.
P Y ( ) 144 48
If 12 shows on a die, there are 23 different outcomes. From these 23 outcomes, we look for those that
9
have a sum of at least 20. Looking at the previous part, we notice nine such pairs, so P (D) = 3

The event ‘at least one of the numbers is a 10 and the sum is at most 15’ is satisfied as follows: (10, 1),

(10, 2), (10, 3), (10, 4), (10, 5), together with these pairs with reversed coordinates.

10 5
P(ANB)=—=—

144 72
The event is ‘at least one number is 10 or the sum is at most 15’ At least one 10 can be obtained in
23 different ways, whilst the sum of at most 15 can be obtained in 99 ways (144 — 45, where the 45
outcomes represent a sum of greater than 15). By using the addition rule, and the result from the
previous part, we get:

23+99-10 112 7

P(AUB)=P(A)+P(B)-P(ANB)= """ =-""“_

144 144 9

This is the complementary event of the event in part a. We need to list all the remaining pairs that
5 67
are not listed in part a. The probability is: P((ANB))=1-P(ANB)=1- Pl
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This is the complementary event of the event in part b. We need to list all the remaining pairs that

7 2
are not listed in part b. The probability is: P((AUB)")=1-P(AUB)=1— P
By using de Morgan’s laws, the result is the same as that in part c.

By using de Morgan’s laws, the result is the same as that in part d.
By using the symmetrical difference property, we obtain (A'"B)U(ANB')=(AUB)-(ANB),
and, since A N B < A U B, then we calculate the probability in the following way.

7 5 51 17
P(A'mMB)U(AnB')=P(AUB)-P(ANB)=———=—=—

((A'nB)u( ))()()9727224

We can use the addition rule:
P(AUB)=P(A)+P(B)—-P(AnB)=P(AnNB)=P(A)+P(B)—P (AU B). Since we know that

P (A U B) <1, then we can conclude that P(An B) = P(A)+P(B)—1.

We can use the addition rule twice:

P(AUB)UC)=P(AUB)+P(C)—P((AUB)NC)
=P(A)+P(B)-P(AnB)+P(C)-P((AuB)nC)

The last probability can be handled separately by using the addition rule once again and the

distribution properties of set operations.

P(AUB)NC)=P(ANC)U(BNC)=P(ANC)+P(BNC)-P((ANC)Nn(BNC))

Now we can finish the proof.
=P(A)+P(B)—=P(AnB)+P(C)-P((AUB)NC)
=P(A)+P(B)-P(ANB)+P(C)-(P(ANC)+P(BNC)-P(ANBNC))
=P(A)+P(B)+P(C)-P(ANB)-P(ANC)-P(BAC)+P(ANBNC)

21 When we roll three fair 6-sided dice, there are 216 possible outcomes.

a)
b)

9)

d)

6 1
216 36
A sum of eight or less can be rolled in 56 different triplets and only two are triples. The possible
triplets containing the same number are those with 1 and 2. Then there are 10 possible combinations
of triplets with two equal numbers and each combination will appear three times, for example,
(1,1,2),(1, 1, 3)...(2, 2, 3)...(2, 2, 4),(2, 3, 3). At the end there are four combinations of triplets,
each with different numbers, for example, (1, 2, 3), (1, 2, 4), (1, 2, 5) and (1, 3, 4); and each of these

combinations appear six times. So, we have a total of 56 different triplets.
2 1

P(B)=—=—

(B) 56 28

Triples can be rolled in 6 different ways; therefore, P (A) =

We will calculate the probability of ‘at least one six’ by using the complementary event, which is ‘no
5 5 5 125 91
six will appear: P(C)=1-P(C')=1-=-X=-X—-=1-—=—.
PP © () 6 6 6 216 216
Note: The result is the same as that in question 16 b since there is no difference in the appearance of

a2 or 6 on a die.

If all three dice have different numbers, there are [ 2 ) = 20 different combinations and each will

appear 3! = 6 times; therefore, we have 120 different triplets. Again, we will use the complementary

(2)“ 60 1
P(D)=1-~2—=1-—=—

event, ‘no six will appear: P (D) =1 - .
PP ( ) 120 120 2
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Let T be the event that the outcome is tails, and A, B and C the o "
events that the selected coin has two heads, is fair, and has two tails
respectively. A
I -
21 1 :
P(TNA) 42 4 _1 !
P(T|4)= P(A) 2 1.1 1 . 1 2 1
IX 4+ -X0+ X1~ 1 2 ’
472 4 4 2 [
We can also use Bayes’ theorem (see the next chapter) for this ]
problem. We have to state three hypotheses: 2 r
H,: The coin is fair. % T
1
H,: The coin has two heads. /
H;: The coin has two tails. ‘
5: The coin has two tails 0\ -

The event that is given is A, randomly selected coin is tossed and the
outcome is a tail’

We have to find the probability of the first hypothesis given that event A has occurred.
2 v 1
P(HNA 472

P(H1|A): ( lm ): 4 2 —

2.1 1 1
P(4) —X—-+—-X0+-—-X1
4 2 4 4

There are five different ways of rolling a sum of 6: (1, 5), (2, 4), (3, 3), (4, 2) and (5, 1). So, the probability

1
2

R | = | =

that either of the players will roll that sum is :—6 .

Kinosum6 G:nosum6 K:sum6
—= —=

31 31 5 4805
a) P(A)= = x — x = = ~0.103
36 36 36 46656

Kinosum6 G:nosum6 K:nosum6 G:sum6
~= ~ ~

31 31 31 5 148 955
b) P(B)= — x — x = x = =—22 ~0.0887
36 3 36 36 1679616

¢) To calculate the probability that Kassanthra wins, we need to find the sum of an infinite geometric
sequence.
kS 31 315 31 31 31 315 31 31 31 31 31 31 5
P(C) = +— —X—+— —X—

— X—
36 36 36 36 36 36 36 36 36 36 36 36 36 36 36 36

5 31 (31} (31) 5 1 36
36 36 36 36 36 1_(31) 67
36

a) The day has no effect on the observation, so we just need to find the probability that more than two
requests will be made: P(A) =1-(0.14+0.3+0.5) = 0.1 = 10%.

b) Since the days are independent, we need to multiply the probabilities: P (B) = 0.1° = 0.000 01.
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25 The class has 11 students altogether and we need to select 4 students at random.

a) We will calculate the probability of ‘at least one boy’ by using the complementary event, which is ‘no
I

(6)

. bl 4

boy is selected: P(A)=1->—% =1 = =—.
330 22 22

11
4
HHIH
1 3 4
b) There must be either 3 or 4 girls: P(B) = = 100+15 = 23

11 330 66
4

c) Let Cbe the event that the boys are in the majority. The conditional probability formula gives us:

P(C|A)=%

. Firstly, we will find the probability of the numerator.

HH “
P(CAa)="" (111) o0 B po= 21

4 271
26 a) P(B,UB,)=P(B)+P(B,)-P(B NB,)=022+0.25-0.11=0.36
b) P(B'nB,)=P((B,UB,))=1-P(B,UB,)=1-0.36=0.64
¢ P(B'nB,)UB,)=P(B'nB,)+P(B,)—P(B,'NB,' N B,). To find this probability, we will firstly
find: P(B'"B,'"B,)=P(B,)-P(B,nB,)-P(B,NB,)+P(B,NB,NB,)
=0.28—0.05—0.07 +0.01 = 0.17..
Now, we need to use part b and the above result to find the required probability:

P(B'NB,"UB,)=0.64+0.28—0.17 = 0.75.

d) As calculated in the previous part, we can see that P (B, B," " B,) = 0.17.
P(BNB,NB,) 001 1

e P(B,nB,|B)=

P(B,) 022 22
P(B,UB,NB
f) P(B,uUB,|B)= (5 = (BZ) ) . Firstly, we need to find the probability of the numerator:
1
P(B,UB,NB,)=P(B NB,)+P(B,nB,)—P(B,nB,NB,)=0.11+0.05—0.01 = 0.15. Hence:
0.15 15
P(B,UB,|B)=——=—
(B, VB [B)= "=
27 Let Nand D be the sets of all the joints found to be faulty by Nick and David respectively. Given the
1448 1502
information in the question, we can find the probabilities P (N) = ,P(D) = an
2390 20000 20000
P(NuUD)= .
20000
239 1761
a) P(NUD))=1-P(NUD)=1-——=—""=0.8805
2000 2000



1448 +1502 - 2390 560

20 000 20000
1502560 942 471

20000 20000 10000

b) P(NAD)=P(N)+P(D)-P(NuUD)=

P(DNAN")=P(D)-P(DNN)= = 0.0471

Exercise 12.5

1

21 3 1, 1_4

a b) P(A)=—x +—X—=—
) ) (4) 3 7525 3 25 75
3
50 s
P(ENA) 25 3
© P(E|A)= = ==
% E (El4) P(A) 4 4
47 A’
s 3
50 7
1
1 = ’
3 E'
% '
25 A

Let A be the event that a person is diagnosed with cancer, and E; and E, the events that the person does
have and doesn’t have the disease respectively.

26 4
a) P(A)= X 0.78 + X 0.06 = 0.060 1872 =~ 0.0602
100 000 100 000
0.000 26 x 0.78
b) P(E |A)= —————— =0.003369 4872 = 0.003 37
0.0601872

Let S be the event that a driver is spotted speeding, and E; and E, the events that the driver used the east
and west entrance respectively.

a) P(S)=04x04+0.6x0.6=052
0.6 0.6
b) P(E|S)= “om 0.692 (correct to 3 s.f.)
Let G be the event that a drawn ball is green, and E,, E, and Ej; the events that the ball is drawn from box
1, 2 and 3 respectively.

1 4 1 8 1 6 1 1 1 3 1 2+5+3 1
a) PG =—X—4+—-X—+-X—==-X|-+—+—|=-X——=—
3 20 3 16 3 20 3 \5 2 10/ 3 10 3
1
3

x% 1
b) P(EG)=2-2=-

3
Let H be the event that the selected coin lands on heads, and E; and E, the events that the selected coin is

biased and unbiased respectively.

a) P(H)=05x0.6+0.5%0.5=0.55

05%04 4

b) P(E,|H')= e gzo.444
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6 Let Cbe the event that the question was correctly answered, and E, and E, the events that the student was
well prepared and unprepared respectively.

0.7x0.6 042 7
P(E, [C) = ==L _0875
07 X 0.6 + 0.3 X 02 048 8
well correct  not guessing

prepared  answer  prepared answer

7  Let T be the event that Nigel gets to his morning class on time, and E; and E, the events that the alarm
clock was set and was not set respectively.
a) P(T)=0.85x0.9+0.15x0.6 = 0.855 = 85.5%
0.15x0.6 2
—— =—=0.105=10.5%
0.855 19

8 We are going to use a probability tree. Let F represent a successful first serve, S a successful second serve,
and W and L winning and losing the point respectively.

b) P(E[T)=

w
0.75
F
0.6
0.25 L W
0.5
o 0.95 N
. 05 L
0.05 B

16
a) P(W)=06x0.75+0.4x0.95%0.5 = 2—5 = 0.64

_P(FAW) _06x075 45

b) P(FlwW)= = — =10.703125 = 0.703
P (W) 0.64 64
9  Let F be the event that the first of February is a fine day, and S the event that the second of February is a
fine day.

a) P(S)=0.75x0.8+0.25%0.4=0.7
P(FNS) 075x02 1

b) P(FIS)= —=05
(FIS) P(S)) 0.3 2
10 Let A be the event that the person has arthritis, and P that the test is positive.
P(ANnP 0.33x0.87
P(A|P)= ( ) ~0.915

P(P)  0.33x0.87 +0.67 X 0.04
11 Let H represent students in the HL class, and L and A students studying locally and abroad respectively.
a) P(HNL)=0.05%0.72=0.036
b) From the table, we know that: P(L) =0.67 = P(HNL)+P(H 'NnL)=0.67
Therefore, P (H'" L) = 0.67 — P(H N L) = 0.67 — 0.036 = 0.634.

.634
On the other hand: P(H'"L)=P(H")xP(L|IH')= P(L|H") = % ~ 0.667
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13

14

15

16

17

P(HNL) 0.036

¢ P(HI|L) = - ~0.0537
(HL) P(L) 0.67
P(H)xP(A|H) 005x028 0014
d) P(H|A)= (H)xP(AH) _ _ ~ 0.0424
P(A) 0.33 0.33

Let U represent athletes who are users, and P and N a positive and negative test respectively.

PU'NP 0.1x0.5

= ~ 0.382
P (P) 0.1% 0.5+ 0.9 X 0.09

Let A, R and M represent the estimates made by Antonio, Richard and Marco respectively, and E an error
in the estimation. We would like to find the largest from P (A |E), P (R|E) and P (M |E). We notice that
all three expressions have the same denominator, and therefore the largest one will be the one with the
largest numerator. So, we calculate the following:

P(ANE)=0.3%0.03=0.009,P (RN E) =02 x0.02 = 0.004, and

P(M A E)=0.5x%0.01 = 0.005

Thus, Antonio is probably responsible for most of the serious errors.

Let A represent the event that an aircraft is present, and S that there is a signal.

a) P(S)=P(A)xP(S|A)+P(A)XP(S|A")=0.05x0.99+0.95% 0.1 = 0.1445

b) P(Als)= P(A)xP(S'|A)  0.05x0.01 0,000 584
P(S" 1-0.1445

Let N, E and M represent a game against a novice, an experienced player and a master player respectively,
and W the probability of winning the game.

a) P(W)=P(N)xP(WI|N)+P(E)xP(W|E)+P(M)xP(W|M)
=0.5X0.5+0.25% 0.4 +0.25% 0.3 = 0.425

P(M)xP(W|M) 0.25x0.3

b) P(MW)= _ ~0.176
P (W) 0.425
passIst  fajil 1st  pass2nd  fajl Ist fail 2nd  pass3rd
—— = —— —_ . ——
a) P(A)= 0.8+0.2x 0.5+ 02x05x 03 =093
0.2x0.5
b) P(BJA)= ~0.108
0.93
56 +26+18 100 2
a) P(F) =221 "= =204
250 250 5
56 28
P(FNT)=—— =2 =0224
250 125
84+52+56+184+26 236 118
P(FUA)= =22 -2 20944
250 250 125
14
P(FnA 250 14 7
P(F'|A) = ( ). =—=-—=035

P(A)  14+26 40 20
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T, A and S are independent of F because for all of them the probability of the intersection with F is
equal to the product of the probabilities; for example,

140 14 2 14 28
P(T) = —— = = = 056,P (F)XP(T) = =X = = ~> = P(FAT)
250 25 5 25 125

The event M is mutually exclusive since the probability of their intersection is zero.
) i) P(C)=P(T)xP(C|T)+P(A)xP(C|A)+P(S)xP(C|S)=
149 9 . 44 8 78 3 126+32+21 179

P(C)= —— X — 4 —— X — 4 —— X — = ——=0.716
© 250 10 2508 10 2564 10 250 250
126
P(T)xP(CIT) 250 126
ii) P(T|C)= = = ~0.704
) P(TIC) P(C) 179 179
250

18 Let H, M and L represent high-risk, medium-risk and low-risk drivers respectively, and A those drivers
who will have an accident.

a) P(HNA)=P(H)xP(A|H)=0.2x0.06=0.012
b) P(A)=P(H)xP(A|H)+P(M)xP(A|M)+P(L)xP(A|L)
=0.2%0.06+0.5%0.03+0.3x0.01 = 0.012+0.015 + 0.003 = 0.03




Exercise 13.1

1
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1+4 1 4 1
lim n:lim(—+—n):lim—+lim4:0+4:4

n—oo n n—oo n n n—oo n n—yoo
Flokl Flotz Flots THOOL HELE SETUF
SNORC 1+ ED H“min=@ ThlStart=FAE1
wMNe= H“max=18 aThl=164
whe= mecl=1 Indrnt: N A=k
“Ny= “Ymin=-1 [lerend: [Eids A=k
wNe= Ymax=18
“NE= Yacl=1
o Aares=10
# i # i
P - 7ol Y001y
101 i.qpg9 -0 yaniz
0l y.O0E ani y.onii
01 yOnE: 1001 | wooi
i yOnze 1101 | yooog
) YO0z y.anog
a0l y.ani? y.anod
= =1361

lim (3x2 +2hx + hz) =lim 3x* + lim 2hx + lim h* = 3x> + 0+ 0 = 3x>
h—0 h—0 h—0

h—0

22 2 2
limwzlim/+2dx+d /=lim%+limd—=lim2x+limd=2x+0=2x
d—0 d d—0 d d—0 d—0 d—0 d—0

2_
im0 i EIEEI) L im3—343—6

m
x=3 x —3 x—3 }/3 x—3 x—3

Flotl FlekE Flakz HELE SETLF & W' & W'
SMARCEE—0 0 -3 | ThlStart=2.91 FrEE| .o FFrEl| c.57
aThl=.81 2.0 £.0i Z.08 £.0f
“Ne= Indrnt! [SEGEE Ask| | 82 | E8% &M B
W= [Oerenc: [EWe Ask| | 8y |55y ol | end
sy = £og | Ehc oz | eaz
M= ZOE | EHE R KLk
wME= =2.49 =2.97
For f(x) = 3}26 *2 we have:
x" =3

£(10) = 0.329 8969; f(50) = 0.060 873; f(100) = 0.030 209; f(1000) = 0.003 002;
£(10 000) = 3.0002 X 107*; £(1000000) =3x107°

3x+2
Hence, lim X =0.
xmeo x° =3
5x —
For f(x) = we have:
f( ) 2x+5

f(10) =1.76; f(50) = 2.323 8095; f(100) = 2.409 757 61; f(1000) = 2.490 7731;
£(10000) = 2.499 0752; f(1000 000) = 2.499 9908
5x -6 5

Hence, lim 25=—.
xoe Dx + 5 2




10

11

12

13

14

15

16

Chapter 13

3x° +2

we have:

For f(x)=

f(10) = 43.1428; f(50) = 159.617; f(100) = 309.298 97; f(1000) = 3009.0291;
£(10000) = 30 009.003; f(1000000) = 3000009

2

X +2
Hence, lim 3 = oo, i.e. the function increases without bound.
X X —
x—4 =4 1 1
lim ——— —

w1 x =16 o M(x+4) 4+4 8

2 J—
g X HX=2 = (x+2) lim(x+2):1+2_§

| HIN(x+1) =1 (x+1) 141 2
Virx-\a_ . 2xx-\2 2exa2 (V2+x) - (V2)

lim = lim im
X0 x X0 x \/2+x+\F #=0 x(\/2+x+f)
= lim 2tx=2 = lim X ! _ 1 —Q
=0 x (V2+x+32) =0 X (V24 x +42) HO(J2+x+\/_) ﬁ+ﬁ 2V2 4
X1 1
X -1 PR - 1-0 1
lim ——— =lim 3x—x = lim X = =—
o= 4x’ =3x+1 wowdx’ 3x 1 e, 3 1 4-0+0 4
xs x3 xs x2 x3
1 1 1
hmtanx:li sin x A im s1nx.hm 1.1
x—0 X x=0 COS X X x—0 X x=0 COS X 1
in 36 in 30 in 360
lim 222 gim 3 222 3 im 22 3= 3
6—0 (] 6—0 30 -0 30
Flotl Flokz Flotz THOCL] IHELE SETLF
SRl L o P R amin=-1 Thlstart=10
W= mmax=26 sl hl= IIEIEIEI
“Mr= necl=1 ll(..f——_ Irdrnt: [ A=k
wMy= “min=-1 [lerend: (5 A=k
wMe= “max=5
wME= Y=l=1
wMe= ares=1
A BT # WA
l_‘ z Foot | z.7iE1
1001 | Z.7169 goni | Z7iBi
ool | Z717E aoni | Z71iBi
ool | Z71FE inond | Z71B1
yopd | z.7179 1io0i | z.71BZ
coni | 2718 &.ri8:
goni | ZPiB1 &.ri|:
=1 =130H1

C—>o0

1 c
Since e = 2.718 281 828, we can conclude that lim (1 + —) =e.
c

If the line y = 3 is a horizontal asymptote, the function f(x) approaches the line as x — teo, so

hl’}’lx f(x)= lin: f(x)=3

If the line x = a is a vertical asymptote and g(x) > 0, the function g(x) is increasing as x — a, so
lim g(x) = oo.
x—a




17 a)

b)

d)

x—1 3-0
11111 zlirP ’fz—:
e gl ok 1140
x
. 3x—-1 -4
lim =— =00

x>-1 x 41 0

Horizontal asymptote is y = 3; vertical asymptote is x = —1.

Flotl Flotz Floks

SHMURECER-1 s CE+L D ____FJ}
“Ne= o
~Nz=N
whly=

=Ne=

=NE=

. 1 1
lim o -
X—>too (x_2) )

1 1

— = o0

(x—27° 0

lim
x—2

Horizontal asymptote is y = 0; vertical asymptote is x = 2.

Flotl Flotz Flotz
“BElsCE=20e

hm( ! +@=—L+b=o+b=b
xoie \ X —

T oo

1m{il +@=l+b=w+b=m
x=a\x—a 0

Horizontal asymptote is y = b; vertical asymptote is x = a.

Example fora =3,b = 2:

Flotl Flokz Flobs

=M1ELACHE-30+2

xﬁz:

WY = m———

wNy=

wNe= _HWH

NE= \

W=
2x° 3 3

2x* -3 ) 2_? 2-0

lim —; = lim =5 = lim =——=2

x>k x° —Q X—>oo L_i X—>oo _i 1-0
x* X’ x’
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Horizontal asymptote is y = 2; vertical asymptote is x = £3.

Flokl Flokz Flot:

SMABCERE-Za S E—

=X

“Me=

WMars

why=

T

~MNE=
El 3x 5 3

5-3 e ~ 0-3 -3
e) lim — o XX = lim & —= =—=0

x>t x° — 5y xﬁthi_fsix x—Feo x — 5§ +oo — 5 +co
X X

. 5-3x . 5-3x 5

lim — = lim = = o

=0 x° —=5x 0 x(x—5) 0-(=5)

. 5-3x . 5-3x 5-15

llm :llm = = oo

x5 x2 —5x x5 x(x —5) 5.0

Horizontal asymptote is y = 0; vertical asymptotes are x = 0 and x = 5.

Flotl Flatz Flok:

x¥1Eﬂ5—3H3HiH3—5

W=

W=

wMy=

wMe=

M=l
x° 4 4

P-4 x x T x  Feo—0
f) limx = lim X*—* = lim X - = Foo

x—teo x — 4 x—>too f_é x—>too 4 1-0
X X X

o ox'—4 16-4

lim = =00

There is no horizontal asymptote; vertical asymptote is x = 4.

Flotl Flotz Floks
Rl = DT AP kx_#,
W=
W=
wNy=
wNe= W
wMNE=
18 a) [Figtl Fletz Flets A R
S BT CRE+S =30 [ EEQC]
Gezan iy, |
:ﬁzf 18En | 33aic
iz ssss | 22t
Wi —
~MNe=0 =
CoNxP+5-3 NxP45-3 Jx*+5+3 . x*+5-9 1
b) lim = lim =

: = lim .
=2 xP=2x x> x(x-2) xP4+543 2 x(x-2) Jx*+543
x’ —4 1 . Z=2)(x+2) 1 242 4

m : = lim : = =—=
=2 x(x=2) Y4543 2 x(®@=2)  JxP+5+43 2/4+5+3) 12

1
3



19 a) [Fier Fletz Flots

20

21

SYARCAE-1 2T CRE+
2

wNe=
Nz=

N ]

= 5=0

4x 1 i
4x -1 v x o 4-0
b) lim ————— = lim = lim X

X
X—>oo \/ﬁ X—>+oo /x +2 X—>too 2 J1

2

Vath-x m Vo xrhadx | (Yarh) (V)

lim =1
o R b Jxdhedx w0 h(Jx+h+x)
i X th-x T, i 1 B 1 1
=0 h(Nx+h +Jx) ud ﬁ(\/x+h+\/;) 0 (Vx+h+x) Vx+0+Vx  2Jx
1 1 x—(x+h)
lim X0 X _ pi x(x+h) = lim —h S
h—0 h h—0 h =0 hx(x+h)  x(x+0) x°

Exercise 13.2

1

For f(x) =1-x" we have:

[1-(x+h)]-[1-57]

f'(x)=hm—f(x+h)_f(x) = lim
-0 h h—0 h
J— —_— — 2_
=1hinr01/r Fal thh h X+X2/:lhin01(—2x—h)=—2x—0:—2x

For g(x) = x* + 2 we have:
LNy, [Ge+hy’ +2] - [x" +2]
0

h—0 h

0=l
_hm/+3x2h+3xh2+h3+1—/—z

h—0 h
For h(x) = /x we have:
Bt h)—hG) _ xrh—x Varhadx (Vx+h) —(Vx)
3 p

H(x)=lin g h Vxthtdx o0 h(Vx+h+x)
= lim Ath-x = lim

1 1
R (Vo h ) ;Ho(JxTJrf) T Jx+0+vx  2Jx

=1lim (3x* + 3xh + h*) = 3x” + 0+ 0 = 3x
h—0
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1
4  Forr(x)= — we have:
X

3 x> —(x+h)
_ 2 2 2 2
#(x) = lim r(x +h)—r(x) — lim (x+h) x x“(x+h)
h—0 h h—0 h
XX —ah-W . K(=2x—-h)  —2x—-0 —2x 2
= lim 2 2 =li 2 27 2 2 - " 1 - 3
h=0 hx“(x +h) =0 Hx?(x+h)?  x*(x+0) x x

5 i) f()=1-1"=0
ff)y=-2-1=-2
Slope at the point (1, 0) is —2.

\ "4

\.

\

(1,0)

Ty

i) h(1)=V1=1

1 1
Wl =—7=—
W=31"3
Slope at the point (1, 1) is % .
1
A
L~
2
'0 x)-
Y

i) g)=1"+2=3
g)=31=3
Slope at the point (1, 3) is 3.

l/
il

v 1

(1,3)

o
X

—_
e ——

iv) r(1) = liz =1

2
T,(l) = —1—3 =-2

Slope at the point (1, 1) is —2.

[

LN

(1,1)




For f(x)=3x" —4x we have:
a) fi(x)=3-2x—-4=6x—-4
b) f(0)=6-0—4=—4
Slope at the point (0, 0) is —4.

GDC confirmation:
E?er1ut3H3—4K=K=

-4

For f(x)=1-6x — x° we have:
a) f/(x)=0-6-2x=-6-2x
b) f(-3)=—-6-2-(-3)=0
Slope at the point (-3,10) is 0.
Tq§g1ut1—EH—K3=:

2
For f(x)=— = 2x~> we have:
X

6
a) f(x)=2- (-3 = - =
X
6
b -)=———=—
Slope at the point (-1, 2)is — 6.
GDC confirmation:
llglerﬂlu'ZEHH EFESE
-5, BEEE2

Note: The GDC confirms the slope, but its
computations have incorporated a small amount
of error.

For f(x)=x" — x* — x we have:
a) f'(x)=5x"-3x"-1

b) f/(1)=5-3-1=1

Slope at the point (1,-1) is 1.

10

11

12

GDC confirmation:

T TR T i )

a1
b 1. 888863

Note: The GDC confirms the slope, but its
computations have incorporated a small amount
of error.

For f(x)=(x+2)(x —6) = x> —4x —12 we

have:

a) fl(x)=2x-4

b) f'(2)=2-2-4=0

Slope at the point (2, —16) is 0.

GDC confirmation:

nDerlgﬁEH+23iK—6
5]

Forf(x):2x+l—i3:2x+x‘1—3x‘3we
have: rox

’ -1-1 —3-1 1 9
a) fiix)=2-x"-3-(3)x :2—F+?

b) f(1)=2-149=10
Slope at the point (1, 0) is 10.

GDC confirmation:

12
16. BaEE2S

Note: The GDC confirms the slope, but its
computations have incorporated a small amount

of error.
3

+1
For f(x)= al — = x+x we have:
X
, L 2 x=2
a) f'(x)=1-2x""=1-S="—
X X

(1 -2 _

b) fi(-1)=
) D=5
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Slope at the point (-1, 0) is 3.

GDC confirmation:

nD?F}gﬂEK S
3. BEEEES

Note: The GDC confirms the slope, but its
computations have incorporated a small amount
of error.

The point (2, —4) is on the curve
f(x) =y = x*+ax +b so it must be valid.
fQ)=-4=2"+2a+b=-4

=2a+b=-8 (1)
The slope function is f’(x) = 2x + a. Since
the slope at the point (2, —4) is —1, we have:
ff2Q)=-1=2-2+a=-1=a=-5
By substituting a = —5 into equation (1) we get:
2.(-5)+b=-8=b=2

For y = f(x) = x’ + 3x we have:

f(x)=2x+3
f(x)=3=2x+3=3=x=0
f(0)=0

So, the point on the graph where the slope is
3is (0, 0).

For y = f(x) = x” we have:

f(x) =3x"

flx)=12=3x*=12=x, =-2,x,=2
f(=2)=(=2)=-8,f(2)=2"=38

So, the points on the graph where the slope is
12 are (-2, -8) and (2, 8).

For y = f(x) = x* —5x + 1 we have:
f'(x)=2x-5

5
f’(x)=0:>2x—5=O:x=5

(0o

So, the point on the graph where the slope is

5 21
Ois(—,——).
2 4

17

18

19

20

For y = f(x) = x> — 3x we have:
f(x)=2x-3
flx)=-1=22x-3=-1=x=1
fH=1-31=-2

So, the point on the graph where the slope is
~1is(1,-2).

a) The average rate of change is greatest
between points A and B, because the line
through these points is the steepest (biggest
slope).

b) The instantaneous rate of change is positive
at points A, B and F, because the tangents at
those points are increasing (positive slope).

The instantaneous rate of change is negative
at points D and E, because the tangents at
those points are decreasing (negative slope).

The instantaneous rate of change is zero at
point C, because the tangent at this point is
horizontal (zero slope).

c) The average rate of change is approximately
equal for pairs Band D, and E and F
(approximately parallel lines through these
pairs).

The slope function of the curve

f(x)=x>—4x+6is f(x) = 2x — 4. The slope

at the point (3,3) is f'(3) =2-3-4=2.

The function g(x) = 8x — 3x” passes through the

point (a, b), so we have: g(a) = 8a—3a” = b.

The slope function is g’(x) = 8 — 6x and is equal
to 2 at (a, b). This gives us: g’(a) = 8 —6a = 2.

To determine a and b we have to solve the
system of equations:

b=8a-3a’
=a=1,b=5
8§—6a=2
For y = f(x) = ax’ — 2x* — x + 7 we have:
f(x)=3ax> —4x —1
f(2)=3=12a-8-1=3=a=1
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22

23

24

25

26

The tangent at the point (x, f(x)) should have a slope equal to 5, since it is parallel to the line y = 5x. So,
we have:

flx)=5=2x-1=5=>x=3
f3)=3"-3=6
The point is (3, 6).

For y = f(x)=x"—x, f'(x)=2x-1.

a) For f(x)=x’+1and h = 0.1, we have:
f@+m-f2) _ feD-f@) _(2I+1)-(2"+1)
h 0.1 0.1
b) f'(x)=3x"
lim fQ2+h)-f(2)

h—0 h

=12.61

=f'(2)=3-2° =12

For f(x) = ax® + bx + ¢ we have:

lim flx+h)- f(x) _

y [a(x +h)’ +b(x+h)+ c] - [ax2 +bx + c]
im

h—0 h h—0 h
i a(x* +2xh+h*)+b(x+h)+c—ax’ —bx —c
_hlilg h
2
- EI%M = lim (2ax +b-+ ah) = 2ax +b = f'(x)

i) Fora=1b=0,c=0: f'(x)=2x.
ii) Fora=3,b=-4,c=2: f'(x)=2-3x—(-4) =16.

3

For C(t) = 248 +17 = 262 +17,0 <t <5

C4)-C1) e +17-JP +17) 14 - ,
i1 3 =3 4.6 degrees Celsius per

a) Average rate of change =
hour.

3_
b) C'(t)=2%t2 N

14 14 14V
¢ C@)= 3 = 3t = "y =>t= (;) ~ 2.42 hours

a4

a) If h(—x) = h(x), then: h'(-x) =
dx

b) If p(—x) = —p(x), then:

h(—x)- % (=x) = % hx)- (—1) = —H ()

e oy A A T e ) ) = () (1) =
px) = - plx) == (=) dx[p(x)](l) o PO (D)= —p(0)- (1) = p(x)

o x —1 1—2sin® (x) -1 —3 sin? (x) sin (x) .
lim <272 _ jim 2 =lim—2=—lim—2-limsin(—):—1-020
\X x—0 X x—0 2

X
2 2

x—0 X x—=0 X x—=0
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d o Nx+h=Jx . x+h-Jx Jx+h+Jx
27 _(\/;):11m—=11m :
dx 70 h [ h Jx+h++x
i (\/x + h)z - (\/;)2 . \h 1 1
= 11m = lim = =
=0 h(Vx+h+Vx) =0 R (Vath+Vx) Jx+0+Vx o 2Vx
1 1 x—(x+h)
28 i(l):limx"_h £ g XD g R o - L
dx\x/) w0 h h—0 h -0 hx(x+h)  x(x+0) x

2+(x+h)_2+x
29 d(Z-l—_x)zlhim_%—(erh) 3—x_hm(2+x+h)(3—x)—(2+x)(3—x—h)

dx\3—x =0 h h—0 h(3—x)(3—x—h)
o (6+x+3h—xh—x*)—(6+x—-2h—xh—x*) . 5k
= lim = lim
h=>0 h(3-x)3-x—h) >0 W(3—x)(3—x—h)

_ 5 _ 5
C(B-x)3-x-0) (3-—x)

1 1
30 d( 1 ):limJ“'h*'z ¢x+2_hme+2—\/x+h+2 Jx+2+Vx+h+2

dx\(Jx+2) 0 h T hxt+2dx+h+2 x+2+Jx+h+2
(\/x+2)2—(\/x+h+2)2 _ﬁ

— i — i
hlggh\/x+2Jx+h+2(\/x+2+Jx+h+2) lgg\h\/x+2\/x+h+2<\/x+2+\/x+h+2)

-1 1

T Vx+2dxr0+2(Vxr24Vx+0+2)  2x+2/x+2

31 (= 1im S~ limo = 0

X h—0 h h—0

Exercise 13.3

d
1 Fory=x"-2x—6wehave 2 =2x—2=2x-2=0=x=1

dx
y=1-2-1-6=-7
The vertex of the parabola is the point (1,-7).

d 3
2 For y = 4x” +12x + 17 we have: d—y:8x+12:8x+12:0:x:—5
X

3V 3
y=4|-=| +12[-=|+17=38
2 2

3
The vertex of the parabola is the point (— > 8) .
3  For y = —x* 4 6x — 7 we have:

dy
—=-2x+6=-2x+6=0=>x=3
dx

y=-3+6-3-7=2
The vertex of the parabola is the point (3, 2).



For y = f(x) = x* — 5x + 6 we have:
5
a) f’(x):Zx—5:0:>x=E
5
Since the function is continuous with a domain of all real numbers, the point with x = — is the only

stationary point. One stationary point means that there are two intervals that need to be tested.

5
b) f'(3)=2-3—5=1>0:>f(x)isincreasingforx>E
¢) f'(1)=2-5=-3<0= f(x)is decreasing for x < %

For y = f(x)=7—4x — 3x* we have:
2
a) flx)=—4-6x=0=>x =3
2
Since the function is continuous with a domain of all real numbers, the point with x = — 5 is the

only stationary point. One stationary point means that there are two intervals that need to be tested.
b) f'(-1)=-4-6-(-1)=2>0= f(x)isincreasing for x < —%
¢) f(1)=-4-6=-10<0= f(x)is decreasing for x > —%
Fory = f(x) = §x3 — x we have:

a) flx)=x’-1=0=>x=-lorx=1

Since the function is continuous with a domain of all real numbers, there are two stationary points with
x = —land x = 1. Two stationary points means that there are three intervals that need to be tested.

b) f(-2)=(-2)-1=3>0, f'(2)=4-1=3>0= f(x)isincreasing for x < —land x > 1
¢) f(0)=-1<0= f(x) is decreasing for -1 < x <1

For y = f(x) = x" — 4x’ we have:
a) fl(x)=4x’-12x’=0=4x’(x-3)=0=>x=0o0rx =3

Since the function is continuous with a domain of all real numbers, there are two stationary points
with x = 0 and x = 3. So, three intervals need to be tested.

b) f'(4)=4-4"-12-4* =64 >0 = f(x)isincreasing for x > 3
o fl(-1)=4(-1Y-12-(-1)’ =-16 <0, f’(1) =4—-12=-8 < 0 = f(x) is decreasing for x < 0 and
x <3

For y = f(x)=2x"+3x* = 72x + 5 we have:
“1£1P—4-1-(-12) -1%7
a) fl(x)=6x"+6x-72=0=x"+x-12=0=>x = - =12) _ =

x=-4andx =3
f(-4)=2-(—4) +3-(-4)’ —72-(-4)+5=213, f(3)=2-3"+3-3° —72-3+5=-130
Therefore, the stationary points are (—4, 213) and (3, -130).
b) f"(x)=12x+6
f7(—4) = —48+ 6 = —42 < 0 = maximum at (-4, 213)
£”(3) = 3646 = 42 > 0 = minimum at (3, —130)
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T T T ‘\ T T 7 1T
/ E N /

/ F ™~
/ : (3,-130)

1
9 Fory= f(x)= gx3 — 5 we have:

a) f’(x):%x2:0:>x:0

f(0)=-5

Therefore, the stationary point is (0, =5).
b) f7(x)=x f7(0)=0

1 1 1 1
f'(-1)= 3 (1)’ = 3 >0, f'(1)= . 1’ = 5 > 0 = (0, —5) is neither a minimum nor a maximum

because the first derivative is always positive, i.e. the function is constantly increasing.

9) y‘- /
/
AN

(0,-5)

7
/

10 For y = f(x) = x(x —3)* = x> — 6x + 9x we have:

/
7

4+(-4)-4-1-3 4+2
=

a) fl(x)=3x"-12x+9=0=>x"-4x+3=0=>x = . = 5

x=landx =3

f)=1-64+9=4,f3)=3"-6-33+9-3=0

Therefore, the stationary points are (1, 4) and (3, 0).
b) f"(x)=6x-12

f7(1)=6-12=-6 < 0 = maximum at (1, 4)

f7(3)=18—-12 =6 >0 = minimum at (3, 0)




)

y (1,4)

i) O}- (3.0) N

[-

11 Fory = f(x)=x"—2x’ —5x* + 6 we have:

a)

b)

<)

f/(x)=4x"—6x>—10x =0 = 2x(2x* —3x—-5)=0=x=0or
3+(=3°—4-2-(-5) 3+7

5
(2x*=3x-5)=0=x = :>x:—1andx:5

2:-2 4
5 5\ 5Y 5Y 279
0)=6, f(-1)=(=1)" —=2-(=1)’ =5 (1)’ + 6 = 4, (—):(—) —2-(—) —5-(—) +6=—-—
£(0) fE) =(=1) (-1 (-1) f 5 5 5 5 e
Therefore, the stationary points are (0, 6), (—1,4) and (g ,— %) .

f7(x)=12x* =12x — 10

f7(0) = -10 < 0 = maximum at (0, 6)

f7(=1)=12-(-1)* =12 (=1)— 10 = 14 > 0 = minimum at (-1, 4)
5 5Y 5 5 279

f”(— =12'(—) -12-—=10=35>0= minimumat(—,——)
2 2 2 27 16

\ i

\  0o) ]
et N
N i

\ |
\V

(5/2,-279/16)
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12 For y = f(x) = x" —2x* —7x +10 we have:
4+(-4) —4-3-(=7) _4%10
2-3

7 7Y (7)2 7 122
“N=-1-2+7+10=14, f| = |=|=| -2:[=| -7 2 +10=-22
FED f(s) (3) 3 3 27

a) f'(x)=3x’-4x-7=0=>x=

7 122
Therefore, the stationary points are (—1,14) and (g ,— —) .

27
b) f"(x)=6x-4
f7(-1)=-6—-4=-10 < 0 = maximum at (-1, 14)

7
=>x=—1andx=§

w7 7 .. 7 122
f’l=|=6-——4=10>0= minimumat | —,— —
3 3 3 27
c) *
v
N} //' T
(7/8,-122/27)
1
13 For y = f(x) = x—/x = x> — x? we have:
1 - 1
a) ‘xX)=1l-—x?*=1-—==0=> C '
f 2 2/x : i\
1
2&—1=0:>x=Z
1 1 1 1
f(4)_4_ 4 4
11 RS> anan
Therefore, the stationary point is (— ,— —) . © K-—'/
s 4 4 + aafnm)
1 22 .
b "(x)=—x 2
) f(x) .
(1 1 . 11
f1=1= =2>0= minimumat | —,——
4 1V 4’ 4

4}




14 For s(t) = t° — 4t* +t we have:

a) v(t):é:3t2—8t+1
dt

b)

| Displacement function

s()=t3 42+t

dv  d’s
)= —=—=6t—8
a(t) dt dt’
A
..‘. Vil
. /t

\ / Velocity function
’ / v(t) =32 -8t + 1
\
\ ol

Acceleration function

a(t)=6t-8
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8+/(—-8)—4-3-1 :4iJE

2-3 3

) SH)=0=3t"-8t+1=0=>1t= =

t =0.1315and t = 2.5352
s(0.1315) = 0.1315° —4-0.1315* + 0.1315 = 0.0646

Therefore, the object has a maximum displacement of approximately 0.0646 m at ¢ = 0.1315.

4 _
d) v’(t):O:>6t—8:0:>t:§:1.3

A=

Therefore, the object has a minimum velocity of —4.3 metres per second at ¢t = 1.3.

e) 'The object moves right at a decreasing velocity, then turns left with increasing velocity, then slows
down and turns right with increasing velocity.

15 For f(x) = x> —12x we have:
flx)=3x"-12=0=>x"-4=0=(x+2)(x-2)=0=x=-2andx =2

Since the function is continuous with a domain of all real numbers, there are two stationary points with
x = —=2and x = 2. So, there are three intervals that need to be tested:

f(=3)=3-(-37-12=15>0= f(x) /" on(—e,-2)

£/(0)=-12<0= f(x) \von (-2,2)

f(3)=3-3-12=15>0= f(x) / on(2,)

f(=2)=(-2)-12-(-2)=16, f(2)=2°-12-2=-16

Therefore, fhas a relative maximum at (-2, 16) and a relative minimum at (2, —16).
ff(x)=6x=0=>x=0

f0)=0

Therefore, fhas a point of inflexion at (0, 0).

THOOL

smin=-5

HBMaN=3 ffpxha
macl=1

Ymin=-25
“max=25 /

Yeol=5
e |

1
16 For f(x)= Zx“ — 2x” we have:
flx)=x’-4x=0=x(x>-4)=0= x(x+2)(x-2)=0 = x=0,x=—2andx =2

Since the function is continuous with a domain of all real numbers, there are three stationary points with
x =0, x = —=2and x = 2. So, there are four intervals that need to be tested:

F/(=3)=(=3)—4-(=3)=-15< 0= f(x) \ on (oo, -2)
f(=1)= (-1 =12(-1) = 11> 0 = f(x) ./ on(~2,0)
FA)=1-12=-11<0= f(x) \ on(0,2)
f(3)=3-4-3=15>0= f(x)./ on(2,)

f(—2)=i(—2)‘* —2.(22) =—4, f(0) =0, f(2) = i24 2.2t =4
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18

Therefore, fhas an absolute minimum at (-2, —4) and (2, —4), and a relative maximum at (0, 0).

f”(x)z3x2—4:O:>x:i%:>x=—¥andx=¥
plo2B) o1 (2B) L, (2B) 20 (2
3 4 3 3 9 3
Therefore, fhas a point of inflexion at —&,—EJ and (ﬂ,_EJ
3 9 3 9
THOOLT
wmin=-o0
A
ﬁigl:llﬁ
Mmin="-
Ymax=15 L e
Vo l=5
wes=1
For f(x) = x +é = x + 4x~" we have:
x
, . 4 x*-4
fx)=1-4x"=1-—= —=0=(x-2)(x+2)=0=>x=-2andx =2
x x

Since the function is not defined for x = 0 (vertical asymptote), there are two stationary points with
x = —2and x = 2 but four intervals that need to be tested:

f(=3)= g >0= f(x)./ on(—e,-2)

f'(-1)=-3<0= f(x)\v on(-2,0)
f')=-3<0= f(x)\ on(0,2)
f'(3)=-3<0= f(x)\ on(2,)
f(=2)=—4, f(2)=4

Therefore, fhas a relative maximum at (-2, —4) and a relative minimum at (2, 4).

8
f”(x)=8x" = — # 0 for all x from the domain, so there are no points of inflexion.
x

THOON

Amin=-5

HMax=5

Ymax=15
Y= l=1

1
For f(x)=x"—— = x* — x™' we have:
x

2x° +1 1 Y4
flx)=2x+x7 = =022 +1=02 x =0 =~ =079
X

Since the function is not defined for x = 0 (vertical asymptote), there is one stationary point with
3

X =— 7 but three intervals that need to be tested:
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iy 22+ 15 ]
f(=2)= 2 = 4<0=>f(x)\«on( , 2)

13
. z.(—z) 11 2
f(—5)=ﬁ=3>0:f(x)/' on —7,0
-3)
f’(l):$:3>0:>f(x)/'on(0,oo)

2

2 2 2 2
3 3
Therefore, fhas a relative minimum at [— ﬂ , 3\6) .
2 2
2(x -1
fr(x)=2-2x" = (x3 )=O=:x=1
x

f)=1-1=0

Therefore, fhas a point of inflexion at (1, 0).

THOIOW
smmin= -4
amax=d
macl=1

Ymin=-5
“max=18
Yal=1 ff
ares=11

For f(x) = —3x" + 5x” we have:
fl(x)=-15x" +15x> =0 = -15x*(x* - 1) =0 = -15x°(x + )(x - 1) =0=>x =0, x = —land x = 1
Since the function is continuous with a domain of all real numbers, there are three stationary points with

x =0,x = —1and x = 1. So, there are four intervals that need to be tested:

F/(=2) = =15(=2)" +15-(=2)* = =180 < 0 = f(x) \v on (—eo, —1)

ol {4 o o

f’(%):—ls(%) +15(%) =T—Z>0:>f(x)/ on (0,1)
f(2)=-15-2*+15-2> =-180< 0 = f(x) \v on (1, )
f(=1)==3-(=1+5-(=1) ==2, f(0)=0, f(1)=-3+5=2

Therefore, fhas a relative minimum at (-1, —2) and a relative maximum at (1, 2). Since f’(x) does not
change sign at x = 0, the point (0, 0) is not a relative extremum.




20

o |5

J2
xX)=-60x" + X = = —3Ux(2x" — = > x=0x=——andx =
”(x) = —60x" +30x =0 30x(2x* =1)=0 0 5 d

f2) o) s 2] 2

2 2 8
f(0)=0
(3= ()57
fl= == 45| 22| =22
2 2 2 8

Therefore, f has points of inflexion at (— g ,— %J (0,0) and (% %J

Amin=-3

HMax=3 f}f\
necl=1

Ymin=-3

Ymax=3

Y= l=1

Ares=10

For f(x) = 3x" —4x’ —12x* + 5 we have:
fl(x)=12x> —12x*-24x = 12x(x* —x—-2)=0=12x(x +1)(x —2) =0 = x =0, x = —land x = 2

Since the function is continuous with a domain of all real numbers, there are three stationary points with
x =0, x = —1and x = 2. So, there are four intervals that need to be tested:

F/(=2) =12(=2)° =12+ (=2)* =24 -(-2) = —96 < 0 = f(x) \v on (oo, —1)

(D)o 2) S 1) paf 1) 18 _
f( 2) 12( 2) 12( 2) 24( 2) 2>o:>f(x)/ on (-1,0)

f(1)=12-12-24=-24<0= f(x) \ on(0,2)
f'(3)=12-3"—12-3"-24-3=144>0 = f(x) /" on(2,)
f(-1)=3+4-1245=0, f(0)=5, f(2)=3-2"-4-2°-12-2° +5=-27

Therefore, f has a relative minimum at (-1, 0), a relative maximum at (0, 5), and an absolute minimum at
(2,-27).
f7(x)=36x"—24x-24=0=3x"-2x-2=0= x =

24+(<2 —4-3-(<2) _1£7
2-3 N

x = —0.549 and x = 1.22

£(=0.549) = 2.32, f (1.22) = —13.4

Therefore, fhas points of inflexion at (—0.549, 2.32) and (1.22,—-13.4).
THOT

amin= -3

R

necl=1

“Yrin=-38

“Ymax=2A

Yacl=5

ares=10
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21 For the displacement function s(t) = t(t — 3)(8t — 9) = 8¢’ — 33t> + 27¢, we have:
d
a) Velocity function: v(t) = d_; = 24t — 66t + 27

Initial velocity: v(0) = 27 m/s
Acceleration function: a(t) = ﬂ = d_zs = 48t — 66
dt dt?
Initial acceleration: a(0) = —66 m/s?
b) Att=3seconds:
v(3)=24-3"-66-3+27 =45m/s

a(3) = 48-3—66 = 78 m/s’

c) The object changes direction when the displacement function has a relative maximum or minimum.

22+(-22)?-4-8-9
=

St =v(t) =24t —66t+27=0=8"-22t+9=0=>t = 8

1 9
t=—andt=—
2 4

Att= % and t = %, the displacement has a relative maximum or minimum.

d) Velocity is a minimum when the acceleration is zero:

11
v'(t)=a(t)=48t—66=0:>t=§

Att= 1_81’ the acceleration is zero.

100
22 For the delivery cost function D(x) = 3x + — , x > 0, we have:
X

100 100
D'(x)=3-—F=0=3x"-100=0= x = = =77
X
100
D(5.77) = 3-5.77 + —— = 34,6
5.77
100
D'(4) = 3—? =-325<0= D(x)\u

100
D'(6) = 3—6—2= 0.22>0= D(x) /

Therefore, the delivery cost per tonne of bananas is a minimum for 5.77 tonnes, and the minimum
delivery cost is $34600. This cost is a minimum because D(x) decreases to this value then increases.

23 Thecurve y = f(x) = x" +ax” + bx + c passes through the point (~1,-8),s0 1+a—b+c = -8.
Then:

f’(x):ﬂz4x3+2ax+band d—y:6;atx:—1:>—4—2a+b:6
dx dx

d’ d’
f7(x)= }2)=12x2+2aand y:6;atx=—1:12+2a=6

dx dx’
D



, A

These conditions give us a system of linear equations:

a-b+c=-9

2a+b=10 =a=-3,b=4,c=-2 )

2a=—-6
Therefore, th isy=x"—3x"+4x-2. —_ -

erefore, the curveis y = x x x (7,5 ; — / ; ' >

*+3x-1
24 For f(x) = % = x+3x"" — x> we have:
x
P—3x+2
F)=1-3x"+2x" =2 T2 05 X’ —3x+2=0 = (x—1)(x* +x-2)= 0 =
x
(x=1(x+2)=0 = x=-2andx =1
(=2) +3(-2)-1 _1+3-
(=2) = =——,f()= Los
6(x—1
f(x) = 63 = x-4:—"‘4 )=0:>x=1
x

Since the function is not defined for x = 0 (vertical asymptote), there are two stationary points with

x = =2 and x = 1 but four intervals that need to be tested:

(-3 —3(-3)+2 16
-3 2

(-1’ =3(-D)+2 _
-0

f@:@ _(f)(})+2=5>0éf(x)/0n(0’1)
-3 2-2|-2

f(2)= 2— >o:>f(x)/on(z,oo)

f(=3)= >0= f(x) /" on (—eo, —2)

f-1)= -4 <0= f(x) \von (-2,0)

15
Therefore, fhas a relative maximum at (—2, - Z) and a stationary point of inflexion at (1, 3).

3 1
As the function can be written as f(x) = x + ———, we can see that f(x) — x as x — oo,
x X
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a) f'(x)<0 = f(x) decreasingforx<1landx>5
f’(x)>0 = f(x) increasingon x € (1,5)
b) f’(1)=0 = minimumat x =1
f'(5)=0 = maximumatx =5
a) f’(x)<0= f(x) decreasingon x € (1,3) U (5, c)
f’(x)>0= f(x) increasingonx € (0,1) U (3,5)
b) f’(1)=0 = maximumat x =1
f’(3)=0 = minimumat x =3
f'(5)=0 = maximumatx =5

f7(0.5) =0, f”(7.5) = 0 and changing the sign at these points = inflexion points at x = 0.5, x = 7.5

A

y
(-2,8)

/ S — >

For the displacement function s(¢) = —2t% + 15t* — 24¢t,t = 0, we have:
a) v(t)=s(t)=—6t>+30t—24 = —6(t —1)(t — 4)
S)=0=t=1,t=4
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s’(t) < 0for 0 <t <1landt > 4 = the object is moving to the left
s’(t)>0for1 <t <4andt >4 = the object is moving to the right
b) i) v(0)=-24m/s
ii) a(t)=v'(t)=-12t+30 = a(0) = 30 m/s’
¢) i) The maximum displacement is:s(4) = —2-4’ +15-4>-24-4 =16 m
i) V()=0=-12t+30=0 =t =25
The maximum velocity is: ¥(2.5) = —6-2.5° + 30 2.5 — 24 = 13.5 m/s

d) The acceleration is equal to zero at t = 2.5, when the object is moving with a velocity of 13.5 m/s.

31 a) [FiL Flotz Flets THOOL
SMBR-TC20sintR)|| Emin=E
BMmax=6. 22831853,
“Mes ascl=1.97VA7963..
W= Wimin= -4
hes ey
M 5= SE. = m 1M
~MNe=0 ares=10 5"?“52355&3 v=-.zi46018 5“? WEPPRGE Y=B.MO7PETA

Minimum value: y = —0.215; maximum value: y = 6.5.

b) For f(x)=x— J2 sin x,0 < x < 27, we have:

J2 T 7T
"(x =1—\/§cosx=0=>cosx=—=—:>x=—,x=—
S V2 4 4
J2

Minimum:f(z)zz— zsm( ):E_ —=E—1

4 4 4 4 2 4
Maximum: f(77r) 77T 2 sin (7ﬂ)_7—ﬂ— 2. _Q :7_7r+1

4 4 4 4 2 4

Exercise 13.4

1 To find an equation of the tangent line to the graph of a function f(x) at a given value of x, we first have to
find the y-coordinate of the point of tangency by substituting the given value of x into the equation. Then
the value of the first derivative at this value of x will give us the slope of the tangent. We then substitute in
the point-slope form of the equation of the line to find the equation of the tangent.

a) a(x)=y=x"+2x+1
a(-3) =9-6+1=4 = point of tangency is (-3, 4)
dy
dx
Therefore, the equation of the tangentis: y —4 = —-4(x+3) = y =—-4x-38

b) b(x)=y=x"+x’

2 8§ 4 4 2 4
b (— —) = ——+4 — =— = point of tangency is (— - —)
3 27 9 27 3 27

=a’(x) = 2x + 2 = slope of the tangent isa’(-3) = -6+ 2 = —4

2

d_y = b’(x) = 3x” + 2x = slope of the tangent is b’ (— %) = 3%+ 2-(— g) =0

dx

4 2 4
Therefore, the equation of the tangent is: y — > 0- (x + 5) =y= >




o cx)=y=3x"-x+1
¢(0) =1 = point of tangency is (0, 1)

Z—y = ’(x) = 6x — 1 = slope of the tangent is ¢’(0) = —1
X

Therefore, the equation of the tangentis: y —1=-1(x—0) = y=—-x+1

d) al(x)zy=2x+l=2x+x’1
X
1 . (1
d(g) =1+ 2 = 3 = point of tangency is (5,3)

d_y =d'(x)=2-x"=2—- Lz = slope of the tangent is d” (l) =2—-4=-2
dx x 2

1
Therefore, the equation of the tangentis: y —3=-2- (x - EJ = y=-2x+4

The slope of the normal is the opposite sign of the reciprocal of the slope of the tangent.

a) a(x)=y=x"+2x+1
Point: (-3, 4)
1 1

Slope of the normal is: — — = —
-4 4

1 1 19
Therefore, the equation of the normal is: y —4 = " (x+3) = y= e + "

b) b(x)=y=x"+x

2 4
pone (2,4}
3 27

1
Slope of the normal is not defined: o

2
Therefore, the equation of the normal is: x = — 3

9 c(x)=y=3x"-x+1
Point: (0,1)
1
Slope of the normal is: — — =1

Therefore, the equation of the normalis:y—1=1(x-0) = y = x +1

d) dix)=y=2x+2
X

1
Point: (— R 3)
2

1
Slope of the normal is: — — = —
-2 2

1 1 1 11
Therefore, the equation of the normal is: y — 3 = 5 (x - E) =S y=—x+—
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3 Intersections of the curve y = x° — 3x” + 2x and the x-axis:
=3 +2x=0=> x(x* —3x+2)=0=> x(x - 2)(x-1)=0=>x=0,x=1,x =2
The points of tangency are (0, 0), (1,0) and (2, 0).

d
D 3yt —6x+2

dx
The slope of a tangent is equal to the value of the first derivative at the given value of x, so:

Atx = 0,slopeis2;atx = 1,slopeis3—6+2=—1;atx = 2,slopeis3-4—-6-2+2 = 2.
Therefore, the equations of the tangents are:

y—0=2(x-0)= y=2x

y-0=-1lx-1)=y=—x+1

y-0=2x-2)=>y=2x—-4

1 1
4  The tangent to the curve y = x* — 2x is perpendicular to the line x —2y =1, 0ory = Sx so its slope

is L 2
l - .
2
We must determine the point of tangency at which the first derivative is equal to —2.
dy
—=2x-2=2x-2=-2=x=0,y=0
dx

Therefore, the equation of the tangentis: y —0 = -2(x - 0) = y = —2x

3
5 For the curves y = x* —6x+20and y = x® = 3x* — x, we must find the x-coordinate, 0 < x < 5, of the

point where the slopes of the tangents, i.e. the first derivatives, are the same.

a) i(x2—6x+20)=i(x3—3x2—x) =2x-6=3x"—6x-1=

dx dx
5 8+(-8)—-4-3-5 8+2
3x"-8x+5=0 = x = = =>x=1, x X—
2-3 6
b) Forthecurvey=x2—6x+20,atx=1,y=1—6+20=15.
d
—y:2x—6;slopeatx:liSZ—6=—4
dx

Equation of the tangent at (1,15) is: y =15 = —4(x —1) = y = —4x +19
Forthecurve y = x> —3x> —x,atx =1,y =1-3-1=-3.

d
d—y=3x2—6x—1;slopeatxzlis3—6—1=—4
x

Equation of the tangent at (1, =3) is: y +3 = —4(x —1) = y = —4x +1
Using our GDC to sketch the curves:

Flatl Flatz Flots THOO

Ny B - E+2E Hrin= -1 ) L0 20

M e BRI -EHE R AREE=D tLirne
~Nx=1 nscl=1 tHorizontal
wMy= Ymin=-18 tertical
wMe= Yrax=3a Tangent. |
wME= V= 1=5 Or-awF
wWe= Ares=10 L5hadet




] ] ]

n=l u=i
w=-4i+i8 w=-% BA8998+ 995999

For the curve y = x*> +4x —2,at x = -3,y = (-3)* +4-(-3)— 2 = 5.

dy :
ol 2x + 4 = slope of the tangent at x = —31is: —6+4 = -2
X
) 1 1
Slope of the normal is: — — = —
-2 2
. . . 1 1 7
Equation of the normal at the point (-3, —5) is: y +5 = 5 (x+3) =>y= 5 X - 3

To find the other point where this normal intersects the curve, we will solve a system of equations
(using the substitution method):

y=x"+4x-2 | -
1 7 S x +4x-2=—x-—-=2x"+7x+3=0=
y=—x-— 27 2
2 2
—7+N7°—4-2-3 -7%5 1
x = = Sx=-—,x=<3
2-2 4 2
1 1( 1) 7 15
Forx=—-—:y==|-=|[-—=—-—.
2 2 2 2 4
. : L 1 15
Therefore, the other point of intersection is (— >0 Z) .
. 1-x° 4 -1
For the function g(x) = —— = x"" — x™, we have:
X
3
x"—4
gx)=—4x" +x7 ="
X
14
Slopeofthetangentatx:1ls:g(1)=T:—3
Equation of the tangent at (1,0)is: y —0=-3(x—1) = y = -3x+3
1 1
Slopeofthenormalatleis:——3:g

1 1 1
Equation of the normal at (1,0) is: y —0 = 3 (x-1)=>y= 3 x— 3
The normal to the curve has a slope of 1 and it passes through (0, —4), so its equation is:
y+4=1(x-0)=y=x—-4.

The point with x = 1 is common for the normal = y =1—-4 = -3, and the curve
1

y=ax?+bx = y=a+b.So,wehavea+b=-3.
1

dy 1 -
The slope function for the curve is: d_y =—ax >+b.
X
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If the slope of the normal is 1 at x = 1, the slope of the tangent at x = 1 is —1.
1 _L
So, at x = 1, we have: Ea'l +tb=-1=a+2b=-2.

The system of equations is:
{a +2b=-2

=a=-4b=1
a+b=-3

1
9 For f(x)=x’ +5x2 + 1 we have:

a) fl(x)=3x"+x

1
Slope of the tangent at (—1, 5) is: f'(-1)=3(-1) -1=2
. . 1 5
Equation of the tangent is: y — 5= 2x+l) = y=2x+ 5

b)) f(x)=2=3x"+x=2=3x"+x-2=0=

—1+J(-1%—-4-3-(=2) -1%£5 2
‘e J )23 (=2) _ - :ng,pq

(3)-()+30) -5

2 41
The other point where the tangent is parallel is 3’ 5) .

1

10 For the curve y = Jx (1 - \/;) =x2— x, we have:
x =4,y =14(1-4)=-2; pointis (4,-2)

d J
dy_1 5
dx 2
1= 3
Slope of the tangent at x = 4 is: 54 2-1 =3
. 1 4
Slope of the normal at x = 4 is: ——3:5
4

3 3
Equation of the tangentis: y +2 = —Z(x—4) =y= —Zx+1
22

4 4
Equation of the normal is: y +2 = 3 (x-4)=>y= 353

11 For the function f(x)= (14 x)*(5—x) =5+ 9x + 3x* — x°, we have:
a) f(1)=5+9+3-1=16
f/(x) =9+ 6x—3x
Slope of the tangentat x = 11is f'(1) =9+ 6 -3 =12.
The equation of the tangent at (1,16)is: y =16 = 12(x —1) = y = 12x + 4.

To check for a point of intersection, we will try to solve the following system of equations:

=54+9x +3x* — x°
{y =x-3x"+3x-1=0=(x-1’=0

y=12x+4



The only solution is x = 1, so the curve and the tangent meet only at the tangency point.
b) Slope of the tangentat x=01is f'(0) = 9.
The equation of the tangent at (0,5)is: y —=5=9(x - 0) = y = 9x +5.
To find the intersection, we will solve the following system of equations:
{y=5+9x+3x2—x3 =5>x-3x"=0=2x*(x-3)=0=>x=0,x=3
y=9x+5

The tangent meets the curve again at the point where x = 3 (y = f(3) = 32). We also have:
f'(3) =9+6-3—3-3* = 0, which means that (3, 32) is the turning point.

y Vi

| T e
\ E g(x) #12 'X+4//
f(x) = (1+x)*(5-x) -
T /

\

N L L
b ,//og X
/& |

dy

12 For y = x* + x, the slope function is = = 2x + 1. Let the point of tangency be (a, b). Then

13

dx
the slope of the tangent is 2a + 1, and the equation of the tangent that passes through (2, —3) is:

y+3=Q2a+1)(x—-2)= y =(2a+1)x —4a— 5. Since the point (a, b) is on both the tangent and the
curve, we have the following system of equations:

b=a’+a
=
b=Qa+1)a—-4a-5
a+a=Qa+1)a-4a-5=a"-4a-5=0=(a-5)(a+1)=0=a=5a=-1
For a =5, the tangent is y = 11x — 25; for a = —1, the tangent is y = —x — L.

d
For y =1+ (x —1)> = x* — 2x + 2, the slope function is d_y = 2x — 2. Let the point of tangency be
X

(a, b). Then the slope of the tangent is 2a — 2, and the equation of the tangent that passes through (0, 0)
is y = (2a — 2)x. Since the point (a, b) is on both the tangent and the curve, we have the following system
of equations:

b=a>-2a+2
b=2a-2)a
For a = \/2, the tangent is y = (22 — 2)x; for a = —/2, the tangent is y = —(2+/2 + 2)x.

:>a2—2a+2=(2a—2)a=>a2—2=0:>a=\/§,a=—\/5
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1 2
H d 1 - 1 1
14 a) Foryzi/;:x%wehave—y:—x3,sotheslopeatx=813—=—.
dx 3 338% 12
1 1 4
Theequationofthetangentatx=8,y=szis:y—ZzE(x—8)$y=Ex+§.
1 4 25
b) Y9=—9+-===208
12 3 12
1 L
15 For f(x) = — = x ? we have:
W=7
1 -2 1 -2 1 1
‘X)=—=-x?fla)=-—-a’*=-—+, fla)=—
/ R 2 2ada /=T
Th tion of the t ti ! ( ) = ! + &
e equation of the tangentis: y——==———+(x—a =———Fx+—F
! T s U YNPRR NP
d
16 For y = x°, we have d_y = 3x”. Let a be the x-coordinate of point P. Then the slope of the tangent at
X

P(a,a’)is 3a°, and the equation of the tangent at Pis: y —a’ = 3a*(x —a) = y = 3a’x — 2a’.

To find point Q, the point where the tangent intersects the curve again, we must solve the following
system of equations:

y=x

, , =X =3a’x-2a" = x’-3a’x+2a’ =0
y=3a'x-12a

This equation can be solved by factorizing:

X’ =3a’x+2a’ =0=>x"—a’x—-2a’x+2a’ =0=>x(x’—-a’)-2a°(x—a)=0 =
x(x—a)(x+a)—2a2(x—a)=0=>(x—a)[x(x+a)—2az]=0=>

(x—a)(x*+ax—-2a")=0=(x—a)(x—a)(x+2a)=0=>x=a,x = 2a

For x = —2a, y = (-2a)’ = —8a’, so Q(—2a, -8a’).

17

Since the tangents are perpendicular to the radius at the point of tangency, we have:

C.Cl = 2rjcal =|C.B =N @ry -1 =3
. . 2
Areacc, = Areaccy = |AC1|2|AC2| = ; Lol f = AreaclAczB =r\/3

On the other hand, AB intersects C,C, at M, so we also have:

AreaCIACzB = ArechlA + AreaACZB = |AB| 2|MC1| + |AB| LMC2| = |AB| 2|MCI| + |AB| : <2r2_ |MCI|)
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These two areas are equal; hence:

|AB|'|MC1| + |AB|~(2T— |MC1|) — 7’2\/5

2 2
|AB|-|MC,| + 2r |AB|—|AB|-|MC,| = r*/3
23 3
2r|AB| = r’\/3 = |AB| = r2 - %
.

d
For the curve y = 4 — x?, we have Y —2x. The slope of the tangent at any point (a, 4 — a*) on the
y dx p g Yy p

curve is —2a, so the equation of the tangent is: y — (4 —a’) = —2a(x —a) = y = —2ax+a’ +4.
The tangent should pass through the point (1, 2), so:
2=-2a+a’+4=a"-2a+2=0

This equation has no real solutions for a because A = (—2)’ —4-2 = —4 < 0, so there is no line through
(1, 2) that is tangent to the curve y = 4 — x°.
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Exercise 14.1

1 a)
b)
<)
d)

2 a)
b)
9)

3 a)

AB=O0B-0A = (X, = X,, Yy = V1r25— 2 (1 ( )———(—%),1—1)2(%,—2,0)

AB=O0B—O0A = (x,—X,, ¥y~ V125 — 2 (1 —2),\/3 - \/5),—%—(—%))2(3,2\/5,0)

AB:@_m=(xB_xA’yB_yA’ZB NE
Ez@_m:(xs_xA’yB_yA>ZB_ )

(1-2,-1—(=3),3-5) = (1,2, -2)
(—a—a,—-2a—(—a),a—-2a)=(-2a,—a,—a)

DA — OO _ AD 5
GivenPQ:OQ_OP:(xQ_xP’yQ_)’P’ZQ_ZP):(L_E’I)

3 1 5
:>(XQ_(_E)’yQ_(_E),ZQ_1)=(1,_5,1).Therefore:

X (3)—1:36 =1 3— !
Q 2 Q 2 2

(1)_2: _ 5 1_
Ja 2 , e 2 2

1
z,—1=1>2, =1+1=2.SO,Q(—E,—3,2).

56 — 56 _ OF 3001
GivenPQ:OQ_OP:(xQ_xP’)’Q_)’P’ZQ_ZP):(_E’_E’I)

5 3 1
:(l—xp,—g—yp,l—zp)z(—E,—E,l).’fherefore:

l-x,=->=x,=1+>=">
51 _.5.1_,
5 Yp 5 Yp 55

5
l_zp :12Zp :1_1:0-SO)P(E’_2’0)'

Given PQ = 0Q — OP = (xQ —Xp» Yo = Vpr Zo —ZP) =(—a,—2a, a)
= (xQ —-a,y,—(-2a),z, - 2a) = (=1, —2a, a). Therefore:
Xo—a=—-a=x,=0

—(-2a)=-2a=y,=-2a-2a=—4a
Zp—2a=a=z,=a+2a= 3a. So, Q (0, —4a, 3a) .

For points M, A and B to be collinear, it is sufficient to make AM parallel to AB. If the two vectors
are parallel, then one of them is a scalar multiple of the other, for example, AM = t AB.

AM:(xM_xA’yM_yA’ZM_ZA):(x_O’y_O’Z_S)

TB:(xB_xA’yB_yA’ZB_ZA):(l_O’l_O’O_S)
Therefore: (x, y,z—5)=t(1,1,=5) = (x, y,z=5) = (t,t,-5t) => x =t,y =t,z—5= =5t
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So, M (t,t,5—5t), where t € R.

Note: We can find M by letting BM = t AB. Then we have:

BM = (X, = Xg> Yoy = Vo 2y — 2,) = (x =1, y=1,2-0), AB=(1,1,-5)
Therefore: (x —1, y—1,2) = (t,t,-5t) => x = 1+t, y =1+t,z = =5t
So, M (1+t,1+t,-5t), where t € R.

Both conditions describe the same set of points; for example, we can obtain point M(0, 0, 5) by
putting t=0in M (¢,¢,5—5¢),0r t = —1in M (1+t,1+¢,-5¢); or M(2,2,-5) by putting t = 2 in
M (t,t,5—-5t),or t =1in M (1+¢,1+1¢,-5¢).

b) For points M, A and B to be collinear, it is sufficient to make AM parallel to AB. So, let’s say,
AM =1t AB.
mz(xm X Y= YarZu—24)=(x=(=1),y =0,z -1)
AB = (xB X0 Vg T YarZs _ZA) = (3_(_1)’5_0:_2_1)

Therefore:
(x+1,y,z2-1)=1(4,5,-3) = (x+1,y,z2—-1) = (4¢,5t,-3t) = x = —1+4t, y =5t,z = 1 - 3¢

So, M (—1+ 4t,5t,1— 3t), where t € R.

Note: If we start with the condition BM = t AB, we will have BM = (x =3, y—5,z+2); therefore,
from BM =t AB, we will find x = 3+4t, y = 5+5t,z = -2 — 3t.

c) For points M, A and B to be collinear, it is sufficient to make AM parallel to AB. So, let’s say,
AM =t AB.
AM:(xM X Vm T VarRu —ZA):(x—2,y—3,z—4)
AB=(xy—X,, ¥y —YurZ5—2,)=(-2—-2,-3-3,5-4)
Therefore:
(x=2,y-3,z—4)=1t(-4,-6,1) > (x -2, y =3,z — 4) = (—4t, -6, 1) =
x=2-4t,y=3-6t,z=4+t
So, M (2 —4t,3—6t,4+1t), where t € R.

Note: If we start with the condition BM = t AB, we will have BM = (x +2, y+3,z—5); therefore,
from BM =t AB,wewillfind x = -2—-4t,y =-3-6t,z =5+t1.

If C is the symmetric image of B with respect to A, points A, B and C are on the line and their positions
are as shown below. Their relationship can be expressed using different vector relationships; for example,
AB=CA, AB=-AC, CB =2 AB, ... Here, we will use AB = CA.

C A B

a) For C(x, y,z2):
AB=(-1-3,0-(-4),1-0)=(-4,4,1), CA = (3 x, —4 — y, 0 — z). Therefore:
(3-x,-4-y,0-2)=(-4,41)=3+4=x,-4—4=y,z=—1;s0, C(7,- 8, -1).
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b) ForC(x, y,z):

— 1 1 5 14\ —
AB:(—1—(—1),——3,——5)=(0,——,——), CA =(-1-x,3 - y,5—z). Therefore:
2 3 2 3
5 14 5 11 14 29
0,—=,—— |=(-1-x,3-y,5-z)=>x=-1,y=3+=-=—,z=5+—="3 50,
2 3 2 2 3 3

o(2.2)
2 3
c) For C(x, y,z):
AB=(a-1,2a-2,b—(-1)), CA=(1-x,2~ y,—1 - z). Therefore:
(a-1,2a-2,b+1)=(1-x,2—y,-1-2)

=x=l-a+l=2-a,y=2-2a+2=4-2a,z=-1-b—-1=-2-1b;s0,
C2-a,4—2a,-2-0).

a) For G(x,y,2):
0=GA+GB+GC=(-1-x,-1-y,~1-2)+(-1-x,2—-y,-1-2)+(1-x,2— 3,3~ 2)
=(0,0,0) = (-1-3x,3-3y,1-3z)

1 1 1 1
:>x:——,y:I,Z:—.So,G(——,l,—).
3 3 3 3
b) For G(x, y,z):
0=GA+GB+GC=(2-x,-3—-y,1-2)+(1-x,—2—y,~5-2)+(0—x,0— y,1-2)
= (0,0,0) = (3-3x,-5-3y,-3-3z)
5 5
:le,yz——,z=—1.So,G(1,——,—1).
3 3
¢) ForG(x,y,z):
0=GA+GB+GC =(a—x,2a~ y,3a—2z)+(b—x,2b— y,3b—2)+(c— x,2c— y,3c - 2)
=(0,0,0)=(a+b+c—3x,2a+2b+2c—3y,3a—3b—3c—3z)

a+b+c 2a+2b+2c a+b+c 2a+2b+2c
x = ,y = ,z=a+b+c.So, G , ,a+b+c|.
3 3 3 3
The relationship between points A, B, C and D of parallelogram ABCD can be expressed using different
vector relationships; for example, AB = DC, AD = BC, BA = CD, .... Here, we will use AD = BC.

C

D

A

a) For D(x,y,z):
BC=(-V3-1,2-3,-5-0)= (/3 -1,-1,-5)
—:(x—\/g,y—z,z—(—l))=(x—\/g,y—2,2+1)
Therefore: —\B—I:x—\g:>x=—1,y—2:—1:>y:1, z+1l=-5=2z=-6
So, D(-1,1,-6).
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b) For D(x, y,z):

BC = (-2v2-32,3 - (-/3),-35 - 5V5) = (-5v2, 243, -8.5)

AD = (x— 2,y 3,2~ 5)

Therefore: —5v2 = x -2 = x = —4v/2, y—V3=2V3 = y =33, z -5 =-8/5 = z =75
So, D (-4+/2,33,-7/5).

For D(x, y,z):
— 7 1 1 2
BC=(———,————,1—5)=(3, 1,—4)
2 2 3 3
AD=(x+5.y-12-0)=(x43.0-3.2)
=1 X DY A2 =1 X > - —,Z
4 3 2 4 3
1 1
Therefore:3:x+—:>x:5,y—g:—1:>y=——,z:—4

5 2
So,D(—,——,—4).
2 3

Two vectors v and w have the same direction if, for ¢ > 0, v = tw. Therefore:
(m—-2,m+n,—2m+n)=1(2,4,-6).

m—2=2t

m+n =4t

—-2m+n = —6t

=>{m+n=4t R A42+n=4t=n=2t-2

Therefore: m=2t+2=5,n=2t-2=1.

a)

b)

)

a)

b)

m=2t+2

- = — —2m+n = —6t 3
2m+n = —6t 220t +2)+ (- = 6t =t ==

The length of the vector v = 2i + 2j— k is 1/2* + 27 + (=1)> =+/9 = 3, s0 the unit vector is

1 2 2 1

-(2i+2j-k)=—i+—-j——k.

S @i+2-k)=Zi+—j-o

The length of the vector v = 6i — 4j+ 2k is /67 + (—4)* + 2> = /56 = 2./14, so the unit vector is
1 3 2 1

——(6i—4j+2k) = i— j+ k.

N TR N VRN TR AN

The length of the vector v = 2i — j— 2k is \/22+(—1)2+(—2)2 = /9 = 3, so the unit vector is

1 2 1 2

S(2i-j-2k)=Zi--j-k

;(2i=j=2k)=Zi-—j-o

The length of the vector v = 2i + 2j— k is /2% + 27 + (=1)> = /9 = 3, s0 the unit vector in its
1 2
direction is 3 (2i + 2j — k), and the vector of magnitude 2 is: 3 (2i+2j—k).

The length of the vector v = 6i — 4j + 2k is \/6> +(—4)” + 2? = /56 = 23/14, so the unit vector in its

1
direction is 6i — 4j + 2k), and the vector of magnitude 4 is:
S (6= 4+ 2K) g
t (61— 4j+ 2k) Z (61— 4j+ 2k)
1— = 1— .
214 J V14 J
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c) The length of the vector v = 2i — j— 2k is \/22 +(=1)* +(-2)* = V9 = 3, so the unit vector in its

1 5
direction is 3 (2i — j— 2k), and the vector of magnitude 2 is: 3 (2i—j-2Kk).

10 a) u+v=(i+3j-2k)+(2i+j)=3i+4j-2k
[+ v] = [3i + 4j - 2K| = /3" + 47 +(=2)" =29
b)  Jul+|v] = [i+3j— 2K +[2i+j = 1P+ 32 + (=2 +V2 + 12 + 0 =14 +5
¢ -3u=-3(i+3j-2k)=-3i-9j+6k;3v =3(2i+j)=6i+3j
3u]+ 3v] = J(=3)* +(=9)* + 6> + 6" + 3> + 0> = 126 + /45 = 314 + 35

d) Lu—Lu—L(i+3'—2k)— 1 i+ 3 .2 k
TN VRN VR NIV N VRNV

o ool 2 2 k‘_\/( 1 )Z+( 3 )2+(—2)2_ 1+9+4 _,
| via T via) T s Ja) i) ) TV 1

11 a) Using B(x, y, z) for the terminal point and A(—1, 2, —3) for the initial point:
AB=(x—(-1),y-2,z—(-3))=(x+1,y-2,z+3),AB=w

x+1 4
Therefore: | y—2 |=| 2 |= x=3,y =4,z =-5.S0, the terminal point is (3, 4, =5).
z+3 —2

b) Using B(x, y, z) for the terminal point and A(-2,1, 4) for the initial point:
E:(x—(—2),y—1,z—4):(x+2,y—1,z—4), AB=v

x+2 2
Therefore: | y—1 |=| -3 |= x =0, y = -2,z =5. So, the terminal point is (0,-2,5).
z—4 1

1
12 a) A vector opposite in direction and a third the magnitude of u is — — u. Therefore:

1
1 1{ -
3 3(4) -=
3

b) A vector in the same direction as w and whose magnitude equals 12 is 12 times a unit vector in the
direction of w. Therefore, the vector is of the form:

1 1 12
12—w=12 (4i +2j— 2k) = —— (4i + 2j — 2k) = V/6(4i + 2j — 2Kk).
[wi J4 +22 +(=2) V24

c) Ifvectors are parallel, then one can be represented as t times the other. Therefore:

xi+yj—2k=t (i —4j+ 3k) . From the k-coordinate, we can find the value of ¢:

2 2 2 2 8
—2=3t:>t:——.So,x=—§'1:—gandy:—g'(—4):g,andthevectoris:

2. 8
~Zi+2j-2k.
33




13

14

15

16

17

18
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1 —
Let u be the vector from the vertex A to the midpoint of side BC; so, u = AB + 5 BC. Let v be the

— 1 —
vector from the vertex B to the midpoint of side AC; so, v = BA + 5 AC. Let w be the vector from

1
the vertex C to the midpoint of side AB; so, w = CA + 5 AB. Adding the vectors:

1 o — 1o 1om (lom —) 1-—
u+v+w=,78/+EBC+E4/+EAC+CA+EAB=%BC+(%AC+CA)+%AB

e D [ S (PR
=EBC+ECA+EAB=E(BC+CA+AB)= 0=0

N | =

The length of the vector v = ti — 2tj + 3tk is \/t2 +(=2t) +(3t) = J148 = || \/14. Hence,

1 J14
14 =1=t|l=— o t=0—".
d d J14 14

The length of the vector v = 2i — 2tj + 3k is \/22 +(=2t)* + (3t)> = /4 +13¢*. Hence,
V441317 =1 = 4413t =1 = 13t* = =3, so there is no solution.

The length of the vector v = 0.5i — tj + 1.5tk is \/0.52 + (=) + (1.5t)* =/0.25+3.25¢* . Hence,

J025 43250 =12 02543258 = 1= £ = > = 1=+ |
13 13
8 0 0 8 8 0
a) a=|0[,b=|8]|,c=[8|.d=|0|.e=|0|,f=[8| g=]|8
0 0 0 8 8 8 8
8 4 8
b) 1=({4[,m=(8[,n=|8
8 8 4
) LM+MN+NL=(m-1)+(n-m)+(1-n)=0
Note: We can verify the statement using coordinates:
4-8 8§—4 8§38 —4 4 0 0
IM+MN+NL=|8—4|+|8—8|+|4a-8|=[a |+|0 [+|-4|=]0]|=0
8§-8 4-8 8§—4 0 —4 4 0
0 4 4
a) c= ,d=|10 b) f=|5| g=
12 12 12
4-8 —4
0 AG=[5-0 |=|5
12-0) \12
0-4 —4
FD=[10-5|=|5
12-0 12

The vectors are the same because they connect a vertex and the midpoint of the parallel side in a
parallelogram.
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19 |ei+(a-1)j+(a+1)k| = \/az +(o=-17 +(a+1) = J307 + 2. Hence, we have to solve the equation:

2 6
V3ol + :2:>3a2+2=4:>a=i\gzi§

4 1 -1 -3
20 We have to solve a vector equation: | -2 = | 1|+ 8|3 [+ u|0
1 1 2 1
4 o—B-3u o—B-3u=4
2 |=|a+3p > 0+38=-2
1 o+2B+u o+2p+u=1
EIHULT EQN =OLUEES EVEMATRIN (Z=4) Folution [AT*Frac
[1 -4 -z w1l | x1B4.4285371429 [[31-7_1
furaber OFEans =3 [1 : 0 EH we="2. 142837143 [-135-7]
- z 1 ¥r=.8271428571 [e-7 11
nurabsr OF Unknowns =30
2 4=1 ETOx Mat=[R10
WAIN] |  [LOAD] WAIN] NEN [CLE[LOAD]ZOLVE| [WAIN[EACK[ETO:vs[sTOx ]
31 15 6
Therefore, 0 = —, B=——,u=—.
7 P 7 H 7
-1 1 3 0
21 We have to solve a vector equation: [1 |= |0 [+ B2 |+ u|1
5 1 0 1
-1 o+3p oa+3p=-1
1 |=|2B+ul=42B+u=1
5 o+ U o+ u=5
EYZMATRIN ( F=41 Folution
SIS S Pl || =
1§ 1 || ¥iZg
T2 4=0
HAIN] NEW |CLR]LOAD]ZOLYE| |[WAINJERCE [ETOs0E[ET0x | Therefore, o =2, B = —1, it = 3.
2 1 3 4
22 We have to solve a vector equation: [ 1 |= o[ -1 |+ B[ 0 [+ u| -1
-1 0 1 1
2 o+3B+4u o+3f+4u=2
I [=|-a—-u =>q-—oa—u=1
-1 B+ u B+u=-1
EYTHATRIN (=42
L i
[o 1 1 H N ZoTukion Found
2a4="1
WAIN] NEW [CLE[LOAD[ZOLVE| [WAIN[EACK[ETOs¢s[RREF | Hence, there are no such scalars «, 3, u.
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23 a) wu-vandu+ v arediagonals of a parallelogram. So, the parallelogram has diagonals of the same
length; hence, it is a rectangle.
Vi
b) u-v=|v,-u |=u-v= \/(Vl _ul)Z +(V2 _”2)2 +(V3 _u3)2
Vs — U,
v, +u,
2 2 2
ut+v=|v,+u [=lu+v|= \/(V1 +u) + (v, +u,) + (v, +uy)
vyt

Hence, \/(Vl - ”1)2 + (Vz - ”2)2 + (Vs - ”3)2 = \/(Vl + ”1)2 + (Vz +u, )2 + (V3 + ”3)2 .
(Vl_”l)z"'(vz_”z)z—"(vs_u ) (V +”) (V2+”2)2+(V3+“3)2
Vi = 2vu v = 2vyu, s Vs = 2vius Ul = v 2viu v 20,0, +ul vy 4 20, Ul
So: 0 =4vu +4v,u, +4v,u, = vu, +v,u, +viu, =0

24 We will introduce notation as on the diagram below:

D

If the traffic light is in equilibrium: AB+ AC + AD = 0.

We will express the vectors in component form:

-125

B
J3
Vector AC is parallel to the unit vector [ —cos 30 ) = 12 and its magnitude is T,; hence,
sin 30°
J3 2
AC=T1| 2
V2

Vector AD is parallel to the unit vector cos4> | _| 2 and its magnitude is T,; hence,

sin 45° J2

2

N|§‘N|§
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0 o ? _TIT%FTZ%
2 g i
Now, we have: +T +T =0= =0
(—125) o 2 1 2
- — —125+T, =+ T, —
2 2 2 2
3 2 2
So,—T1£+T2£—0:> “T\B+T2 =T = T\/_
2 2 ENE)
2 21 2
—125+T, = +T £—0:> 125+T\F T£=0
2 232
25043 125(3v2-6)
= —250:/3 + V2T, + V6T, =
" 2+v6 2
And: T = Tﬁ 125(3V2-V6) V2 125vV23(V3-1)V2 125(V3 1)
1 —_— = — —
23 2 J3 23

125 (372 - Vo)
Therefore, the cable tensions are T, = 125 (\/5 - 1) Nand T, =——=N

25 We will introduce notation as on the diagram below:

¢ D
o,
T, T -
,, For vectors it holds: AB+ AC+ AD = 0.
30° A 60° . :
° ¢ We will express the vectors in component form:
ag=|
=300
B
3
Vector AC is parallel to the unit vector [ —cos 30 ] = 2 | andits magnitude is T, ; hence,
sin 30°
2
3
AC=T1| 2
2 1
- ° 2
Vector AD is parallel to the unit vector cos60 | _ and its magnitude is T, ; hence
sin 60° V3

1 2
. 2
AD=T

|
2



1 J3 1
Now, we have: +T, 2 + T, -0= 2 2
0 : 3 30047 Lo1, 3
= =300+ T, —+
2 2 272

3.1
So, —TI§+T25:0:>—TIJ§+T2:>T2:TI\/§

1 V3 1 J3
—300+TlE+T27=O:—3OO+TIE+TIJ§7=O

= -300+2T, =0= T, =150
And: T, = T,\/3 = 150v/3
Therefore, the cable tensions are T, = 150 N and T, = 150+/3 N.

Exercise 14.2

1

a) u-v=3-2+(=2)-(-1)+4-(-6)=-16
-16 -16

cos 0 = = = 0=117.65
J3 4 (22) + 4222+ (-1) +(=6)® V2941
b) u-v=2-(-1)+(-6)-3+0-5=-20
20 20
cos 0 = = = 0=12231
22+ (=6) + 02 (=1 + (3 +5¢ V4035
© u-v=35+(-1)-2=13
13 13
cos 0 = = = 0=40.24"
J3+ (-1 522 V10429
d) uv=1-0+(-3)-5+0-2=-15
-1 -1
cos 0 = > > = 0=151.74°

JE (B3 400 +5 +(2f V1029

= 6; angle is 6 = 60°

N |~

T
e) u-v=|u||v|c050=3-4-cos§=3-4-

2r -1
f) u'v:|u||v|cos€=3~4-cos?:3~4~7:—6;angleis 6=120

Il
ol

a) u-v=2-(-1)+(-6)-3+4-5=0. The dot product is zero; hence, the vectors are orthogonal.

b) wu-v=3-5+(=7)-2=1. The dot product is positive; hence, the angle is acute.

¢) u-v=1-0+(-3)-6+6-3 = 0. The dot product is zero; hence, the vectors are orthogonal.

a) v-u=-y-x+x-y=0.The dot product is zero; hence, v is orthogonal to u.

w-u=y-x+(—x)-y = 0. The dot product is zero; hence, w is orthogonal to u.

Pay attention to the relationship between the coordinates of a two-dimensional vector and a vector

that is perpendicular to it.



Chapter 14

b) The vectors perpendicular to u = 2i — 3j are 3i + 2j and -3i — 2j.

1 1
Unit vectors in the direction of those vectors are: v, = N (3i+2j)andv, =— NE (3i+2j).

A
Y

Sé

4 a) i) |v[=22+(3)+1' =14

2
1~v=1~2+0-(—3)+0~1=2ﬁcosazﬁ
j-v=0-2+1-(—3)+0~1=—3=>cosﬁ=_—3

J14

1

k~v=0-2+0~(—3)+1~1=1=>cosy=ﬁ

if)  cos’ (Jt+c052[3+cos2 —( 2 )2+( -3 )2+( )2_4+9+1_1
=\ J14 J14 14

iii) o= cos™ (i) =57.6884.." =58, B =cos™ (_—3) =143.30077.." = 143",
J14 14
y = cos™ (ﬁ) = 74.4986.." = 74°
b) i) |v=JIP+(-2)+1> =6 1
i-v=1-1+0-(-2)+0-1=1 :cosazﬁ
. -2
jov=0-1+1-(-2)+0-1=-2 :cosﬁzﬁ
1
k-v=0-1+0-(-2)+1-1=1 :>COS)/=%
1Y (=2 (1Y 1+4+1
ii) cos’ a+cos’ B+cos’y = (ﬁ) + (%) + (ﬁ) I 1
iii) o= cos™ (i) = 65.9051.." = 66°, = cos”’ (_—2) =144.7356.." = 145",
Je6 J6
y = cos”' (%) = 65.9051.." = 66°

o i) |v=3+(-2)+1 =14

i-v=13+40-(-2)+0-1=3=cosa=

ﬁw
W

370




d)

b)

0:3+1-(-2)+0-1=-2=cos B = 2
vV = = — N
’ i
k-v=03+0-(-2)+1-1=1= !
N7
..) 2 o+ 2ﬂ+ 2 ( 3 )2+(_2 )2 ( 1 )2 9+4+1
ii) cos cos cos” Y =
=) ") T 14
iii) o= cos™ (i)—366992 =~ 37", ﬁ—cos (—2) 122.3115...° = 122°
J14 o J14 ’
1
= cos™ (—) =74.4986.." = 74’
4 14
i) |v|=3"+0"+(-4) =5
3
i-v=1'3+O-O+O-(—4)=3:>cos(x=5
jv=0:-3+41-0+0-(-4)=0=cos =0
—4
k~v=0~3+O~O+1~(—4)=—4=>cosy=?
. ) ) ) 3, (-4 9+16
ii) cos” o+cos” B+cos’y=|-| +0°+|—| = =
5 5 25
s -1 3 o o -1 o -1 —4 o °
iii) o = cos E =53.1301..." = 53", f=cos” 0=190",y = cos ? =143.1301...° = 143
T 1
cosE >
n J2
cos— |=| —
4 2
2r 1
cos — -—
3 2
f) (2] (a0
cosz > 2
V3 J2 3J2
cos— |=3| — |=| —
4 2 2
T 0 0
cos —
2
uv=3-(m-2)+5-m+3)+0-0=8m+9
9
Vectors are perpendicular if their dot product is zero; therefore: 8m+9 =0=m = — 3
uv=0>2m)-m-1)+m-1)-m+(m+1)-(m—1)=4m* —3m—1

Vectors are perpendicular if their dot product is zero; therefore:

1
4mz—3m—1=0=>m=1,m:—Z

uw=u-(u+tmv)=u-u+mu-v=_(=3"+1+2>+m((-3)-1+1-2+2-1)=14+m
Vectors are orthogonal if their dot product is zero; therefore:

144+m=0=>m=-14
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uv (=2)-6+5-(=3)+4-0 227
vl J(2) +52 +42J6* +(=3)’ +0° V4545 45

b) u+v=(-2,54)+(6,-3,0) = (4,2,4)

) _2). . . 1
cos 6 = - (u+V)=( 2)4+52+4 4= 18 :L :>9=COS_1(—)=63.4349...°z63°
lffu+v] Va5V 422442 V4536 5 J5
) . —3). . 1
O cosf=Y (u+v):6 4+(-3)-2+0 4_ 18 1 :>9=COSI(—):63,4349,,_°z63°
vl [w+v] J45 -6 NVCR NG J5

10 AB=(3-1,5-2,-2—(-3))=(2,3,1)
AC=(m-1,1-2,-10m—(-3)) = (m—1,-1,-10m + 3)
a) The points A, Band C are collinear if AC is parallel to AB. Given this collinearity,
AC=tAB= (2,3,1)=t(m—1,-1,—10m + 3). From the second set of coordinates, we

1
can determine t: 3= —t =t = -3.Hence: 2=-3-(m—1) > m = 3 Checking with the third set

1 -1 1
of coordinates: 1 = -3 (—10 . 5 + 3) =1=-3- ?; so, it fits and for m = 3 the points are collinear.

b) AC-AB=2-(m—1)+3-(-1)+1-(=10m+3) = —8m —2
Vectors are perpendicular if their dot product is zero; therefore:
- 1
AC~AB=0=>—8m—2=0=>m=—Z.
11 The vector equation of the line is an equation of the form: r = r, + tv, where r, is the position vector of
any point on the line and the direction vector v is a vector parallel to the line.

For the median through A, we can take the position vector of point A for r, and the vector from A to the
midpoint of BC for v. So:

3+3 5+1 —-1+2 1
ro = (4a _2) _1)7 ch = 2 5 2 5 2 = 3) _295

v = (3 —4,-2—(-2), % - (—1)) = (—1, 0, %) . Therefore:

3
m, : r=(4,—2,—1)+m(—1,0,5).

For the median through B, we can take the position vector of point B for r, and the vector from B to the
midpoint of AC for v. So:

443 2+1 —-1+2 7 11
I, = (3, _5, —].) > Myc = > > =

2 2 2 27 272
7 1 1 1 9 3
V:(__3,___(_5),——(—1))=(—,—,—).Therefore:
2 2 2 2 2 2
r=(3-5 1)+(193)
Mmp ¥ =15 - — nl—>=->-1
B 2 2 2

372
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For the median through C, we can take the position vector of point C for r, and the vector from C to the
midpoint of AB for v. So:

443 =24(=5) —-1+(-1)\ (7 7
r0=(3,1,2),mAB=( S =|3:-31

1
V:(2_3,_2_1,_1_2):(—,—2,—3)."Iherefore:
2 2 2 2

1 9
m.:r=(312)+k|—,——,-3].
Lr=(,1,2) (2 X )

The centroid is the point where all the medians meet. We will find the intersection point of two lines, and
then check that this point is also on the third line.
If m, and m, intersect, then:

3 1 9 3
(4,-2,-1)+m (—1, 0, —) =(3,-5,-1)+n (— s =, —) . Therefore, we have:
2 2 2 2
1
4—-—m=3+—n
2
9 2
2+0m=-5+—n=>n=—
2 3 2
=Sm==
3

3 3
-l1+—m=-1+—n

2
Putting m =n = 3 we can see that it fits the equation, so the point of intersection of m, and m, is:

2 3 10
(4,-2,-1)+ 3 (—1, 0, 5) = (? ,— 2, O). Now, we have to check that (? ,—2, 0) is on the third line as
well: (? ,—2, 0) =(3,1,2)+ % . (% ,— % , —3). Hence, we can see that the centroid is (? ,—2, O) .

. The formula

> >

3
) holds, in general, for a triangle with vertices A, B, C.

10 4+4+3+3 -2-541 -1-1+2
Note: For the centroid, it holds that: (? , =2, 0) = ( )

(xA+xB+xC Yo+ Vet Ve z,+z5+2

3 3 ’ 3
AB=(3-1,2-2,1-3)=(~4,0,-2); [4B|= 20
AC=(1-1,-4-2,3-3)=(0,-6,0); |[AC| =6

AD=(3-1,2-2,-3-3)=(2,0,-6); [AD| = 40

BC=(1-(-3),-4-2,3-1)=(4,-6,2); |BC| = /56
BD =(3-(-3),2-2,-3-1)=(6,0,—4);|BD| = /52
CD=(3-1,2-(-4),-3-3)=(2,6,-6); |CD| = V76

We will calculate the angles by finding the dot product and using the cosine angle formula:
AB-AC = 0 = angle = 90°

AB-AD = —4 = cos’ ( ) =98.1301..." = angle =180" —98.1301..." = 82°

—4
J20+/40
AB-BD = —16 = cos’ (

-16
——— | =119.7448.." = angle = 180" —119.7448..." = 60°
\/20\/52) 8
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AB-BC = —20 = cos’ ( ) =126.6992.." = angle = 180° —126.6992..." = 53°

=20
20+/56
AC-AD = 0 = angle = 90°

— 36
AC-BC =36 = cos™ (—) =36.6992..." = angle = 37°

6/56
S -36
AC-CD = —36 = cos” (—) =133.4915.." = angle = 180" —133.4915..." = 47"
676
AD - BD = 36 = cos’ (—36%) =37.8749..° = angle ~ 38"

AD-CD = 40 = cos’ ( ) =43.4915.." = angle =~ 43’

40
J40/76

BC-BD =16 = cos’ ( ) =72.7525.." = angle = 73°

16
J56+/52

BC -CD = —40 = cos’! ( ) =127.8168..° = angle = 180° — 127.8168.." = 52°

—40
J567/76

BD-CD = 36 = cos’ ( ] =55.0643..." = angle = 55°

36
52476
13 Total surface area consists of triangles ABC, ABD, ACD, and BCD:

Ay = l|ﬁ3| |AC| sin 90" = L /20-61=645 = 134164
2 2

(Note: ABand AC are perpendicular.)

Ay = ~[AB[AD| sin 6~ £ /20 -\/40 - sin 82" ~ 14,0045
2 2

(Note: 6 = ZAB, AD = 82°)

Ap = %|A—C| |CD] sin 6 = %6 /76 -sin 47° =~ 19.1274

(Note: 0 is the angle between the vectors Z/CA,CD =180° — ZAC,CD = 47°)

Apep = 1 BC||CD|sin 6 = L 56 .76 - sin 52" = 25.7041
2 2

(Note: 0 is the angle between the vectors Z/CB,CD =180" — ZAC,CD =~ 52°.)
Therefore, A = 72.25.

14 CD=(2,6,-6) = DC = (-2,-6,6)

i-DC=-2= cos" (—) ~103.3°
J76

S -6
-DC = -6 = cos™ (—) ~133.5°
J76

—_— 6
-DC =6 = cos™ (—) =~ 46.5°
76

15 Given AD =(2,0,-6) = DA = (-2,0,6); BD = (6,0,—4) = DB = (-6, 0,4) ; AC = (0,6, 0) :

.l

bt

(DA - DB)- AC = ((-2,0,6) - (~6,0,4))-(0,-6,0) = (4,0, 2)(0,6,0) = 0
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16

17

18

19

20

T 1
Cos — = —
3 1
-k || -3
-1 k 34+3k—k
cos 0 = =—;
Jo+ K +1V1+9+K K +10
1 3+2k
Therefore: — = — =k +10=6+4k =k’ —4k+4=0=>k=2
2 k"+10
T 1
Cos — = —
3 2 k 1
1
1 k+k+1
cos 0= =—
JE+1+1V1+2 41 K +2
1 1+2k
Thereforezgz 2:k2+2:2+4k:>k2—4k=0=>k=0,k=4
2 3
x 1 |=6+x—y=0
y -1
2 4
x -1 |=8-x+2y=0
y 2
Hence, we have to solve the system of equations:
6+x—y=0
8—x+2y=0

Adding the equations: 14+ y =0 = y = —14 and x = -20

Two vectors are parallel if  exists such that u = tv. Therefore:

2x—2 |=t| 1+x pand 2x—2=1¢(1+x)
3+x 1+x 3+x=t(1+x)

From the last two equations, we can see that 3+ x = 2x—2 = x =5;hence, 3+5=t(1+5) =t =—.
Verifying using the first equation, we can see that x =5 is the solution. 3

ABC = /BA, BC

I 3 -1
So: BA=0A-0B=| 3 |-| 5 |=]| =2
1 4 -3
-1 )[ -1
21| 4
_ -3 0 1-8+0 _ -7
cos ABC = = = ABC = cos ' —— = 117°
J1+4+9V1+16  14-17 J14-17




Chapter 14

1 -1 0
AC=AB+BC=-BA+BC=| 2 |+| 4 |=| 6
3 0 3
BAC = ZAB, AC
1 0
21| 6
3 _0+12+9

~ 21
= = BAC = cos ' —— = 33°
J1+4+9V36+9  J14-45 J14-45

21 a) (b,3,2)-(1,b,1)=b+3b+2=4b+2=0

cos BAC =

Vectors are orthogonal if their dot product is zero; therefore: 4b+2=0=b = - %

b) (4,-2,7)-(b*,b,0)=4b" —2b+7-0 = 4b> - 2b
Vectors are orthogonal if their dot product is zero; therefore: 4b°> —2b=0=b =0, %
For b = 0, the vector (bz, b, 0) is a zero vector. A zero vector has no direction; therefore, it is not
orthogonal to any vector. Hence, the vectors are only orthogonal for b = % .

c) Vectors are orthogonal if their dot product is zero; therefore:
26" —11b+15=0 = bzg,bzs

d) Vectors are orthogonal if their dot product is zero; therefore:
12+420-2=0=>b" =16 = b=+4

22 To determine the angle between two vectors, we are going to find their dot product: (p+q) (p—q) = p° — q°.

Since, for any vector: v? = |v||v| cos 0° = |[v|" -1 = |v]*, we have: (p+q)(p—q)=p* -’ =|p/" —|q/° = 0;
therefore, the vectors are perpendicular.

23 We can find the z-component by transforming 300 m/min into km/h:
300 m/min = 0.3 km/min = 0.3- 60 km/h = 18 km/h

The velocity vector in the xy-plane is parallel to the vector (—1, 1). The unit vector in this direction is
1
V2
the xy-component is: V200> — 18> = ,/39 676 =199.188... = 199 km/h. So, the velocity vector in the

(=1,1). Since the airspeed is 200 km/h, and its vertical component is 18 km/h, then the velocity of

\/39676
xy-plane is: e (-1,1) = 19838 (-1,1) = (—140.8,140.8) . Hence, the velocity vector is

(—140.8,140.8, 18).

24 Vectors are perpendicular if their dot product is zero; therefore: 2t + 4t —-10—-t=0=1t=2

1
25 Vectors are perpendicular if their dot product is zero; therefore: t +3t+2=0=1t = — B

1
26 Vectors are perpendicular if their dot product is zero; therefore: 4t> —2t+0=0=t =0,t = 5

Note: For t = 0, the second vector is a zero vector, but, according to the definition, a zero vector is
perpendicular to all vectors.
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27 Some of the diagonals are shown in the diagram below. Using the properties of symmetry, we can see that
most of the angles are the same.

H G
E.
C
d
A B
We will use the component form of the diagonals:
o al| ol al| a
DF=| g AF=DG=| g DE=CF=| 0 |\DB=HF=| g |,
a a a 0
HA=GB=| 0 |, AC=EG=| g |,EB=HC=
—-a 0 —a
cos(DF AF) i cos(D—F,m)szo
Y 3a V2a’ J6 J3a*\2a®
2 — = 0
cos (DF, DE — cos(DF, AC)=———=0
( ) \/3a V2a’ \F ( ) V3a*\2a®
cos (DF, DB) = i cos (DF, EB) =

@ﬂ

2
Hence, the angle is either 90° or cos™ (—) .
J6

28 To simplify the notation, denote the vector by v = |a| b +|b| a. We will determine the angles between v
and a, and v and b.

JJJZ

Using the fact that a> = [a|’ and b> = [b|’, we have:

(la|b+[bla)a [a] ba +b] a’ 3 E+ [b] |a|

Cos O =
[vl[al [vl[al vl vl
0s i = (a|b+[bla)b _[a]b*+[blab _[bl[a] ab
[vI[b] vl [b] vl vl

Since the cosines of the angles are the same, and the angles are from 0° to 180°, then & = 3, and vector v
is the angle bisector.

29 The scalar product shouldbe 0,s0: 2—-m+n=0=>m=2+n

From the magnitudes, we have: Jl+m* +1=Va+1+n* =>m’ =3+n°

, , 1 1 7
Hence, (2+n) =3+n :>4n=—1:>n=—zandm=2—z=z
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2 2 2 2

, T , T c2n (V2) (V3Y 1Y 1 3 1 3
30 cos Z+COS g+cos Fal ey +—1 +|—-= =—+Z+Z=5;tl;hence,theycannotbethe

direction angles of one vector.
1Y 3 1
31 cos’ o+cos’ B+cos’ y = (E) +(7) +cos’ y = Z+COSZ y=1=cosy = iE

T 21
Hence,y:—ory:?.

1
32 Ifa=ﬁ:y:>3cos2a=1:>cosa:i\g

3
Hence, the angles are cos™ (i ?J .

lu| cos o |u| (- cos @) [u| cos (7 — )
33 Wecanwriteu=| |u/cos B |= —u=| |u/(~cos B) |=| |ulcos(m— B) |.Hence, the direction
ja cos 7 (-cos) ) | Iulcos(z—7)

vectors are: T— o, Tt— B, m—7.

X x+2y+z=0
2 2 2
34 Letthevectorbeu=| y |.Then,x"+y°+z" =1and 3x—dy+2z=0
z
4 1
Solution of the system 2 equation with two unknownsis: x = ——z,y = — o z ; hence:
16 1 165
—z+—2"+2" =1=z" = — . So, the vectors are:
25 100 100
4 EYSHATRIN (2=4) SEI].E‘LIEH Set
J— [1 c 1 U [ = b=
5 [z Yy F |H we=—. 1wz
-8 HESHE
u:i\/165 _i _ 4 165 1
10 10 100 10 . y=H
1 WAIN] NEH |CLKILOAD|ZOLYE| |MAIN|EACH [ZTOs»s|RREF |
Exercise 14.3
ijk
1 a) ix(i+j+k)={100[=20i-[1Oj+|! Olk=1j+Kk
11 11 11
111
ijk| [ijk| |ijk
s sl s = (10 10].
b) 1><1+1><)+1><k=1()()+1()()+10()=O+11 —11]=k—]
100 010 001
%r_/ %/_/
B
11
The results are the same.
ijk
2 a) jx(i+j+k)=l010|=| 229+ % k=i-k
111 11 11 11
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ijk ijk ijk 01 Lo
b) jxitjXj+jxk=o10|+*|010[t|010 10k+0 01 i=-k+i
100 010
The results are the same.
ijk
a) kx(i+j+k)=|001|= i e j+ 00 k=-i+j
11 11 11
111
ijk ijk ijk
. . oO1,,101)., =~ . .
b) kxi+kxj+kxk=|{001[{+|/00 1|+|/00 1 =—10]+101+0=]—1
100 010 001
The results are the same.
i j k
ux(v+w)=| 1y u, u,
vi+w, v, +w, v+ w,
u u u u u u
— 2 3 i— 1 3 .+ 1 2 k
v, W, vi+w, vi+w, v+ w, vi+w, v, +w,
u, (v, +w,)—u,(v, +w,)
=| —u, (v, +wy) +u,(v, + w,)
u (v, +w,)—u,(v, +w))
i j k| |ij k
uxXv+uxw=|u u, u, |+ u u, u,
vV, Vv, w,ow, W,
u, u u u u u u, u u u u u
— 2 3 i— 1 3 j+ 1 2 k+ 2 3 i— 1 3 j+ 1 2 k
VZ VS vl v3 Vl v2 WZ W3 1 W3 Wl WZ
u,v, —u,v, U,Wy — u,w, u,(vy +wy) —u, (v, +w,)
=| —uv,+uy, |+ —uw,+uw, [=| —u (v, +w)+u,(v,+w)
uv, —u,v, uw, —u,w, u (v, +w,)—u,(v, +w,)
Hence,u X (v+w)=ux(v+w).
i k
ux(v-w)=| 1y u, u,
Vi—W, v, =W, V=W,
u u u u u u
— 2 3 i— 1 3 j+ 1 2 k
VZ WZ V3 W3 Vl Wl V3 W3 Vl Wl VZ WZ
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i j k i j k
UXV—UXW=|u U, U |—| U U, U
Vl VZ 1/3 Wl WZ W3
u, u u u u u u u u u u u
— 2 3 i— 1 3 j+ 1 2 k— 2 3 i— 1 3 j+ 1 2 k
vZ V3 Vl V3 Vl VZ WZ W3 1 W3 Wl w2
u,v, —u,v, u,W, — u,w, —w,)—u(v, —w,)
=| —uv,tuy, |—| —uw,+uw, |[= u(v —wy)+u,(v, —w,)
uv, —u,v, uw, —u,w, u(V W) u(V Wl)
Hence,ux(v—w)=ux(v—-w).
i jk
5 |23 2= 2_32 - 23 _32 j 232 k = 13i + 13k
32 3 h B
(13i +13k) (2i + 3j— 2k) = 26 +0—-26 = 0
(13i+13k)(-3i+2j+3k) = -39+0+39=0
i j k
6 |43 0|= 322i—32]+32k=6i—8j—8k
0-22 a
(6i—8j—8Kk)(4i+3j)=24—-24+0=0
(6i—8j—8k)(-2j+2k)=0+16-16=0
ijk -5
7 12—1=f_;i—i_; +411sz -1
41 -3 B a -7
5[ 1
-11|| 2 [=-5-2+7=0
-7 )\ -1
-5 |[ 4
-11{| 1 [=-20-1+21=0
-7 J\ -3
ijk
8 |51 2= (l)?i—ifj+§(l)k=i+j—3k
301

(i+j-3k)(5i+j+2k)=5+1-6=0
(i+j-3k)(3i+k)=3+0-3=0



12 We need a vector perpendicular to both AB and AC.

211 (23 33 32 2 -

9 a) 1{[323]|= (21'— 1j+ 2k)=1 -3+3m
m)lm 21 m " " m )\ 6—2m
=-8-34+3m+6m—2m> =-2m" +9m—11
m ijk ) 5 51 m 3-2m

b) | 21|21 m|=]| 2 (zﬁ‘i—3?‘j+32k]: 2 || =6+ 3m
1 )|323 1 1 1
=3m-2m’—12+6m+1=-2m"+9m—11
3 )1k 3 3 2m—1
<) 2m21=2(fli—’;’1j+’;’fk)=2 —m® +2
3112 1m 3 m m 3 m—4
=6m—-3-2m"+4+3m—-12=-=2m"+9m—11
3 -28 —40
10 a) ux(vxw)=|0]|x| 10 [=| -115
4 1 30
-8 2 —150
b) (uxv)xw=| =20 [x| 5 |=]| 60
6 6 0
-8 -28 -80
¢) (uxv)x(vxw)=| =20 |x| 10 [=]| -160
6 1 —640
-28 -8 80
d) (vxw)x(uxv)=| 10 |x| —20 [=] 160
1 6 640
1 2 30 70 —40
e) (uw)v—(uv)w=(6+0+24)[ 2 [-(3+0+32)| 5 |=| 60 |—| 175 |=| —115
8 6 240 210 30
1 3 30 180 -150
f) (wu)v-(wv)u=(6+0+24)| 2 [-(2+10+48)| 0 |=| 60 |-| 0 [=] 60
8 4 240 240 0
—6 3 19
11 uxv=|4 |x| 1 |=| 33 |, luxv]=+19"+33"+18* =/1774
1 5 -18
1
) 1774 ?
There are two unit vectors: +
1774 | _ig
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(! -1 8
ABxAC=|1 (x| 3 |=| 4
-3 -1 4

\S]

Vector ABx AC is parallel to | | | whose magnitudeis V4+1+1 = /6.

2
There are two unit vectors: = —| 1
6 1
2 1 -12
13 uxv=|0 |X| 4 |[=| -1 [[A=|uxv|]=VI2’+1*+8 =209
3 2 8
3 0 -7
14 uxv=| 4 |X| 3 [=| 3 ,A=|uxv|:m:\/139
1 -1 9

15 We will introduce notation for the points: A(2,-1,1), B(5,1,4), C(0,1,1), D(3, 3, 4).

[ 5-2 3 [ 3-0 3
Vectors AB=| 1+1 |[=| 2 |and DC=| 3—-1 |=]| 2 | are the same; hence, ABCD is a
4-1 3 4—-1 3

parallelogram. Since A = |ﬂ3 X A—C|, we have to find the vector product of those vectors.

- 3 -2 -6
BxAC=| 2 |xX| 2 [=]| -6
3 0 10

A=|A—B><R|=x/36+36+10 =172 = 24/43

16 'The points are coplanar if the vectors PQ, PR, PS are coplanar. That means their scalar triple product
must be zero.

2 4

PG=| 1 |,PR=| 3 |, PS=| 5
-1 ) —4

11 -1

23-2|=0

45 -4

17 We will find the scalar triple product of the vectors:

3—m 2—m 4—m
AB=| 1 |[iAC=| -3 |,AD=| 5
m+2 0 6
3—-m 1 m+2
2-m -3 0 =0=>03-m)-(-18)—(2-m)6+(m+2)10-5m+12-3m)=0 =
4-m 5 6
11

—8m* +30m—22=0=m, =1,m, =



18

19

20

21

22

© O

The area of the triangle is half the area of the parallelogram formed with AB and AC.

o -1 1 -13
ABxAC=| -5 |x| -1 |=| 5
2 3 6

1 = 1 V230
A:E|AB><AC|:E\/169+25+3 -

The area of the triangle is half the area of the parallelogram formed with AB and AC.

N 3 40
ABxAC=| 4 |x| o |=]| 34
8 10 -12
1 — 1 J2900
A=—|AB><AC|=—\/402+342+122= =529
2 2 2
> 2 2 2 -2 52 52
5 2 =2(=3]7 “|+2|7 “|+2 =3(16)+2(32)+2(8) =128
2 6 16 12
12 6
213 4 1 3 1 4
143:2232 3 -3 5.2
-3 2 =2 B I B
321 1 11 1 -3
1_31:3_132_52 5_1:
51 2

In questions 23-24, since V = |u (v X w)|, we have to find the scalar triple product.

23

24

35 3

15 —1|=3]> Has| P50 2 g
3 0 3 2 -3 3 -3 32
So,V =78.

423

56 2|=63

235

So,V = 63.

In questions 25-26, we will determine whether the vectors are coplanar by checking if their scalar triple
product is zero.

25

26

2 -1 2
4 1 -1|=-30#0
6 -3 1
So, they are not coplanar.
4 -2 -1
9 -6 -1|=0
6 6 1

So, they are coplanar.
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27 Vectors are coplanar if their scalar triple product is zero.

1 m 1
30 ml=| % ™ _m|3 ™42 O 2 am—m(e5m)+(<12) = 5m® + 4m—12
S I B 50| |5 -4

6
Hence,5r)12+4m—12=0=>m1 =-2,m, :E

28 Vectors are coplanar if their scalar triple product is zero.

2 -3 2m
m-3 1 |=221]4s3[m 1 M =31 (3) 4 3(=2m—1)+ 2m (3m +3) = 6m* + 3
L3 3 -2 1 -2

Hence, 6m* + 3 = 0 has no solution, so they cannot be coplanar.

29 a) SinceV = |u(v X w)|, we have to find the scalar triple product:

1 42
-3 2 1|=49
-114
SO’V=49.
-3 1 0
b) uxv=| 2 |x| 4 |=| 7
1 2 -14
The areais: A =|uxv| =v0+7*+14% =245 =75
Vv 49 75
¢) SinceV=Bh=>h=—=——%=——
B 7J5 5
-1 0
1 7
—14 —49 7410

d) cos(w,uxv)=

N8-745 2110 30

So, the acute angle between the vector w and a vector perpendicular to the plane determined by

7310 7310
uand v is cos™ T . Hence, the angle between w and the plane is 90" — cos™ 3— .
1 7J5) 49 1
30 a) Vvtetrahedmn = g (7\/5) (T] = ? = E Vparallelepiped
1
Hence’ ‘/tetrahedron =7 |u (V X W)l .
3 2 4
-3 1 3
3 -1 -3
2 -2 1|=-4
4 —4 3

4
Hence,V = —.
3




31

32

33

34

© O

From the definitions, we have: uv = |u||v| cos 8, [u X v| = |u]|v| sin 0, so:

|u| [v| cos @ = |u||v| sin @ = cos O = sin 6. Since 0 < 6 < 180, it follows that 0 = 45",

We will transform the right side of the formula:

Jul v = (av)? = Jlu* [v* = ul* [v]* cos® 6 = \/Jul* [v]* (1 - cos® 6)

= J|ul* |v]* sin® 6 = |ul|v| sin 8 = [u x V|

We will transform the right side of the formula:

(AP x AF| _[AP|[AH sin 6

—— = ——— =|AP|sin0=d
|AB| |AB|
|§Z X §5|
a) In this case, the distance will be: d = ———.
[BC]
o —4 -3 -4
BAXBC=| 0 (x| 2 |=| -22
2 -4 -8
N4P +22° +8° /564 564
Hence, d = = =, |—.
J32 42 4 42 J29 29
[BA x BC|
b) In this case, the distance will be: d = ———.
B(|
o 2 -2 0
BAXBC=| 2 [X]| 1 =0
0 0 6
6 6 6J5
Hence,d = ——+=—=—.
J22v12 V5005
|BA x BC|
¢) In this case, the distance will be: d = ———.
BC
(1 2 2
BAXBC=| 2 (x| 2 |=| =2
-1 0 -2
V22422422 V12 [3
Hence, d = = =,/—.
J2re2r W8 \2

In questions 35-37, we will use the distributive property of the vector product and the fact that the vector
product of collinear vectors is a zero vector.

35 (U+V)X(V-u)=uXv-uxXxu+vXv-vxu=uxv—-0+0+uxv=2uxv)

36 Qu+3v)x(4v—->5u)=8uxv—10uxu+12vxv—-15vXxu

=8uxv—-0+0+15uxv=23uxv)

37 (mu+nv)X(pv—qu)=mpuXv—mquxu+npvxXv—nqvxu

=mpuxv—0+0+nquxv=(mp+nqg)uxv
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38 a)

Hence, 0 = |AB X

—a ljk
X[ 0 |=|-abo|=
c —-a 0 ¢

AC| \/bzc2+ac +a’b’.

b) The faces are rlght trlangles, so we can find the area using the half product of the legs:

b b
A= A=%4==
2 2 2
¢) Hence,
2b2 aZCZ bZCZ aZ
AV +(AY +(A) =22 4+2° 4 =
(A) +(A4) +(4) = o T :
i jk 2z-3
IR g
39 |-12 3|=i -j +k =| z+3x
y z X z X
X yz —-y—2x
2z-3 -3y+2z=1
Y Y 5 1 1 2
So,| z+3x |=| 5 |=13x+z=5 SX=——=2Z,y=——+—=2,2=2;V =
3 3 3 3
—y—2x -3 —2x—y=-3
EYSNATRIN [ Zx41 Eolution Set Solubtion Set
[ oz 1 1| ®1=l.6EEEEEEEY..| | 1B . BEEF—. 33355
[z u i |H HES T BBt | HET T AASAASAAE.
[-z 1 Bz WESHE
Tay=-3

HAIN] NEW [CLF[LOAD[SOLYE

HAIN|EACK 5T 052s|RREF |

HAIN|ERCK [£TOsvs|RREEF |

To achieve a better result, we can store the rref in

matrix form, and then i

2
b* +a’c’ +b’c’ (\/azb2 +a’c’ + bzch 5
= =0

5
~—t
3

1 ,teR
——+2t
3

3t

nterpret the result.

REF [ =143 [ET*Frach [ET¥Frac
1 0 xx |16-1 [[1 @& 1_#“3 5_;’3
oy 1 REA RN (5] 255 -1-73
TO REEEF=IE]
HALIN]EACK] ZTORE RREF]
i jk 2z -3y
23 - -1 2
40 -12 3|=1 Z—' 13+k X z+3x
x y z 4 * 2 4 -y —2x
2z -3y 1 =3y+2z=1
So,| z+4+3x |=| 5 |=33x+z=5 = no solutions. Hence, there is no such vector.
_y — 2x 0 —Zx —_ y = 0

EYZHATRIN [ =941
g -;3 z |1 1

1
- -1 o

T, 4=H

Mo Ealution Faund

HAIn| NEW |CLE|LOAD[Z0LYE

HAINIEACH [STOsws|RREF |
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Exercise 14.4

1 a)
b)
<)

2 a)
b)

-1 1
In the equation r = r, + fu, vectorr, =| 0 |,andu=| 5 |, so the vector equation of the
2 —4
-1 1 X -1+t
lineisr=| 0 [+¢| 5 |.Theparametric equationsare: | y |=| 5t
2 -4 . 2— 4t
3 2
Substitutingr, = —1 [andu=| 5 |intor = r, + tu, we get the vector equation of the line:
2 -1
3 2 X 3+ 2t
r=| —1 [+¢| 5 | The parametric equationsare: | ¥ |=| —1+5¢
2 -1 2 2—t
1 3
Substituting r, = =2 |andu=| 5 |intor = r, + tu, we get the vector equation of the line:
6 -11
1 3 x 1+ 3t
r=| -2 |+t| 5 |.The parametric equationsare: | y |=| —2+5¢
6 —11 2 611t
-1 7+1 8
In the equation r = r, + fu, vectorr, =r, = 4 |[,andu=AB=| 5-4 [=| 1 |[,sothe
2 0-2 -2
-1 8
vector equation of the lineisr =| 4 [+¢]| 1
2 -2

Note: For r, we can use r, and for u we can use BA, or any vector parallel to this vector. Therefore, it
is possible to find different, but correct, equations of the line.

4 0—4 —4
Substitutingr, =1, =| 2 |andu=AB=| —2-2 |[=| —4 |intor = r, + tu, we get the
-3 1+3 4
4 —4
vector equation of theline:r =| 2 [+¢| —4
-3 4
. 1 — 1
Note: Since u is parallel to AB, wecanuseu=——AB=| 1 | and the vector equation of the
4 -1
4
linewouldber=| 2 |+s

-3 -1
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1 5-1 4
¢) Substitutingr, =r, =| 3 |andu=AB=| 1-3 |=| —2 |intor = r, + tu, we get the
-3 2+3 5
1 4
vector equation of theline:r =| 3 [+¢| -2
-3 5

3 a) Intheequationr = a+tb, we substitutea =r, = > |landu=28=|>"3 =(2),sothe

-2 1+2 3
. . 3 2
equation of the line is r = ( ) +t ( )

3
( > J, so the
2
4 Method I:

To determine the equation of the line in the required form, we need to find two points on the line
r =(2,1)+£(3,-2). One point is (2, 1). Another point we can find by letting, for example, t = 1;
therefore, the point is (5, —1). The equation of the line through those two points is:

b) In the equation r = a +tb, we substitute a = r, =( 02 )anduz TBz( >—0 )

0 5 0+2
equation of the lineisr = ( 5 J+t( 5 )

-1 -1-1
L T S3(y-)=2(x—2) > 2x+3y =7,
x=2 5=2
Method II:

We can write the equation of the line r = (2,1) 4+ #(3, —2) in parametric form:

X -2
[ y ] = ( f+;; J From the firstrow: x =2+ 3t = ¢ = xT Substituting t into the second row, we

-2
get: yz1—2t:I—ZxT:3(y—1)=—2(x—2)=>2x+3y=7.

Method III:
We can write the equation of the line r = (2,1) + #(3, —2) in parametric form:
x=2+3t ) o
. Using the elimination method:
y=1-2¢

x=2+3t/-2 2x =4+6t
=2x+3y=7

=
y=1-2t/-3  |3y=3—6t
5 Inthe equation r = r, + tu, the vector r, = r, = 2i — 3j and u can be the same as the direction vector of
the given line; therefore, u = 4i — 3j. So: r = 2i — 3j+ A(4i — 3j).

6 Intheequationr = r, + tu, the vectorr, = r, = (=2,1,4) and u = (3,4, 7). So, we have:
r=(-2,1,4)+1(3,-4,7)

388




Solution Paper 1 type

7 a Thelines are not parallel since the direction vectors (1,3,1) and (1,4, 2) are not a scalar multiple of each
other. For lines to intersect, there should be some point (x,, ¥, z,) which satisfies the equations of both lines,

r=(223)+t(1,3,7) and r=(2,3,4)+s(1,4,2), for some values of zand s. (Note: We have to change the parameter
in one of the equations so that they are not the same.) So:

Xg=2+t=2+5s
Yo=2+3t=3+4s
zZo=3+t=4+2s

From the first equation, we see that t = s. Substituting into the second equation:
2+3t=3+4t=t=-1=t=s=-1.Finally, substituting these values into the third equation:
3-1=4-2= -2 =-2 Hence, the lines intersect, and the point of intersection is: (2, 2,3)+(=1)(1,3,1) = (1,-1,2)..

Solution Paper 2 type

7 a We can solve this system using matrices. Firstly, transform the system of equations:

2arli = 2555 t—s=0
2+3t=3+4s =1 3t—4s=1
34t=4+2s t—=25=1

and then use a GDC:

HTELALTHD & ¥ HHHESEEE?}_EDTT_ et [H] 2
[ 1 -4 0 1| BfocumSum [[1 @ -11]
[ -4 1l RHiref:y A1 -1]
[ 1 e 1 rref . B8 @@ 11
I oSnar ||
(2 o+
E = o
zaz=1 F 2 sk +
From the result screen, we can see that an intersection exists and that t = =1 and s = —1.
We can also find the solutions of the system using the Apps menu.
SIMULTEQN *OLYEE EYYSHATRIN 2% 2]
PFale Book Finder 1 -4 0 1
SimUItEan Sol1ver uraber OFEAns =3 [ = | 1
tAbout [1 E E- 1
(Pl He Tr uraber OF Unknowns =20
sEimult He 1k
o [THYER TR z.3=1]
HAIn| | |LoaD] HAIN| nEW |CLRE|LOAD|SOLYE
ol ut1on
#1H-1
we=-1
HAINJEACE[ZTOsws[5TOx |

Of course, a GDC will only solve for the parameters — to find the point of intersection, we have to substitute the values
of the parameters into the equations of the lines.
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Solution Paper 1 type

b The lines are not parallel since the direction vectors (4, 1,0) and (12, 6, 3) are not a scalar multiple of each other. For
lines to intersect, there should be some point (x,, ¥o, 20,) Which satisfies the equations of both lines,
r=(-1,3,1)+t@41,0andr=(-13,1,2) + 5 (12, 6, 3), for some values of zand s. (Note: We have to change the
parameter in one of the equations so that they are not the same.) So:

x, = —1+4t=—13+12s

Yo =3+t=1+6s

z,=14+0-t=2+3s

From the last equation, we see that s = — % Substituting into the second equation: 3+t =1+6 (— %) >t=-4

Finally, substituting these values into the first equation: —=1—16 = =13 -4 = —17 = —17. Hence, the lines intersect,
and the point of intersection is: r = (=1,3,1) + (-4)(4,1,0) = (=17, -1,1)..

Solution Paper 2 type

b We can solve this system using matrices. Firstly, transform the system of equations:

—1+4t=—=13+12s 4t =125 =-12
3+t=1+6s = t-65=-2
140-t=2+3s =35 =1

and then use a GDC:

[H] et L [H] 2 [[1 v -4 N
[[4 -12 -12] [[1 A& -4 " [B 1 -.3333333.
[1 & -2 1 @ 1 -.3333333. B @ @& -
@ -3 1 11 B A A " n=kFr-ac
|| [[1 &8 -4 1
A1 -1-3]
[N I | 1]

: . : 1
From the result screen, we can see that an intersection exists, and that t = =4 and s = — §

Of course, a GDC will only solve for the parameters — to find the point of intersection we have to substitute the values
of the parameters into the equations of the lines.

Solution Paper 1 type

¢ The lines are not parallel since the direction vectors (7, 1,-3) and (-1, 0, 2) are not a scalar multiple of each other. For
lines to intersect, there should be some point (x,, ¥o, 2o,) Which satisfies the equations of both lines,
r=(1,3,5+t(7,1,-3)andr=(4,6,7) + s (-1,0, 2), for some values of zand s. (Note: We have to change the
parameter in one of the equations so that they are not the same.) So:

x,=14+7t=4—5

Yo=3+t=6+0-5

z2,=5-3-t=7+2s

From the second equation, we can see that t = 3. Substituting into the first equation: 1+ 21= 4 — s = s = —18. Finally,

substituting these values into the last equation: 5—3-3 =7 + 2(=18) = —4 # —29. Hence, the lines do not intersect;
they are skew.



Solution Paper 2 type

LH] Ily 1 &l
[ty 1 31 [1 @8 3]
1+7t=4—5 Tt+s=3 E13 El2 %}] F-:[F[I]-% -2 211
5 _ -3 - re
(4 3+t=6+0:-5s =>3t+0-5=3 B [[1 & @]
5-3.t=7+42s —3t-2s=2 (@ 1 4]
B @ 111

From the result screen, we can see that an intersection does not exist since we interpret the screen as: t=0,s = 0 and
0=1.

Alternatively, solving for parameters using Apps:

*IHULT ERN =OLYEFR YSHATRIN o 2= 32 FREF © 2= )
7 1 k3 1 i 0 0 ]
flurabcr DFEAns =3 i ] E 1 0 i ] 1
"E e ] Mo SoTlukion Faund 0 0 i 1
urab e DFUnknewns =20
Taz=2
HAIN| | |LORD| ||HAIN] NEH |CLEJLOAD|=OLYE||HALN |_BHEH|5TI]:!-':|F:F:EF | WALIN|EACK|=TORE RREF]

From the result screen, we can see that there is no solution.

Solution Paper 1 type

-2 -4 —4 7
d The lines have parallel direction vectors[ 1 | and [ 2 ] since| 2 [=2] 1
l =2 -2 -1

To check whether the lines coincide, we examine the point (3, 4, 6), which is on the first line

x 3 -2 x 5 -4
y |=| 4 [+t] 1 | andsee whetheritlies on the secondline, | y [=] -2 |+5| 2
7z 6 = z 7 =2

3=5-4s=>5= !
3 5 —4 2
So- | 4 |=| =2 |+S| 2 [=|4="2+2=5=3
6 7 -2 6=7-25s=

We can see that the point is not on the other line, so the lines do not coincide; therefore, the lines are parallel.
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Solution Paper 2 type

LH] (L2 4 1]
[[-24 1] [1 e =
3-2t=4-4s Dt +4s=1 Ell 2‘2 1'!5%] F'iEF-I}}E 111
44t=-242 t—25s=-6 - e
< S n [11 -2 @]
6—1-t=7—2s —t+25=1 B8 1]
[ B @]
From the result screen, we can see that an intersection does not exist and the lines are parallel. We arrive at this
conclusion by interpreting the screenas: t —2s =0,0=1and 0 = 0.
Alternatively, solving for parameters using Apps:
E?EHHTRIHEEREII FREF C =21 EREF © 2= )
[ -2 ] L1 =z 1} 11 0 0 ]
Ei '2 i ] o 0 1 1D 1 0 ]
[ - 1 Mo Zolution Found L0 0 0 Lo 0 1 1
xazx=1
WALN| NEW |CLR|LOAD|SOLYE| [HAIN [EACH [£TOs@s|RREF | WAIN|ERCK|=TORE KREF] WALN|EACK|=TORE RREF]

From the result screen, we can see that there is no solution and that the lines are parallel.

8 a) A direction vectoris: (3—2,2—(—1)) = (1, 3) ; hence, the equations are:

r=(L—D+tOJﬁmd[;J:(_ii;)'

b) We know a point and a direction vector, so the equations are:

r=(2,-1)+¢(-3,7) and ( ;J:(—zlfjt)'

. . -3
c) For the direction vector, we can use any vector perpendicular to . So, we use vector

( Z ) as the direction vector of the line, since ( _73 J( Z ) = —21+ 21 = 0. Therefore, the equations

o 4 Xo|_f 2+7t
are: r = (2,—-1)+1(7,3) an y 143t |

d) We know a point and a direction vector, so the equations are:

r:(0,2)+t(2,_4)and(;Jz(ZEt‘ltJ'

X 3 -2
9 a) Substituting the point (0 — —) into theequation | y [=]| 4 |+t| 1
0=
11 —
il 3 2 11
2 |=1 4 |+t 1 = 7 =4+t
9 6 -1 9
2 Z=6-t
| 2




b)

V)

10 a)

b)

11 a)
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3
From the first equation, we can see that ¢t = — . Checking, using the second equation:

2
11 3 11 11 9 3 9 9
— =4+ — = — = —, and the third equation: — =6 —— = — = —. So, the point is on the line
2 2 2 2 2 2
3
when t = —.
2

To check whether the point is on the line, we have to find whether the system of equations has a
solution:

-1 3 -2 -1=3-2¢
4 |=| 4 |+t] 1 |=>{4=4+t
6 6 -1 6=6-—t

From the last two equations, we can see that t = 0, but this will not satisfy the first equation; hence,
there is no solution to the system and the point does not lie on the line.

We have to solve the system of equations:

1-2 1-2
m ) M3 o
22 —| 4 |+t] 1 N
m 6 1 m=4+t
3 3=6-t

From the last equation, we can see that t = 3. Substituting into the second equation:

7
7 1-27 6
2m=7 =>m= E Checking, using the first equation: 5 2 _ 3-6=> 7 = —3. Therefore, the

point will be on the line when m = % .

i) The starting position is when ¢ = 0, so the point is (3, —4).
ii) The velocity vectoris v = ( 274 ) .

iii) The speed is [v| = V7% + 247 = 25.

i)  The starting position is when ¢ = 0, so the point is (=3, 1).

ii) The velocity vector is v = ( ?2 )

iii) The speed is [v| = \/5° +(-12)* =13.

i) The starting position is when t = 0, so the point is (5, —2).
ii) The velocity vector is v = (24, 7).

iii) The speed is [v| = \/24° +(-7)" = 25.

The direction of the velocity vector is given by the unit vector: R S e B R .
J=3)P+42 4 S5\ 4
1{ - - —
So, the velocity vector is: 160 - — 3 =32 3 = 96 .
5{ 4 4 128
The direction of the velocity vector is given by the unit vector: S S I 2 DS Y I .
JI122+(=5) L\ —> ) 13 =5
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13 a)

b)
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2040
1
So, the velocity vector is: 170 - — 2)_| B
13\ -5 850
13

The car is travelling from the point (3, 2) to (7, 5), so the direction vector of the velocity vector
1

as given by the unit vector: — v, where v = (7 — 3,5 — 2) = (4, 3). Therefore, the unit vector is:
v

1

o (4,3) = 1 (4, 3) ; and the velocity vector is: 30 - — (4, 3) = (24,18)..

V4 + 3 5 5

The starting point is (3, 2) and the direction vector of the line is (24, 18), so the equation of the

position of the car after ¢ hours is r = (3, 2) +t (24, 18).

We have to determine the parameter of the point (7, 5).
1
(7,5) = (3,2) +1(24,18) = (4,3) =t (24,18) = t = p

1
Therefore, in P of an hour, i.e. 10 minutes, the car will reach the traffic light.

To be perpendicular to the vectors, both dot products have to be zero.

1 1
a -3 |=1-3a+2b=0
b 2
1 -2
a 1 |=24a-b=0
b -1
—3a+2b=-1
So, we have to solve the system: {a—b—z =a=-3,b=-5
1 -2
-3 1
v-w 2 ) =1 —2-3-2
cos 0 = = =
Vilwl 12+ (=3 + 22 (=2 + 12+ (-1 V146
=7 =721 21
S 2J21 2:21 6

Using the Pythagorean identity for sine, sin”> 6 = 1— cos’ 6, and the fact that sine is positive for
——— [ 21 [15 15
angles from 0 — 180" we have: sin 8 = +\1 —cos’ 6 = 1—£= % 6

1 ~ 1
Area of triangle OPQ is: A = 3 |OP||OQ]| sin POQ = 3 [v] |w] sin (Z£v, w).

1 15 1~2-742-3V3:5 1 247-3-5 35

So, A= L iag 1 S 1V2 V2GS 127305 35,
2 6 2 6 2 6 2

Firstly, we have to determine vectors AB and AC:

(A1) (o) _ (o= (1

AB=| 3-2 [|=|1 [, AC=| —1-2 |=| -3

5-3 2 1-3 -2



b)

15 a)

b)
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0 1
1|l -3 TrecToaaeldn
e 2 | 2 _0-3-4_ 7 GDE"iﬁHEEEEE‘EEES
\/02 +12 +22 \/12 +(_3)2 +(_2)2 \/g\/ﬁ \/g\/ﬁ 146- ?BE‘EEE‘E
-7
Therefore, 6 = cos ' —— = 0= 147",
5414
The area of the triangle is: A = %|ﬁ| |A—C| sin 6= % 5414 sin = 2.29.
-, BIEEEHEZES
o= 1 AR
146, Po9E292
12050l C140=1in
CAn=s
2.291287847
- 0
i) Line L, goes through the point (2, -1, 0) and its direction vector is AB=| 1 |[,so its
2 0 2
equationis: r = -1 |[+¢] 1
0 2
- 1
Line L, goes through the point (—1,1,1) and its direction vector is AC =| —3 |, so its equation
-1 1 -2
issr=( 1 |+s| -3
1 -2
We have to solve the system of equations:
2 0 -1 1 2=-1+s
-1 |+t 1 |=] 1 |+s| -3 |=9-1+t=1-3s
0 2 1 -2 2t=1-12s

From the first equation, we have s = 3, and from the second t = —7. Substituting these values into the
third equation: 2 (=7) =1—2-3 = —14 # —5. So, there is no point of intersection.

6—1 5 1
Let the direction vector be a vector parallel to AB: AB=| -7-3 |=| —10 [=5| -2
8—(~17) 25 5
1
Thus, we can use the vector | _5 | as the direction vector. Therefore, the parametric equations of
5
x 1+t
thelineare: | y [=| 3-2¢
. —17 + 5t
1+¢
If point P is on the line, then vector OP =| 3—2t |.If OP is perpendicular to the line, then
—17+5¢

OP and the direction vector of the line are perpendicular, and their dot product is zero.

1 1+t 1
0=0P| 2 |=| 3-2t 2 |=14+t+-6+4t+-85+25t=30t—90 =t =3

5 —17 + 5t 5 «



Chapter 14

. 1+3 4
So,OP=| 3-2-3 |=| -3 |andP(4,-3,-2).
-17+5-3 -2

16 a) We will find a point and a vector on the line.

17

18

n
X
b) i) Wealready have one point on the line. To determine another point on the liner=| ~° ] +t ( 4 )

Let y = 0, then x = L ; hence, point (ﬁ R O) is on the line.
m m

Let x =0, theny = L ; hence, point (0, 2) is on the line.
n n

2 (2

Therefore, the vector " =|" | is on the line. This vector is parallel to the vector
2| |

n n
P
mn | m n 2 n
_— = . So, a vector equation of the lineis: r =| 4 [+1 .
p | P -m 0 —m

Yo b
we can let, for example, t = 1; therefore, the point is: (x, +a, y, + b) . The equation of the line

through those two points is: Y=Y Xty =a(y-y,)=b(x—x,).Hence, an
X=X, X,+ta-—x,

equation of the line is: bx —ay = bx, —ay, .
ii) We will write the equation of the line in slope-intercept form:

ay =bx—-bx,+ay, = y = Sx —gxo + v, - Hence, the slope of the line is S.

Parameterization of a segment: r (t) = (1—t) OA+t OB, 0 <t <1

0 1 1
a) r()=0-t)| o |+t] 1 |,0<t<1;hence,r(t)=t| 1 [,0st=<1
0 3 3
-1 1 —1+t+t —1+2¢
b) r()=>0-t)] 0o [+t| 1 |= t ,0<t<1;hence r(t) = t ,0=<t=<1
1 -2 1-t-2t 1-3t
1 0 1-t¢ 1-t¢
o r(t)=0-1)] o |+t| 3 |= 3t [,0<t<T1;hencer(t)= 3t [,0st=<1
-1 0 -1+t -1+t

A direction vector of the parallel line is 2k; hence, a vector equation of the line whose equation we have

x=0
to find is: r = (2j + 3k) + ¢ (2k) . The parametric equations are: y=2
z=3+2t

Note: We can write a vector equation in the form: r = 2j+ (3 + 2t) k.



19

20

21

22

23

© O

A direction vector of the parallel line is 2i — 3j + k; hence a vector equation of the line whose equation
x=1+2t

we have to find is: r = (i + 2j — k) + ¢ (2i — 3j + k). The parametric equations are: { y =2 —3t
z=-1+t

Note: We can write a vector equation in the form: r = (14 2t)i + (2 —3t) j+ (-1+1¢) k.

A direction vector of the line is x,i + y,j + z,k ; hence, a vector equation of the line is
x =1x,
r=0+t(x,i+ y,j+z,k), and the parametric equations are: { y = ty,

z =1z,

a) A direction vector of the line is a vector perpendicular to the xz-plane; hence, j. Therefore, a vector

x=3
equation of the line is r = (3i + 2j — 3k) + #j , and the parametric equations are: § y =2+t
z=-3

b) A direction vector of the line is a vector perpendicular to the yz-plane; hence, i. Therefore, a vector

w

x =3+t

equation of the line is r = (3i + 2j — 3k) + #i, and the parametric equations are: ¢y =2
z=-3

A direction vector of the line is x,i + y,j + z,k. Hence, the symmetric (Cartesian) equations of the lines

xO yO ZO xO yO ZO
Note: We took the origin as a point on the line. We can take point A, then the equation will be:
X=X — Y=o — Z—%

-0 -0 -0
are:x p =Z :>x r - %

xO yO ZO
1 0
The lines are not parallel since the direction vectors [ —1 | and | 1 | are not a scalar multiple of each other.
2 1

For the lines to intersect, there should be a point which satisfies the equations of both lines.

x=3+t x=1
We will write the equations in parametric form: § y=1—t ,{ y =4+ A and solve the system:
34+t=1 z=5+2t z=2+A
1-t=4+21
5+2t=2+4

From the first equation, we can see that t = —2. From the second, 1+2 = 4+ A = A = —1; and, finally,
substituting those values into the third equation, we have: 5+ 2 (—2) = 2+ (—1) = 1 = 1. Hence, the lines
intersect, and the point of intersection is:

x=3-2=1

y=1+42=3 (1,3,1)

z=5-4=1
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Note: If it is a Paper 2 question, we can solve the system using matrices, or PolySmlt. Firstly, transform
the system of equations:

3+t=1 t=-2

l1-t=4+41 =9 —t—-1=3

5+20=2+A4 [20—-A=-3

and then use a GDC:
EYSHATRIN (=2 Solution
[1 0 -z 1| | ®1B-2

[-1 -1 | =-
31 | 1| ="l

TazT TS
HAIN] NEH |CLF|LOAD[SOLYE | |WATINEACE [ST0s0s[ST0x |

Then substitute back into one of the equations to find the intersection point. Notice that it is easier to
solve the system without a GDC since, while preparing the system for the GDC, we would find the
solutions. (This note also applies to questions 24-27.)
1 -2 =2 1
24 'The lines are parallel since for the direction vectors | -3 | and [ 6 | itholds: |6 |=—-2|-3|.To check
2 —4 —4 2
whether the lines coincide, we examine the point (=1, 2, 1), which is on the first line, and see whether it
x=2-2m
lies on the second line, { y = =1+ 6m, too.

z =—4m
3
3=2m:mz§
—1=2-2m ;
So,12=-14+6m = | 3=6m=>m=—
6
1=—-4m

1=-4m =

We can see that the point is not on the other line, so the lines do not coincide; therefore, the lines are
parallel. 2 2
25 'The lines are not parallel since the direction vectors | 4 | and [ 1 | are not a scalar multiple of each

-1 2
other. For the lines to intersect, there should be a point which satisfies the equations of both lines.

x=3+2t x=3+21
We will write the equations in parametric form: § y = —-1+4¢ ,{ y =2+ A and solve the system:
3+2t=3+21 z=2-t |z=-2+21
—1+4t=2+41
2—t=-2+2A1

From the first equation, we can see that = A. From the second, —1+ 4t = 2+t = t = 1; and, finally,
substituting those values into the third equation, we have: 2—1=-2+2 = 1 # 0. Hence, the lines do
not intersect. They are skew.
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1 -1
26 The lines are not parallel since the direction vectors | 3 | and | —1 | are not a scalar multiple of each
2 2

other. For the lines to intersect, there should be a point which satisfies the equations of both lines.

x=1-t x=1-1
We will write the equations in parametric form: § y =1+3t , {4 y =—-1— A and solve the system:
z=—4+2t z=2A
1-t=1-41
1+3t=-1-4
—4+2t=2A
From the first equation, we can see that t = A. From the second, 1 +3t = —-1—t =t = — l ; and, finally,

1 1
substituting those values into the third equation, we have: —4 + 2 (— 5) =2 (— 5) = —5 # —1. Hence,

the lines do not intersect. They are skew.
—6 2 —6 2
27 'The lines are parallel since for the direction vectors | 9 | and [ =3 [, itholds: [9 |=-3| -3 . To check
=3 1 -3 1
whether the lines coincide, we examine the point (1, 2, 0), which is on the first line, and see whether it

x=24+2m
lies on the second line, { y = 3—3m, too.

Z=m

1
-1=2m=m=——
2

1=2+4+2m
So,{2=3-3m =
0=m 0=m

We can see that the point is not on the other line, so the lines do not coincide; therefore, the lines are

parallel.
5 3
28 The lines are not parallel since the direction vectors | 1 | and [ —3 | are not a scalar multiple of each
3 —4

other. For the lines to intersect, there should be a point which satisfies the equations of both lines.

x=2+5¢t x=-4+31

We will write the equations in parametric form: { y =1+t ,{ y=7-31 and solve the system:
z=2+3t z=10—-4A1

2+5t=—4+31

1+t=7-31

243t =10—-4A

From the second equation, we can see that = 6 — 31. From the first,
2+5(6-34)=—-4+31=181=36 = A= 2;and, finally, substituting the values 1 = 2,
t = 6—3-2 = 0into the third equation, we have: 2+3-0=10-4-2= 2= 2.
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x=2+5-0
Hence, the lines intersect, and the point of intersection is: y=1+0 (2,1,2)
z=2+4+3-0

Note: If it is a Paper 2 question, we can solve the system using matrices, or PolySmlt. Firstly, transform
the system of equations:

2+5t=—-4+31 5t—3A=-6
1+t=7-314 =4 t+31=6
2+3t=10—-4A 3t+4A=8

and then use a GDC:

EYSHATRIA ( Z= =21 Solution

E ;3 -6 % x1E%

K i Eil 3| HE

2 3=0

HAIN] NEH JCLR[LOACJEOLYE | |HAIN[EACKE [ZTOSVS[ET0% |

Or input into a matrix:

ATEIXIAT 3 =3 | FrrefCIA
"3 "6

1
i P

L
L
s

(B oty |

I3
[[
[
[

Taz=0

So, we have t = 0 and A = 2. Now, we have to substitute back into one of the equations to find the
intersection point, (2,1, 2).
1 2
29 The lines are not parallel since the direction vectors | —2 [ and | —9 | are not a scalar multiple of each
1 6

other. For the lines to intersect, there should be a point which satisfies the equations of both lines. We
have to change the name of the parameter in one of the equations and then solve the system:

1+t=2+24
2-2t=5-91
t+5=2+6A

From the first equation, we can see that t = 1+ 24 . From the third,
1+2A+5=2+6A= 41 =4 = A= 1;and, finally, substituting the values A =1, =1+ 2-1 = 3 into
the second equation, we have: 2—2-3 =5-9-1 = —4 = —4. Hence, the lines intersect, and the point of

x=1+3
intersectionis: § y =2-2-3 (4,4, 8)
z=3+5

Note: If it is a Paper 2 question, we can solve the system using matrices, or PolySmlt. Firstly, transform
the system of equations:
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31

1+t=2+2A t—2A=1
2-2t=5-91 =3 2t+941=3
t+5=2+6A1 t—6A=-3
and then use a GDC:

EYSHATRIN (3% 30 Folution
[ -z |1 1| ®1B3

U | ==l

1.1=1
HAIN] NEH JCLRILOAD [SOLYE| |WAIN]EACE [5T05¥5[5T0% |

Or input into a matrix:

ATEIXIAT 3 =3 Fref e [A]
[ -z 1 [

1
[ 12 gE h%

Tax="35

So, we have t = 3 and A = 1. Now, we have to substitute back into one of the equations to find the
intersection point, (4, —4, 8).

x=2-3t
The parametric equations of the line are: ¢ y =3+t
z=1+t

The distance from the origin to a point on the line is:

d>=(2-3t +(3+1t)’ +(1+1t) =14 — 4t + 11> The distance is a minimum when:

d (14— 4t +11¢°) 2
=0=>4+22t=0=t=—
dt 11

2
Hence, the point on the line with ¢t = I is the closest to the origin.

2 16
x=2-3.—=—
11 11
2 35
TR ()
11 11 11711711
2 13
z=1+—=—
» 11 11
Method I:

x=t
The parametric equations of the line are: ¢ y =4 -3¢
z=5+t
The distance from the origin to a point on the line is:
d* =t*+(4-3t)" +(5+1t)° = 41— 14t +11¢*. The distance is a minimum when:
d(41-14t +11¢%)
dt

202—14+22t=0:>t=1—71
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7
Hence, the point on the line with ¢t = 1 is the closest to the origin.

7
x=—
11
7 23
yramafoB (188
111 1171111
7 62
Z=5+—=—
11 11
Method II:
Notice, point A on the line is closest to the origin if OA is perpendicular to the
direction vector of the line: 4
t 1
Since OA = | 4 — 3t | and the direction vector of the line is d = | —3 ,
5+t 1
t 1
e 7
thenOA-d=0=(4-3t||-3|=1lt-7=0=t =—,andthepointisA(l,E,@).
11 11 11 11
5+t 1
32 MethodI: x=5+¢
The parametric equations of the line are: 1 y =2 -3¢

z=1+t

The distance from the point (1, 4,1) to a point on the line is:
A =G+t+1) +(2-3t—4) +(1+t—1)" = 40 + 24t + 11¢*. The distance is a minimum when:

d (40 + 24t +11¢*) 12
=0=>24+22t =0=>t=——
dt 11
12
Hence, the point on the line with t = — —1 is the closest to the origin.
[ 12 43
x=5-—=—
11 11
12 58
y = 2—3(——):— A(é ﬁ _i)
111 11’11 11
12 1
z=l-—=-—
_ 11 11
Method II:
Notice, point A on the line is closest to the point P (-1, 4, 1) if PA is perpendicular to
the direction vector of the line: A
5+t+1 6+t 1
Since PA = |2 —3t — 4 |=| -2 — 3t | and the direction vector of the lineis d = | —3 ,
1+t-1 t 1
6+t 1
— 12
then PA-d=0=|-2-3t || -3 |=11t +12 =0 = t = ——, and the point is A ﬁ,ﬁ,—i .
; | 11 11 11 11



Exercise 14.5

1

For A: 3-3+2-(-2)—3-(—1) = 8 # 11; hence, A does not lie in the plane.

ForB: 3-2+42-1—-3-(-1)=11; hence, B does lie in the plane.

For C: 3-14+2-4—-3-0=11; hence, C does lie in the plane.

For A: (i—3j+k)(3i+2j—3k)=3—-6—-3=—6;hence, A does lie in the plane.

For B: (i—3j+k)(2i+j—2k)=2-3-2=-3#—6; hence, B does not lie in the plane.
For C: (i—-3j+k)(i+4j+0k)=1-12=-11# —6; hence, A does not lie in the plane.

A Cartesian equation for the plane is:
2(x=3)—4(y+2)+3(z-4)=0=2x—4y+3z=6+8+12 = 2x -4y +3z =26

A vector equation for the plane is:

2 | x 2 3 2 | x
4l y|=| 4|l 2 |=|-4l|ly|=26
3 )|, 3 )\ 4 3 )| ,

A Cartesian equation for the plane is:
2(x+3)+0(y-2)+3(z—-1)=0=2x+3z=-6+3 = 2x+3z=-3

A vector equation for the plane is:

2| x 2| -3 2| x
0 y =10 2 |=]0 y |=-3
3 z 3 1 3 z

A Cartesian equation for the plane is:
0(x—0)+0(y-3)+3(z-1)=0=3z=3
A vector equation for the plane is:

0 x 0 0 0 x
0 y [=10 3 1=(0 y [=3
3 z 3 1 3 z

A vector perpendicular to the plane is the same as a vector perpendicular to the parallel plane; hence, it is
5
1
-2
So, a Cartesian equation for the plane is:
5(x-3)+1(y+2)—2(z-4)=0=5x+y—-2z=15-2-8 =5x+y—2z=5
A vector equation for the plane is:
5 x 5 3 5 x
1 y =] 1 -2 |=| 1 y [=5
2 )| , 2 )\ 4 -2 )|,
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7 A vector perpendicular to the plane is the same as a vector perpendicular to the parallel plane; hence, it is

0
1
-2
So, a Cartesian equation for the plane is:
0(x=3)+1(y-0)-2(z-1)=0=y—-2z=-2

A vector equation for the plane is:

0 X 0 3 0 X
1 y |=| 1 0 |1=] 1 y |=-2
-2 z -2 1 -2 z

In questions 8-10 and 12-16, other vectors parallel to the plane, or other points on the plane, can be found;
hence, different parametric and vector equations may be obtained.

2 3 1 2
8 The plane is parallel to a direction vector of theline [ | [ andthevector | _» |_[ —» |=| ¢ |.So,a
2 4 5 -1
3 2 2
parametric equation for the planeis:r =| =2 [+ A| 1 |+u| 0
4 2 -1

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

2 2 1
0 Ix| 1 |=| —6 |- Therefore, a vector equation for the plane is:
-1 2 2
1 x 1 3 1 X
% || y|=| -6|| =2 |=]|-6]y|=23
2 ), 2 )\ 4 2 )| 2

A Cartesian equation for the plane is: x —6y + 2z = 23.
2 3

9  The plane is parallel to the direction vectors of thelines | | [ and | 5 |.So, a parametric equation for

1 2 3
theplaneis:r=| =2 |+ A 1 |+ pu| 2
5 2 2

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

2 3 -2
1 Ixl 2 |=| 2 |- Therefore, a vector equation for the plane is:
2 2 1
-2 X -2 1 -2 X
y =] 2 -2 (=] 2 y |=-L
1 )|, 1) 5 1 )| .

A Cartesian equation for the plane is: 2x +2y +z = —1.



2 1 0 1
10 The plane is parallel to a direction vector of theline [ ; | and thevector | _3 |_[ 2 |=| —5 |-So,a
3 2 -1 3
1 2 1
parametric equation for the planeis:r =| =3 [+ A| 1 [+ u| =5
2 3 3

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

2 1 18

1 Ix| =5 [=| =3 |- Therefore, a vector equation for the plane is:
3 3 -11

18 x 18 1 18 X

Sl y =] =3 || -3 |=] =3 || y |=5.
—11 )| 4 -11 )\ 2 —11 )| 4

A Cartesian equation for the plane is: 18x —3y —11z = 5.

p
11 Vector OM = q

.
px—p)+q(y—q)+r(z—r)=0=>px+qy+rz=p>+q +r’

A vector equation for the plane is:

; hence, a Cartesian equation for the plane is:

Pl x PP Pl x
allry|=lallal|=|a]||y|=r+T+"
r )\ z r r r )\ z
3-1 2 7-3 4
12 The plane is parallel tovectors | _1_2 |=| —3 |and| ¢4+1 |=| 1 |- So,aparametric equation
0-2 -2 -2-0 -2
1 2 4
for theplaneis:r=| 2 [+ A| =3 |+ pu| 1
2 -2 -2

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

2 4 8 4
3 |Ix| 1 |=| =4 |=2| —2 | Therefore, a vector equation for the plane is:
-2 -2 14 7

4 X 4 1 4 x

2l yl=l 21l 2|=| 2|y |=14

7 ), 7 )\ 2 7)),

A Cartesian equation for the plane is: 4x —2y +7z = 14.
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3-2 1 0-3 -3
13 The plane is parallel to vectors | _14+2 |=| 1 |and| 141 [=] 2 |.So,aparametric equation for
3+2 5 5-3 2
2 1 =3
theplaneis:r=| -2 |+ A 1 [+ u| 2
-2 5 2

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

1 -3 -8 8
1 Ixl 2 |=| =17 |==1] 17 |- Therefore, a vector equation for the plane is:
5 2 5 =5
8 X 8 2 8 X
17 ||y |=l17 || 2|=|17]|y|=-8
-5 | 5 -5 J{ -2 -5 | 5

A Cartesian equation for the plane is: 8x +17y — 5z = 8.

1 2 1
14 The plane is parallel to a direction vector of the line | | | and thevector | —1 [-| =2 |=| 1 [.So,a
3 5 3 2
1 1
parametric equation for the planeis:r = -2 [+ A| 1 |+ pu| 1
3 3 2

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

1 1 1
1 Ixl 1 |=| =1 | Therefore, a vector equation for the plane is:
2 3 0
1 x 1 1 1 X
-1 y |=| -1 -2 |=] -1 y |=3.
0o | , o)\ 3 0 )| .
A Cartesian equation for the plane is: x — y = 3.
3 -3 1 —4
15 The plane is parallel to a direction vector of the line | 5 | andthevector | 4 |_| —1 [=| 5 | So,a
4 0 5 =5
1 —4 3
parametric equation for the planeis: r=| -1 |+ A| 5 [+u| 2
5 -5 4

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

—4 3 30
5 Ix| 2 |= 1 . Therefore, a vector equation for the plane is:

=5 4 =23
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17

18

19

© O

30 | x 30 | 1 30 |( x
1L |y (=] 1 |[1]=]| 1 || y|=-86
23 )| , 23 J{ 5 -23 J| ,

A Cartesian equation for the plane is: 30x + y — 23z = —86.

1 1
The plane is parallel to the direction vectors of thelines |  [and | _; |. So, a parametric equation for
1 1
1 1 1
theplaneis:r=| 1 |+ A 0 |+ pu| -1
0 1 1

From vectors parallel to the plane, we can find a vector perpendicular to the plane:

1 1 1

0 Ix| =1 |=| o |- Therefore, a vector equation for the plane is:
1 1 -1

1 X 1 1 1 x

0 y |=| 0 1 |=| 0 y |=L
-1 )| , -1)0 0 -1 )| ,

A Cartesian equation for the planeis: x —z = 1.

The angle between the normals is:

3 1
4 -2
-1 0 =5

cos 6 = =
Y9 +16+1V1+4 V265

5
Hence, the angle between the planes is: cos 6 = ———= = 0 =63.98..." = 64.0".

\N26-5
The angle between the normals is:
4 3
-7 2
1 ){ 2 0

cos 6 = =
boJ16+49+1V9+4+4  J66-17

Hence, the angle between the planes is: cos 6=0= 6=90".

The angle between the normals is

1 1

0 0
0 0 1 1
N N P NG

1
Hence, the angle between the planes is: cos 0 = —= = 0= 45".

J2
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For the angle between the normal and the direction line, it holds:

1\ -6
-2 || 3
2 )\ =2 _-16

cos 6 = —
Yo1+4+4Y3649+4 3.7

16
Hence, the angle between the plane and the line is: sin 6 = E = 0=49.6324... = 49.6".

For the angle between the normal and the direction line, it holds:

3 -1
0 2
-1 -1 =2

cos 6 =

S Jor1i+a+1 Je0

2
Hence, the angle between the plane and the line is: sin 0 = — = 6 =14.9632... = 15.0".

J60

The angle between the normals is:

1 0
1 0
1 1 1

0 =——2 /7 —
RN e s N RN C)

1
Hence, the angle between the planes is: cos 8 = —= = 0 =54.7356..." = 54.7".

J3

Parametric equations of the line are:

x=5+1
y=-3l
z=-2+4l

A Cartesian equation of the plane is: x —3y + 2z = -35
For the intersection, it holds: (5+1)—3(-3))+2(-2+4l)=-35=18/=-36 =1=-2
x=5-2=3
Hence, the point is: y=-3(-2)=6 (3,6,-10)
z=-2+4(-2)=-10

Parametric equations of the line are:

x=2
y=4-3u
z=3U
For the intersection, it holds: 4 (2) —2(4—-3u)+3(3u)-30=0=15u=30= u=2
x=2
Hence, the pointis: { ¥ =4-3(2)=-2 (2,-2,6)
z=3(2)=6
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26

27

28

The direction vector of the line and the normal of the plane are perpendicular (since

P &
1 2

5 —4 |=2-20+18 = 0); hence, the line and the plane are either parallel or the line is in the
3 6
plane. Since the point (3, 4, 6) is not on the plane, they are parallel and there is no intersection.

Note: If we solve the system for intersection:

Parametric equations of the line are:

x=3+t
y=4+5¢
z=6+3t

A Cartesian equation of the plane is: 2x —4y + 6z =5
For the intersection, it holds: 2 (3+¢) —4 (4 +5t) + 6 (6 + 3t) = 5 = 26 = 5; hence, no intersection.

The direction vector of the line and the normal of the plane are perpendicular (since
1

3
1 1 10
- = —1 |=3+4——— =0); hence, the line and the plane are either parallel or the line is in the
3 2 3 3
2
3

plane. Since the point (0, 4, 5) is on the plane, the line is in the plane.

Note: If we solve the system for intersection:

1 5
For the intersection, it holds: 3 (t) — (4 -= t) +2 (5 -= t) =6 = —4 +10 = 6; hence, all points from the
line are on the plane. 3 3

Solving the system:

x =10
xX+y+z=3=10+y+z=3=y=-7-y

Hence, parametric equations of the line of intersection are:

x =10
y==7—t
z=t 10 0
and the vector equationisr =| =7 [+¢| -1
0 1
We have to solve the system:
{2x mytz=s . Adding the equations, we have: 3x = 9 = x = 3; therefore: {—y tz=-l =y=1+z
x+y—z=4 y—z=1
Hence, parametric equations of the line of intersection are:
x=3
y=1+t
z=t 3 0

and the vector equationisr =|1 [+¢| 1
0 1
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A Cartesian equation of the first line is: x — y — 2z =1, so the planes are parallel and there is no
intersection.

Note: If we solve the system for intersection, we will have:

x—y—-2z=1
) , and this is obviously inconsistent.
x—y—2z=5

A vector perpendicular to the first plane is:

1 3 16 2
-2 x| 2 |=| 8 |=81
0 -8 8 1

2(x-1)+(y-0)+(z-2)=0=>2x+y+z =4.

; hence, a Cartesian equation of the plane is:

Now, we have to solve the system:

2x+ty+z=4 7
Y . Adding the equations, we have: 5x = 7 = x = —; therefore:
3x—-y—z=3 5
[ (7 6
2= |+ y+z=4=>y+z=—
(5) Y 4 5 6
3)/:5—2

7 6
3|l=|-y—2z=3=>-y—-z=—=
p(5)rmemsmmeeg

Hence, parametric equations of the line of intersection are:

7
X==
5
6,
4 5
zZ = Z
1 (o
and the vector equationisr =| = [+t| —1
> 1
0

A direction vector of the line is perpendicular to the normals of both planes:

f X ; = _33 =3 _11 . Hence, the normal of the plane is _11 , and a vector equation for
-1 1 3 1 1
the plane is:
1 x 1 2 1 x
1|y =l 1] 1 [=] 1]y |=0
1 )| 4 1)\ -1 1 )| ,

A Cartesian equation of the plane is: x — y + z = 0.
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32 A normal to the plane is perpendicular to the vector AB and the direction vector of the given plane:

3-1 4 2 4 =2 1

22 Ix| =1 1=l o |x| =1 |=] =12 |==2| 6 |- Therefore, a vector equation for the plane is:
1-3 2 -2 2 -2 1

1 x 1 1 1 x

6 |X[ y |=|6 2 |=|6 y |=16.

1 . 1)\ 3 1 )| 2

A Cartesian equation of the plane is: x +6y +z = 16.

33 A Cartesian equation of the line is:
x-1 y-2 z-5 x-1_y-2 z-5

= = ; hence, parametric equations of the line are:
3-1 1-2 1-5 2 -1 —4
x=1+2t
y=2-t
z=5—4t

The distance from (2, —1, 5) to a point on the line is:

d>=(1+2t-2+(2—-t+1)° +(5—4t—5)" = 21t> — 10t + 10. The distance is a minimum when:
d (21t* - 10t +10)
dt

5
=0=>42t-10=0=t=—
21

5
Hence, the point on the line with t = — is the closest to the origin.

x=1+2(i)
21
5 31 37 85
y:2_ E )A(_)_a_)
21721 21
5
z=5—4(—)
21

34 A normal to the plane is perpendicular to the direction vectors of both lines:

1 3 -10 10
2 Ix| 2 =] =1 [==] 1 [ Therefore, the plane contains the point (-1, 2, 3) and is
1 4 8 -8
10
perpendicular to the vector [ 1 [; hence, its vector equation is:
-8
10 x 10 -1 10 x
1 y =] 1 2 =] 1 y |=-32, and Cartesian:

10x + y — 8z = —32.
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35 The plane contains points of the first line, so the point (1, 1, 2) is on the plane.

A normal to the plane is perpendicular to the direction vectors of both lines:

2 1 4
2 Ix| 2 |=| =3 |- Therefore, a vector equation for the plane is:
-1 1 2
4 x 4 1 4 x
3%y |=| 3|1 |=] -3]|| y [=5,and Cartesian:
2 . 2 )\ 2 2 )| 4
4x —3y+2z=5.
36 The equation X + 2+ Z =1 can be written in the form BCx + ACy + ABz = ABC and thisisa
BC
Cartesian equation of the plane whose normal is vector | AC | and which contains the point (A, 0, 0).
AB

Note: The plane contains the points (4, 0, 0), (0, B, 0) and (0, 0, C).

37 Itis easier to write parametric equations of the plane, since we know one point and two non-parallel
direction vectors:

X 4 2 4
y|=| 3 |+r| =3 |+s| O
z -1 4 -3

Note: If we need another form of the line, we can proceed as follows:

The normals of both planes are parallel to our plane. Hence, their vector product is normal to our plane:

2 4 9

3 |x| o |=| 22 |- Therefore, a vector equation for the plane is:
4 -3 12

9 x 9 4 9 x

22 (x| y [=] 22 -3 =] 22 y |=—42, and Cartesian:
12 2 12 )\ -1 12 )| ,

Ix+22y+12z = —42.

38 Itis easier to write parametric equations of the plane, since we know one point and two non-parallel
direction vectors (a direction vector of the line and normal of the plane):

X 2 1 2
y|=| 3 |+r| =2 |+s| -3
z 0 1 4

Note: If we need another form of the line, we can proceed as follows:

The normal of the plane and the direction vector of the line are parallel to our plane. Hence, their vector
product is normal to our plane:

2 1 5
-3 |x| =2 |=] 2 |- Therefore, a vector equation for the plane is:
4 1 -1



5 x 5 2 5 x
2 x|y =] 2 3 1= 2 y | =16, and Cartesian:
-1 . -1){ o -1 )| ,

5x+2y—z=16.

Review exercise

1

Two vectors are parallel if their components (coordinates) are in proportion. Hence, we can find the ratio of
the first coordinates, then of the second coordinates and the third. If all three ratios are the same, the vectors
are parallel. We can check for parallelism by solving for constant k such that one is k times the other.

Two vectors are perpendicular if their scalar product is zero.

We will find their scalar triple product (hence the determinant of the coordinates of the vectors). If the
result is zero, then the vectors are coplanar.

We have to find the scalar product of the vectors and their magnitudes, and then use the formula for the
a-b
cosine of their angle: cos = ——.
[al bl
For an equation of a line, we need a point from the line and a direction vector, which we use to form an
equation.

For an equation of a plane, we need a point from the plane and a vector perpendicular to the plane,
which we use to form a Cartesian equation of the plane.

If a point and two vectors parallel to the plane are given, we can use the parametric equation of the plane.
If we need a Cartesian equation, we can find the vector product of the direction vectors. This vector
product will be a normal to the plane, and thus we can find a Cartesian equation of the plane.

We can determine the angle between their normals (using scalar product). If this angle is acute, or a right
angle, then it is the same as the angle between the planes. If the angle is obtuse, then the angle between
the planes is 180° minus the obtained angle.

We can determine the angle between a normal of the plane and a direction vector of the line (using scalar
product). If this angle is acute, or a right angle, then the angle between the plane and the line is 90° minus
the obtained angle. If the angle is obtuse, then the angle between the planes is the obtained angle minus 90°.

4 1
A vector equation: r = =3 [+f| 2
0 1
x=4+t
Parametric equations: ¢ y = -3+ 2¢
| z=t
x—4 +3 z
A Cartesian equation: =YT2_ 2
1 2 1
4+1 5 1
A direction vector of thelineis: | 6-1 |=| 5 [=5| 1

-1-4 =5 -1
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-1 1
A vector equation: r = 1 |+¢]| 1
4 -1
[ x=-1+1t
Parametric equations: < y =1+t
z=4-t
A Cartesian equation: x-li-l = yl_l =2 >x+l=y-1=4-2z

0-2 -2
10 A direction vector of thelineis: | 1-3 |=| -2 |=-2
2-0 2 -1
2 1
A vector equation: r = 3 [+ 1
-1
[ x =2+t
Parametric equations: { y =3+t
z=—t
. . X - y=-3 z
A Cartesian equation: T =>x—-2=y—-3=-z
0 0 0
11 Avectorequation: r=| 0 [+t| 1 |=>r=t¢] 1
0 2 2
x=0
Parametric equations: ¢ y =t
z=2t
z
A Cartesian equation: XY 2
0 1 2

Note: Usually we say that this line does not have a Cartesian equation, but sometimes we can write zero
in the denominator and keep in mind what that means.

3
12 A direction vector of the line is the same as the direction vector of the parallel line: | _
4
4 3
A vector equation: r = -1 |+¢t| —1
2 4
[ x=4+3t
Parametric equations: ¢ y = —-1—1¢
| z2=2+4t
x—4 +1 z-2
A Cartesian equation: =2 I = 2



13 Ifitis parallel to the y-axis, its direction vector could be (1)
1 0 0
A vector equation: r = 2 [+£f 1
2 0
[ x=1
Parametric equations: ¢ y =2+t
| z=2
x-1 y-2 z-2

A Cartesian equation: ) 0

Note: Usually we say that this line does not have a Cartesian equation, but sometimes we can write zero
in the denominator and keep in mind what that means.

4
14 The line is parallel to the normal to the plane; hence, its direction vectoris | _g
3 4 7
A vector equation: r =| 5 [+f| —8
6 7
[ x=3+4t
Parametric equations: § y =5— 8¢
| 2=6+7t
-3 -5 z-6
A Cartesian equation: al =2 =
-8 7
15 The line is parallel to their vector product:
2 4 -2 1
31X 5 [=| 4 [=-2] 2
4 6 -2 1
3 1
A vector equation: r =| 5 [+f| =2
6 1
[ x =3+t
Parametric equations: ¢ y =5— 2t
| z=6+t
-3 -5 -6
A Cartesian equation: al =2 S & n
16 So, a Cartesian equation for the planeis: 4 (x —1)=1(y —3)+(z—-0)=0=4x—y+z=1
4 x 4 1 4 x
A vector equation for the planeis: [ =1 [| ¥ |=| =1 || 3 |=]| -1 || ¥ |=1
1 )|, 1) o 1 )| 2
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2
A normal to the plane is the same as the normal to the parallel plane: | 3

-1
A Cartesian equation for the planeis: 2(x —2)+3(y—0)—(z-5)=0=2x+3y -z =-1

2 x 2 2 x
A vector equation for the planeis: | 3 y |=| 3 0= 3 y |=-1
-1 )| , -1 )\ 5 -1 )| ,
3-2 1 1-2 -1
Vectors in the planeare: | _1_1 |=| —p |and| _1_1 |=| —2 |. Hence, a vector perpendicular to
0+1 1 2+1 3
1 -1 —4 1
the planeis: | =2 |x| =2 |=| 4 |=—4| 1
1 3 —4 1

A Cartesian equation for the planeis: (x —2)+(y—1)+(z+1)=0=>x+y+z =2
A vector equation for the plane is:

X 1 2 1 X
y =1 1 |=|1 y [=2
A direction vector of the line is normal to the plane; hence, a normal is: | _;

4
A Cartesian equation for the planeis: 3(x —2)—(y—5)+4(z-4)=0=3x—y+4z=17
A vector equation for the plane is:

3 x 3 2 3 x
1l yl=l 1|5 |=2] || y|=17
4 )|, 4 ) 4 4 )| ,
2
A vector perpendicular to the planeis: | _j
2

A Cartesian equation for the planeis: 2 (x —2)—(y+1)+2(z—=2)=0=>2x—y+2z=9

A vector equation for the plane is:

2 x 2 2 2 X
1|l y =l 1 || -1 =] -1|| y =9
2 ) , 2 )\ 2 2 )|,
x=1+2¢
Parametric equations of the first line are: { y = 2 + 3t. Hence, we have to solve the system:
z=3+4t
x=14+2t=2+s 2t—s=1

y=243t=4+2s =4 3t-2s=2 =s=2t-1=22t-4+2=2=t=0,s=-1

z=34+4t=—-4s5—-1 4t +4s =—4 =0—-4=-4

Therefore, the point of intersection is: (1, 2, 3).



© O

2 1 =20
22 A vector perpendicular to the planeis: | 3 (x| 2 |=| 12
4 —4 1

A Cartesian equation for the plane is: —20 (x = 1)+12(y - 2)+(z2-3)=0= —20x+ 12y +z =7

A vector equation for the plane is:

-20 x =20 1 =20 x

12 y [=] 12 2 |=| 12 y [=7

1), 1 )\ 3 1 )| .

23 Parametric equations of the lines are:

x=t x=2+12s

y=2—t and { y=3+s.Hence, we have to solve the system:
| z=1+¢ zZ=6+5s
[ x=t=2+2s

y=2-t=34+s =2-2-2s=3+s5s=>s=-1,t=0
| 2=1+1=6+5s =1+0=6-5

Therefore, the point of intersection is: (0, 2,1).

1 2 -6
24 A vector perpendicular to the planeis: [ -1 x| 1 |=[ =3 |=-3| 1
1 5 3 -1

A Cartesian equation for the planeis: 2 (x —0)+(y—2)—(z-1)=0=2x+ y—z =1

A vector equation for the plane is:

2 x 2 0 x
1 y (=] 1 2 |=| 1 y [=1
-1)| , -1 )1 -1)| 4
1
25 A vector perpendicular to the planeis: | _»
1

A Cartesian equation for the planeis: (x—1)—2(y+2)+(z-1)=0=>x-2y+z=6
A vector equation for the plane is:

1 X 1 1 1 X
-2 y |=| 2 =2 (= -2 y [=6
1 z 1 1 1 z
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Exercise 15.1

1 a) y=(3x-8) :Z—y=4x(3x—8)3x3=12(3x—8)3
X
-1

1-x

b) y=+Vl-x :Z—i=%><(1—x}‘;x(—1)=

c) y=sinxcosx

We can find the derivative of this function in two different ways. The first method uses the product
rule, whilst the second involves rewriting the original function by using the double angle formula
and then differentiating it by applying the chain rule. We will demonstrate both methods.

y =sinxcosx = y'=cosx X cosx +sin x X (- sin x) = cos’ x — sin® x [= cos 2x]

1 1 1
y:sinxcosx:Estinxcosx:Esian=>y':Z><c032x><Z:coszx

—osin(X) o Y LAV
d) y—ZSm(z):dx—ZXcos(z)xZ cos(z)

e) y:(x2+4)_2 :Z—yz—Zx(xz+4)_3><2x=—4x(x2+4)
X

-3

f) x+1 Lo Ix(x=D—(x+1)x1 A-1-4£-1 )
y= :y = 2 = 2 = 2
x—1 (x-1) (x=1) (x=1)
1 Lody 1 3 1
g y= =(x+2) 2> 2L =—-(x+2)2=-————
4 Nx+2 ( ) dx 2( ) 2(x+2)Vx+2
2 dy . . .
h) y=cos x:d—:2cosx><(—s1nx):—2cosxsmx:—sm2x
X

-1 _1—x—x_1—2x
2W1-x  2J1-x 21—«

i) y=avl-x=>y'=1xJl-x+xX

) y=2;=(3x2—5x+7)_1:ﬂ:—lx(?)xz—5x+7)_2><(6x—5)=sz
3x° =5x+7 dx (3x2—5x+7)
1 2
k) y=2x+ =(2x+5)§:>d—y=lx(2x+5)_§x2=;
dx 3 33/(2x +5)

) )’2(29C—1)3(JC4+1):>y'=3’»(2x—1)2><2><(x4+1)+(2x—1)3><4x3
=(2x—1)° (6x* +6+8x" —4x’) = 2(2x = 1) (7x* — 2x” +3)

sin x ., cosxXx—sinxX1l xcosx—sinx
m) y= =y = 2 = 2
X X X




2 2 2
n - X ,=2x(x+2)—x X1  x"+4x

x+2 (x +2) C(x+2)
2 - 2 1
0) y=1x’ cosx:>y'=§x 3 cos x + x3 x(—sinx)zm(2cosx—3xsinx)

a) x=-1=y=(2(-1)-1) =1= P(-1,1)

y'=3x(2x? -1) x4x=12x (25 1) = m=y'(-1)=-12
Equation of tangent line:y = =12 (x +1)+1= y = —-12x — 11

b) x=3=y=V3x3"-2=5=P(3,5)
1
L (35 —2) 2 x f3x =

1 X
=7 J3xi =2

9 9 2
Equation of tangent line: y = 5 (x=3)+5=>y= -

, 9
>m=y (3)=E

©) x=r=y=sin2x=0= P(x,0)
y'=cos2xx2=2cos2x =>m=y'(m)=2cos2w =2

Equation of tangent line: y =2(x — 1) - 0= y =2x - 27
3

1" +1
d x=1= = :1:>P1,1
) Y= T4 (1,1)

There are several ways to determine the numerical derivative at point P. It would be advisable to
rewrite the original function as a sum of the powers of x and then differentiate it.

—x3+1—l(x2+l): '—l(Zx—L)—x— ! >m= '(1)—1—1—l
4 2x 2 x 4 2 x’ 2x° 4 2 2

. . 1 1 1
Equation of tangent line: y = 5 (x-D+1=y= 5 + 5

a) s(t):cos(tz—l):>v(t):s'(t):—sin(t2—1)><2t=—2tsin(t2—1)
b) Att=0:v(0)=-2x0xsin(0’—1)=0

¢) v(t)=0= —2tsin (l‘2 - 1) =0=t=0orsin (t2 - 1) = 0. Now we need to find all the values of ¢,
within the given interval, which satisfy the second equation:

' —1=0=t=1
. 2 _
s1n(t —1)—0:> , . N
t"—1l=nmn=t=~rm+1=2.04

d) When0<t<l=t-1<0=sin(t’—1)<0= -2tsin(t’ —1)>0

t 0 0<t<1 1 1<t<2.04 2.04 2.04<t<25

v(t) 0 positive 0 negative 0 positive

Description | stopped | moving to the right | stopped | moving to the left | stopped | moving to the right

) 4x
y= =y ' =2x(-])x(x*-8) x2x=——
x2—8 ( ) (x2—8)2
‘ 4x%3 .
a) my=y (3)=—ﬁ:—12:>Equat10n of tangent: y =—-12(x —3)+2= y =—-12x+38
3-8
1 (3-8 1 1 17
b) my =-—— :( ) = — = Equation of normal: y= —(x-3)+2=>y=—x+—
y'(3) 4x3 12 12 12 4
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1 2
5 y=Vitdx =y =—— xhr=—2 _
4 4 ZJ1+4x V1+4x
a) m, zy'(Z)Z#zE:Equationoftangent: )122(96—2)+3:y=gx+E
V1+4x2 3 3 3 3

b) m, =- '1 = - 1Jr4><2=—§:>Equationofnormal:y=—§(x—2)+3:y=—§x+6
y'(2) 2 2 2 2
X oo Ix(x+1)—xx1 1
6 = ey = =
NPT (x+1) (x+1)
1 1 1 1 1 1
a) mT=y'(l):W=Z:>Equationoftangent:y=z(x—1)+5:>y:1x+z
1 . 1 o
b) my =———=-4= Equationofnormal: y=—4(x-1)+=-= y=—4x+—
y'(@) - 2
4 d n T
7 a) y:sin(zx——):—yzcos(Zx——JXZ=2cos(2x——)
2 dx 2 2
2
:>d)2/:2(—sin(2x—sz2:—4sin(2x—z)
dx 2 2
2 - zx_L;:o:x:%:y:sin(O):O
b) )2/=0:>—4sin(2x——J=0:>
dx 2 T KY/4

2X——=nm=>x=—=y=sin(n)=0
5 i (m)

3
So, the points of inflexion are: I, (g , 0) and I, (Tﬂ , O).
8 y=x(x-4)
a) i) y=0=>x(x—4)=0=x=00rx,, =4

We notice that 4 is a double zero and therefore the graph of the function will have a stationary
point at it.

ii) y'=Ix(x—-4 +xx2(x—-4)x1=(x—4)(x—4+2x)=(x—4)(3x—4)

4 4
y'=0=>(x-4)(3x—-4)=0=>x=4orx =§=>(4,0)or(§,0)
In order to identify the stationary point as a minimum or maximum, we are going to use the

second derivative test: y "(x,) < 0 at the maximum point.

4
y"=1><(3x—4)+(x—4)><3=6x—16:>y"(4)=24—16=8>O,y”(§)=8—16=—8<0;

_ , 4 4(4 * 256 4 256
therefore, the maximumisatx = —,y=—|=-—4| =—=|=-,—
3 3\3 27 3 27

iii) The second derivative test comes in really handy in this part, since the point of inflexion is a
zero of the second derivative.

. 8 8(8 * 128 8 128
y' =0=6x-16=0=>x==,y==|—-—4| =—=|-,—
3 33 27 3727




b [ 3 .
) Maximum: 10 Inflexion:
4 256 °T (§%)
3727 81 3727
71
6l
5l
Zeros:
T (0,0), (4,0)
3l
2
1
—1_1T12345678910
2
x"—=3x+4
9 X)= —m—
f) (x+1)°

Whenever the power of the denominator is greater than or equal to 2, it is advisable to change the
quotient into product form for ease of differentiation.

a) f(x)z(x2 —3x+4)(x+1)72 = f'(x)=2x-3)(x+1)" +(x2 —3x+4)(—2)(x+1)73

= (x+1)” (2x-3) (x+D)-2(x* —3x+4)) = (x+1)” (267 —x -3 +6x—8):%
b) f(x)=06Gx-11)(x+1)" = f"(x)=5x+1)" +Gx—11)(-3) (x +1)™* *
~10x +38

=(x+1)"(G(x+1)-3Gx—11))=(x+1)" (5x+5-15x+33) = ————
(x+1)

¢) The point of inflexion is a point where the second derivative is equal to zero, but note that the second
derivative changes its sign at that point.

. ~10x +38 38
f'(x) =0 ——F—=0=-10x+38=0=38=10x = x = — = 3.8 and we
(x+1) 10

notice that the denominator is always positive on the domain, so the sign depends only on the
numerator. The numerator is linear; therefore, it changes sign at 3.8. To verify, we calculate:
—-10%x3.7+38=1>0and -10x3.9+38=-1<0.

10 f(x)= iJ—rZ S () = 1><(x+(t;);6(l;62—a)><1 _ (xiaa)z — 2a(x+a)>
FU(x) = 2ax(<2) (x+a)" = (;‘ZY

Again, we notice that it is easier to use the product rule rather than the quotient rule.

1 y:iz(l—x)l :%:-(1—x)2x(—1)=(1-x)2

dz)z’ =2x(1-x)"x(-)=201-x)", % =2x(3)x(1-x)"x(-)=6(1-x)"
d4{ = 6x(—4)x(1—x)° x(~1) = 24 (1 - x)"", ZS{ =24 % (=5)x (1-x)° x (~1) =120 (1 - x)"*

We notice that the power of (1 — x) is always negative and equal to 1 less than the negative derivative
index, whilst the constant factor is always the factorial of the derivative index.

"y . ~(n+1) n!
=n!(l-x =
dxn ( ) (1_ x)n+1
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8
4+ x

a) g(x)=8(4+x") = g (x) =8x(-)x(4+x*) x2x =-16x(4+x)" =
g'(x)=0= -16x (4 + xz)_z =0 = x = 0; so, there is only one stationary point: (0, 2).

12 g(x)=

2

g"(x)=-16x(4+x%) " —16xx (-2)x (4 + x*) " x2x =16 (4 +x*) " (~4 — x* + 4x?)
=16(4+x°) (35 -4) = ¢"(x) =0 16(4+x) " (3x* —4)= 0> x,, = i\E: i#;so
( 243 3] (2\/5 3]
there are two points of inflexion:| - ——, — — =
372 372

b) i) There are no negative values of the function since all the values in the formula are positive or
non-negative; therefore, their sum and the quotient cannot be negative.
ii) The function cannot have a value of zero because, in that case, the numerator would be equal to

zero, but that is not possible.

iii) We can now conclude that g (x) > 0 forall x € R.
8§ 8
4+ (-x) 4+’

i) lim g(x)= lim g(x), soitis sufficient to find just one limit.

= g (x), we can conclude that:

¢) Since the function is even, g (—x) =

8
s . 8 X2 0 . .
ii) lim g (x) = lim = lim = = 0; therefore, the graph will have a horizontal
X i 44 x° Hwiﬂ 0+1
2
X
asymptote: y = 0, the x-axis itself.
d) “r
N

13 (cxf(x)) —cxf(x)+c><—f(x) Oxf(x)+c><%f(x)=c><%f(x)

d d’
14 y=x4—6x2=xz(x2—6)=>—y=4x3—12x=4x(x2—3): )21=12x2—12=12(x2—1)
s dx dx
=2~ gux
dx
When 0 < x <1thenx’>0andx’-6<0= y<0.
2 dy
When 0 < x <1 then 4x > 0and x —3<0:>d—<0.
X
d’y
When0<x<1then12>0andx2—1<0:>d2<0.
X

3

d
When 0 < x <1 then24x >0 :d—);>0.
x




Exercise 15.2

1

a)
b)
o)
d)
e)

f)

g
h)

i)
)
k)

)

d
y = x’e" :>d—y=2xe"+x2e" =x(2+x)e”

d
y:8":>—y:8"><ln8=ln8><8x
dx
d
yztanex:—yzsecze"xe"
dx
. x dy 1x(l+cosx)—x(—sinx) 1+cosx+xsinx
Y l+cosx  dx (14 cosx)’ (1+ cosx)’
e’ dy e'x—e" e (x-1
y:—:}—y: 3 = (2 )
X dx X X
1 3 dy 1 2 . 2 . 2
yzgsec 2x—sec2x:d—=gxﬁ/sec 2x><(—sm2xsec 2x)><2—(—sm2xsec 2x)><2
x

= —2sin 2x X sec* 2x + 2 sin 2x X sec’ 2x = 2 sin 2x X sec” 2x (1 —sec’ 2x)

y=4" :Z—y=4"‘xln4x(—1)=—ln4x4"‘
X

Sometimes, the easiest way to solve trigonometric functions is to find the simplest form of the
function and then differentiate it.

sin x ) d
yzcosxtanxz;@ﬁ :smx:>—y:cosx

cosX dx

If we were differentiating this function without simplifying, the calculations are more complicated,
but the final answer is the same.

dy 1 —sinx+1 cos” x
=cosxtanx:>—=—sinx><tanx+;eﬁ>< = = =CosXx
4 dx cos® x oS X cosK
x :dy Ix(e"—1)—xxe" e —1-xe*
VE T T =
e*—1 dx (e" —1)2 (e" —1)2

d
y = 4 cos (sin 3x) = d_y = 4 X (- sin (sin 3x)) X cos 3x X 3 = —12 sin (sin 3x) cos 3x
x

d
y =2 :>d—y=2"“><1nz><1=1n2><2"+1
X

1 COS X sin x

CSC X — SeC X COs x — sin x

dy _ ((=sin x) sin x + cos x cos x) (cos x — sin x) — cos x sin x (= sin x — cos x)

dx (cos x — sin x)’

it ees X+ cos® x — sin® x — cos>Sin X + SinSXeesx + costSin X

- (cos x — sin x)?

cos’ x —sin’ x

a (cos x — sin x)

_ (cos x —sin x)(cos® x + cos x sin x + sin® x)

(cos x — sin x)
_ I+cosxsinx
COS X — sin x
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7:>P —,—

2 a) x===y=sin—=
3 3 3 2

. | (7 T
y=sinx =y =cosx =>m=y (;):cos(g):
n) V3 1 33-nx

1
Equation of tangent: :—(x—— +—=y=—x+
d 8 4 2 3 2 4 2 6

b) x=0=y=0+e"=1=P(0,1)
y=x+e' =y’ =l+e* =>m, =y'(0)=1+e" =2

Equation of tangent: y =2(x—0)+1= y =2x+1

9 x:§:y=4xtan(zx£)=4:p(g,4)

4
' 2 2 1 T 2 T
y =4Xsec2xX2=8sec’2x =>m; =y (g):Ssec (Z)=8x2=16
4
Equation of tangent: y = 16(x "3 +t4=> y=16x+4-2m

1 Y3 ST
3 a) y':1+2(—sinx)=1—251nx:>y'=O:>1—25inx:0:>sinx252>x:gorx=—

6
T T \/g
y " (g) = -2 ¢cos (g) = -2 X 7 = —\/g < 0 = maximum

5 5 3
y" (?ﬂ) = -2 cos (?n) =2 x(— %J = /3 > 0 = minimum

4 y'=l-=y' =0>1l-¢"=0=2e"'=1=2x=0=>y=0+¢"=1= P(0,1)

b) y"=0-2cosx=-2cosx =

y"=0-¢"=—-e"= y"(0)=—€" =-1<0= P(0,1) is a maximum point.
5 a) f(x)=4sinx—cos2x = f'(x)=4cosx—(—sin2x)x2=4cosx+2sin2x
f'(x)=0=4cosx+2sin2x =0= 4cosx+4sinxcosx =0

. . T 3
:>4cosx(1+smx)=0:>cosx=00r1+smx=0:>x=50rx=7
T T 3r 3
x=5:>y=4sin5—cos7t=50rx=7:>y=4sin?—cos3n'=—3

f"(x) =4x(—sin x)+2 X cos 2x X 2 = —4 sin x + 4 cos 2x

/4 T 3 3w
f"(5)=—4sin5+4cosﬂ=—8<0,f"(7)=—4sin7+4cos3n’:0

37 37
X)=—4COSX —0oSIn 2Xx, — |=—4COS— — 0o SINomwT =
@ 4 8 sin 2x, f® ; 4 ; 8sin37w =0

3 3
@ (x) = 4 sin x —16 cos 2x, f? (7) =4 sin; —16cos3r=20>0
So, we conclude that 5 ,5 | is a maximum point and 7 ,—3 | is a minimum point.

b) g(x)=tanx(tanx+2)=tan’ x+2tanx
Note: It is much easier to differentiate a sum than a product.

g'(x)=2tan x sec’ x + 2 sec’ x = 2 sec’ x (tan x + 1)




kY4 7T
g'(x)=0:>25ec2x(tanx+1):O:>tanx=—1:>xzforx=7
3 3 3 T T V&
x=—=y=tan—|tan—+2|=-lorx=—=y=tan—|tan—+2|=-1
4 4 4 4 4 4

g"(x) = 2Xx2sec x X (—sin x) sec’ x (tan x + 1) + 2 sec’ x X sec’ x

= 2sec’ x (1—2sin x cos x (tan x + 1))
3 7w 3r 7
In both cases: x = —,— = tanx+120:g'(—)= g'(—)z 2>0
4 4 4 4
. . 3n T
Therefore, there are two minimum points: i -1 |and i —-1].
b2 T
y= 3+sin(—)= 341=4>=> P(—,4)
2 2
T T
y'=cosx =>m, =y’ (E) = cos (E) = 0 = m,, is not defined. Therefore, the normal line is a vertical line

through point P and its equation is x =

a) f(x)=e¢"-x’= f'(x)=€e"-3x"= f"(x)=¢" —6x

(SHE!

R B = =Rl e T
wMWe=
wMWr=
wNy=
wMo=

[ ”\JI

2ak i 2k 2ekn
~Ne= n="4EEBEZZ 1= A= B10007EF 1Y=0 n=F.sEnee Iy

b) [TFat1 Flotz Fletz 1

el

]
el

There are three possible answers: x = —0.459 or x = 0.910 or x = 3.73.

c) To answer this part, we are going to refer to the graph of the derivative function given in part b when
the zeros of the derivative function were found.

The function fincreases whenever: f '(x) > 0 = x € |-0.459,0.910[ U |3.73, | .
The function f decreases whenever: f '(x) < 0 = x € |— 0, -0.459[ U ]0.910, 3.73] .

d) Atx =-0.459 and x = 3.73, we have minimum points since the derivative function changes its sign
from negative to positive; therefore, the original function changes from decreasing to increasing, which
is a point of minimum. At x = 0.910, we have a maximum point since the derivative changes its sign
from positive to negative; therefore, the original function changes from increasing to decreasing, which
is a point of maximum.

e) Flaotl FlokZ Flatz
R A L A
~MNeBe R —ER
~Na=
~Ny=
~Ne=
e Zekn Zern
M= #=.zoyypius [v=no #=z.Bzxi479 Iv=o

There are two possible points of inflexion at: x = 0.204 or x = 2.83.

f) Concave up on ]-oo, 0.204] and [2.83, oo[; concave down on [0.204, 2.83].
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e =e"cosx =e¢ " (l—cosx)=0=1-cosx=0= x=2kn, k € Z. Given the interval

>

8 Let’s find the points of intersection first. [ 3%]

>0

the only solution is 0.
y=e = y'=—",y=e cosx=y'=—e " cosx+e " (—sinx)=—e " (cosx +sin x)
We need to see that the curves have equal gradients at x = 0.

First curve: y'(0) = —¢’ = -1
r—}% r—9H
Second curve: y'(0) = —e” | cos0+sin0 | = -1

Since both curves pass through the same point, and have equal gradients at that point, we can conclude
that the curves are tangent to each other.

4ty

1
oA ) oS
Ye(x)cas/\&: X

-1 1 2 3 4 5

9 s(t)=4cost—cos2t

Given that the particle comes to rest after T seconds, T'> 0, we can conclude that its velocity at T is equal

to zero.
2sinTcosT

v(t)=s"(t)=—4sint+sin2t X2 =2sin2t—4sint = v(T)=0= 2 sin2T —4sinT =0

4sinT (cosT—-1)=0=sinT =0orcosT =1= T = 7 is the first positive solution.
1 -1

a) a(t)=2cos2tx2—4cost=4cos2t—4cost = a(m)=4cos2m—4cosm=238m/s

b) The maximum speed is achieved when the acceleration is zero; therefore:
a(t)=0=4cos2t—4cost=0/+4=2cos’t—1—cost=0= (2cost+1)(cost—1)=0
1
= COoSt = —Eorcost =1

Since 0 < t < 7, we can discard the second case.
NE) V3

2 2
1 2r 2r ar 2r
cost=——=t=—= v(—)z 231n(—)—4sin(—) =33
2 3 3 3 3
Since the velocity is negative, the particle is moving in the opposite direction and the speed is
343 = 5.20 mis.
10 y=e"=y'=¢

If the tangent line passes through the origin, we need just one more point, let’s call it (x,, y,) = y, = €™,
to find the equation of the line T. We can use both facts to find the slope.

o

€ .
e =— = e xXx,=e"/+e",e" 0= x, =1 = y, = e = Equation of tangent: y = ex

mr»




11

12

b)
<)

a)

b)

d)

e)

- O
fx)=2"= f'(x)=2"xIn2

m; = f'(0)=2°XIn2 =1n2 = Equation of tangent: y =In2(x-0)+1= y=In2xx+1

Stationary point must satisfy the equation f '(x) =0=2"xIn2=0=2"=0=>x¢R

x*=3 , ZX/—(XZ—3);Z/ 2x —x*+3
)= e’ =7 = e - e

numerator must be equal to zero and so we need to solve the following:

. Since the fraction is equal to zero, the

2x—x*+3=0=>x"-2x-3=0=>(x-3)(x+1)=0=x, =3 orx, = -1

, , -3 6 (-1’ -3
Now, we need to find the corresponding y-coordinates: y, = R andy, = ————=-2e
6
So, the stationary points are: B, = (—1,—2¢)and P, = (3, —3)
e
_2x-x’+3 N " N .
y'= ————— and since the denominator is always positive we need to investigate the sign of

the numerator. The numerator is a quadratic expression and the parabola opens downwards; hence,
the expression is positive between the zeros, and negative otherwise.

x x<—1 —1 —1<x<3 3 x>3
f'(x) negative 0 positive 0 negative
f(x) decreases minimum increases maximum decreases

6
B, = (-1, —2e) is a minimum point, whilst P, = (3, —3) is a maximum point.
e

The function is a quotient of a quadratic function and an exponential, and at infinity it is going to
behave in the same way as the exponential, since it is steeper than the quadratic.

2
. . . X =3
i) lime* =+4c = lim =0
X—>oo X—>o0 e
2
s . x" =3
ii) lim e¢* =0 = lim = +oo
X—>—o0 xX—>—o0 e

Notice that both numerator and denominator are positive.

Looking back at the previous part, we notice that the x-axis (y = 0) is the horizontal asymptote since
the graph of function fapproaches the positive part of the x-axis as x becomes very large.

To find the points of intersection with the axes, we need to set the values of x and y to zero in turn:
2

0
x=0=>y= =-3= A (0,-3)

60

x> =3

X

[4

=x'-3=0=>

y=0=0=

x=-3orx=+3
So, there are two points of intersection with the x-axis: A, (—\/3 , 0) and A, (\/5 , 0) .

Using all of the above information, we sketch the graph:

427
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\ / i

FanY
AY 74

A | TN /

N / Y| Horizontal

axis: y=10
\/
\

=0

13 a) We know that the derivatives of the sine function follow the pattern:
y=sinx = y'=cosx = y"=—sinx = y¥ = — cos x, and now we need to rewrite all of these
expressions as a translated sine wave.
. T T
Cos X = sm(x+—) =a=—
2 2
—sin(x)=sin(x+7m)=>b=7x

) ( 371') 3r
—cosx=Ssm|x+—|=>c=—
2 2

d(ﬂ)

dx(n)

b) (sinx)zsin(x—i—w%),ne%’

d d’
14 a) y=xe :>d—y:1><e"+xe" =(1+x)e" = d);=1><e"+(1+x)e" =(2+x)e"
X X

3
:%zlxex+(2+x)e" =(3+x)e"
x

d}’l
b) y )n/ =(n+x)e*,n=0,1,2, ..., where the zero derivative is the original function.
x
¢) We notice that this induction starts with zero and therefore we check the base for zero.
dO
n=0= ;:)/ =(0+x)e* = y = xe”, which is true.
x

k
Now, we need to assume that the formula works for n = k = d—’f =(k+x)e".
X

The next step is to see whether the formula works for the next value.

dy
py_ ) _ateenen
n=k+l=—="= = =1xe* +(k+x)e* =(1+k+x)e”", which shows
dx™" dx dx

that the formula works for k + 1.

Since the formula works for n = 0, and, from the assumption that the formula works for n = k, we
confirm that it works for n = k + 1, and, by the principle of mathematical induction, we can conclude
that the formula works for all n =0,1, 2, ....




Exercise 15.3

1 x2+y2:16i:>2x+2yy':0:>y': sz_f
dx Zy oy
d , —y* —2xy
2 x2y+xy2= /:2xy+x2y'+y2+xx2yy ZO:y'(x2+2xy)=—2xy—y2:>y'=2—
dx X"+ 2xy

3 x=tany/dd:>1=sec2y><y':>y'=coszy
X

4 xX-3x+yx-y =2 ;i:>Zx‘3y2—3x><2yy'+3y2y'x+y3—2yy'=0
2x=3y*+y’

=2x-3y"+y = y'(6xy—3x)* +2y) = y'=
y+y =y(6xy 3%y  +2y) =y 63712

_ ' LI 2 a3 2,0 3
5 x_yzl/d:y Y _YEZY o XYIXRY VYR Y
Yy x dx

y2 X x2y2
x2y+y3
x*+xy°

d Xy
6 +ty=1—= +y+xy'Yx+y+ ———(1+y')=0/x2x+
g xty =1/ = xRty +xy 'ty 2,—x+y( 7' / x+y

:>xzy—x3y'—y2y'x+y3 =0:>xzy+y3 z(x3+y2x)y':>y'=

S2y(x+9)+2xy ' (x+ )+ xy(1+y)=0=2x>y '+ 2xyy + xyy ' = 2xy — 2y° — x
y Y Y Y Y y y Yy VY Yy — 2y Y

—2y2—3xy
=9y (2x>+3xy)=—-(2y* +3xy) > y'= —<L "2
4 ( * xy) (y xy) 4 2x2+3xy
. d . : : o 1-y
7 x+siny=xy/—=14cosyxy'=y+xy' =>1-y=y'(x—cosy)= y'=———
dx X —cos y

8 xy’ =x4—y4/dci =2xy’ —3x7y’y = 4x’ +4y°y = 2xy’ —4x’ = y'(3x°y’ +4y7)

. 2xy° —4x
iy =3 2. 2 3
x“y +4y
9 xy+ey:/d:>y+xy'+ey><y':0:>y'(x+ey):—y:>y': —)
dx x+e

d ~Z(x+2) xX+2
10 (x+2°+(y+3 =25/ =2(x+2)+2(y+3)y'=0= y'= -
(x+2) +(y+3) 0 (x+2)+2(y+3)y y 70 +3) e

1

11 x=tan(x+y)/;:>1=secz(x+y)(1+y')=>cosz(x+y)=1+y':>cosz(x+y)—l=y
x
= y'=—sin’ (x+y)

12 y+M:3x3/;:>y'+ !
pe

5 ><(y+xy')=9x2/2\/g=>2\/Ey'+y+xy'=18x2\/g
Xy

2
:>y'(x+2\/g):18x2\/g—y:>y':M

x+2\/g

13 x’-xy-3y"=0 dd:3x2—(y+xy')—6yy':0=>3x2—y=y'(x+6y):>y =
X

2

3x"—y

x+6y
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3x22—(-2) 14
2+6x(-2) -10

7
a) mT:y'(z,_z): :_g:

7 7 4
Equationoftangent:y:—g(x—Z)—2:>y:—§x+—

5
1 5 5 5 24
b) my =—-—=—-= Equationofnormal: y==(x-2)-2=> y==-x—-—
m, 7 7 77 7
16x° 16x°
14 16x" +y" =32 i:>64x3+4y3y'=0:>y':—ﬁ4 R
dx Ay y
, 16x1’ _
a) my=y'(1,2)=- > = —2 = Equation of tangent: y = 2(x—1)+2= y=—-2x+4

L_1 1 13
b) my, =—— =—= Equationof normal: y=—-(x-1)+2=y=—x+—
my 2 2 2 2

d 2
15 2xy+msiny =271 —:2y+2xy'+7tcosy><y'=0:y':_—y
dx 2x + mcos y
n
Xi
(, 7 4 Z T
a) mp=y 1>_ = - p :—5:
2 2><1+7rcos()
2
Equationoftangent:y:—g(x—1)+7—2r:>y:_§x+n
1 _2 2 T 2 -4
b) my =——=— = Equationofnormal: y=—(x-1)+—= y=—x+
my T 2 27
d 1
16 3/xy:14x+y/:>(y+xyu):14+yv ><(33x2y2):>
dx  33x’y?
423x*y* —
yray =42yt 3y xy =y (=R = iyt -y =y = L
x—=33/x"y
. 423/2% (-32)° +32  42x16+32 352
a) m,=y'(2,-32)= = =22
2-33/2% (-32)° 2-3x16 23
352 352 32
Equation of tangent: y = ——(x—-2)-32=> y=———x — —
q gent: y 23( ) S
1 _23 23 23 5655
b) m, =——=— = Equationofnormal: y=—(x-2)-32 = y=—x—-——
my 352 352 3527 176
d
17 x2+y2:r2/:>2x+2yyv:0:>yv:_£
dx y
-0
mT:)"(xl’)’l):—ﬁamL=yl—=&:>mT><mL=—ﬁx&=_1
1 xl_o Xy X

Since the product of the gradients of the two lines is —1, we can deduce that the lines are perpendicular.
18 The function x* + xy + y* = 7 is given.

a) Points of intersection with the x-axis: y =0 = x* =7 = x,, = +/7. Now, we need to find the
gradients to the curve at those points.
2x+y

x2+xy+y2:7 i:>2x+y+xy'+2yy':0:>y':—
dx X+2y



y'(—\/?,O):—ZX(_ﬁ)JFO (7.0) - 2xN7+0 _

=2y - =
7 +2x%0 4 J7 +2%0

Since the gradients are equal, the tangents at those two points are parallel.

b) To find a point where the tangent line is parallel to the x-axis, we need to make the slope equal to

Z€ro.

2x+y
=- =0=>2x+y=0=y=-2x
x+2y

Also, the point must be on the curve:

1

7 V21

o+ xx(2x)+(2x) =7=23x"=7T=>x=+ /5 :iT
. V21 2421 V21 2421

So, there are two points: = T3 and 05 )

¢) To find a point where the tangent line is parallel to the y-axis, we say that the slope is undefined;
therefore, the denominator of the derivative must be equal to zero.
2x+y
=— =>x+2y=0=>x=-2y
x+2y
Also, the point must be on the curve:

1
(_Zy)2+(—2y)xy+y2=7:3y2=7:y=i\/§=i£

2

3
Rt 2200 1)

m)

So, there are two points: ( 3

1

>

3
19 x*+2xy—-3y"=0 dd:>2x+2(y+xy')—6yy'=0:2x+2y=6yy'—2xy':>
x

J= Z(x+y) _ Xty
Z(3y—x) 3y—x
1 _3-1

L) 1+l

my =

= -2 = Equation of normal: y = -2(x -1)+1= y = -2x+3

Now, we need to find the point of intersection with the curve.

{ y=-2x+3 { y=-2x+3 { y=-2x+3

2 2 = 2 2 = 2
x*+2xy—3y" =0 x> +2x x(—2x+3)=3(=2x+3)’ =0 —15x% + 42x — 27 = 0/+ (-3)

{ y=-2x+3 { y=-2x+3
= =
5

: (x-1)(x-9)=0 9
X —14x+9=0 x—=1)(5x-9) = r=torx=

This system has two solutions. One solution is expected, (1, 1), whilst the other solution is the point that

we are looking for: (2 ,— E)
5 5
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2 2 d . , 4x
20 4x"+9y" =36/ — =8x+18yy'=0=y'=-——
dx 9y
This is the first derivative and we now need to differentiate it again to obtain the second derivative.
36 4x X
o Axjd L AXOy—4xxSy 7 %( %y) _36y° +16x°
P ey (9y) (9y) 81y°

An alternative method simply involves proceeding with the differentiation.

8x+18yy'=0 ;:8+18(y'><y'+y><y")=0:>
X

2 2
) ;(4+)/6(9(—;1x) 4+ 9 % 16x
Y) _ _

o SH180) Bloy® 36y’ +16x°
18y 189y 9y 81y’
21 «x —2x—3/d:> +xy'=2-3y'= =2
¢ ’ dx ey ’ Y x+3
2y DB _2y-4
R (43’ (x+3) (x+3)
1 1 4 4 7 4
22 a) xy=l=>y=3-=y=x"> i=>)/':—l><x3 i:y = Zx = —
x dx 3 dx 9 7
9x?
3
b) xy’ =1 i=>y3+x><3yzy‘:():>),'=_ y o __)
dx 3x/ 3x
Y 4
—Ax|-2 |4y 2
dx e 3x° 3x* 3x° 9x°
1
_4x 4
=— =
9x 953

23 x2+y2=(x2+y2—x)2/di:>Zx+2yy'=Z(x2+y2—x)><(2x+2yy'—l)

x—(2x—1)(x2+y2—x)
y[2(x2+y2—x)—1]

=Sx-2x-D)(+y —x)=py [2(x+y —x)-1]= y'=

To find the slope, we simply input the coordinates of the point.
2
0—(2><0—1)(02 +(1) —0)
, (O 1) 2
m = y ,— | = 3 =
1[2(02 +(1) —0)—1}
2 2

2
. 1 1
Equation of tangent: y = 1x (x — 0) + 5 =>y=x+ 3
3x*
x+1

NN
—

24 y=ln(x3+1):y':



For questions 26-33, in order to simplify the calculation of the derivative of logarithmic functions, we need
to rewrite the original functions in sum or product form, as these are much easier to differentiate than the

_ . cosx
25 y=In(sinx)= y'= = cot x

sin x

products and powers respectively.
1 1 1 1
26 =1 il y=—(1 +1)+1 “D)=y'== +
y = log; Vx y = (log, (x+ 1)+ log (x ~1)) = y 2((x+1)1n5 (x_an
1 Xx/f+x;kf 1 Zx _ X
2In5 (x+1)(x—1) ZlnS (x+1)(x-1) lnS(xz—l)
l+x ‘ 1( 1 —1) 1% +14%

l—x (n( *)- n( x)) 4 2\1+x 1—

_ 71 _ 1
Z(1+x)(1-x) 1-x7

27 =1In X <
4 2 (1+x)(1-2)

— 1 1 1
28 y=\logyx=y'= % :2xln10 log,, x
10

2\/log,, x xIn10
Notice that we did not rewrite the function since it is a power of a logarithm, not a logarithm of a power.

-1 1 _-a x—a%_ —2a (_ 2a )

a-x a+x (a-x)(a+x) a’—x°

29 y:1n(Z;i):ln(a—x)—ln(a+x)=>)":

x*—a’
30 yzln(e“’”):cosx:>y'=—sinx

If we don't notice the simpler form of the function, we will use more time and it is more likely that during
the process we will make a mistake.

x;yw{x(—sinx)z—sinx

1 1 1 1
31 = =y'=- X =-
4 log, x 4 (log, x)* x1In3 x In 3 (log, x)’

y= ln(e“’”) =y'=

1
32 y=xlnx-x=y'=lnx+XxxX—-1=lnx+ - =lnx

X

A1 ) LD S
Ax xM X X
Again, if we spend just a bit more time rewriting the function, the differentiation is much simpler to

perform.
In x ax,
=1In(ax) - Inblog, x = In (ax) - Jub x =In|—
It X

33 y=In(ax)—Inblog,x = y'=

) = In a, which is a constant; therefore,

y'=0.
1
3 x=8=y=1log,8=3=P(8,3),y=log,x=>y'=—— ,m=y'(8)=——
xIn2 8In2
1 1 81 1 1
Equati ft t:y= -8)+3=>y= - +3 > ypy=——x——+3
quation of tangent: y 81n2(x ) /=82 £1n2 ) T em2" In2

When using a calculator to graph this function, we need to use the change of base formula since there are
only two types of logarithmic functions given on the calculator, base 10 and base e.
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Flatl Flakz Flak FOINTS =STO
SRl = I TS P N L T ] LDz

wNe= Zilinec

whr= JtHorizontal
“My= 4illertical

wMe= Tan9entc

“Me= t0rawF

M= rlShadel

ﬁ?ff””;ﬂﬂ_

hH:]
v B0FEEAALOEN+1. BEF S0

1-081nC222
- 1883368801
3—1lpi2an
1.557384959

The final screen gives the numerical values for the slope and y-intercept of our exact solutions.

35

lnyz;(ln(xz—l)—ln(x2+l))/;:>y—'=—
Xy

2x

1

1
2

x> -1

:>lny ln,/ (ln(x —1)—ln(x +1))

2x  2x )_
x*+1 \2\

2x

36 yzlen(x2)=2x21nx:y'=4xlnx+2xz><
y"=202Inx+1)+24 x

y'=0=>4lnx+6=0=Inx=-

. _ xz—l>< 2x
VI ) ) Vel o) )

i=2x(21nx+1)

X

2
—=4lnx+2+4=4lnx+6

X
A2

3 B
—— = X=e or

(x? —1): (x* +1)2

3

1 e
7X/—lnx><1 I
37 g =——=¢'x)= 2 = x—(l—lnx)x
u(x) ——><x +(1—lnx)( 2)x3__1_2+21nx:21nx9§_3
. l—lnx Ine 1
g(x): 2 :0:>1—1nx=O:>lnx:1:>x:6;y:_:_
X ; ;

k+1—k+1:>
(x2 1)(x +1)

1
:P(e,—)
e

To show that point P is a maximum, we are going to use the second derivative test.

21ne

g'(e)=

-1

=—<0; therefore, it is a maximum. To show that it is an absolute maximum, we are
e

going to show that the function on its domain is always increasing before point P and always decreasing
after point P, by using a table of signs of the first derivative.

Since the denominator of the first derivative is always positive, we are simply going to investigate the sign

of the numerator.

0<x<e=>hx<l=1-lnx>0=>¢'(x)>0,x>e=>hx>1=1-lnx<0=g¢g'(x)<0

x O<x<e e x>e
f'(x) positive 0 negative
f(x) increases maximun decreases
Therefore, point P is an absolute maximum.
38 y=arctan(x+1)=> y'= ! = ! = L
1+(x+1)7° 1+x*+2x+1 x*+2x+2




39

40

41

42

43

44

1+x" —x —F/——
, 1 21+ x2
= = X

. x
= arcsim | ————
g (\/1+x2] g ( x )2 1+ x°
1_7
V1+x?

1P
= ! s N1+ x" =)7x;>< ! _ !
\/1%7%{ 1+x° (

1+ x°

3 , 1 . 6.~ 6
y=arccos(—):y =—————=X3(2)x" = =
x’ x99 xx' -9

3 2

x
d 1, x . x
In y =xarctanx/ — = — y'=arctan x + -~ = )y = y|arctan x + >
X y +x I+x

Now, if we find the function in explicit form, we obtain the following:

x
Iny =xarctanx = y = """ = y' = (arctan x+ 2)
+Xx

1 N -1
\/ 1-x’ \/ 1-x’
constant. We can find the value of that constant by using trigonometric identities.
sin (arcsin x + arccos x) = sin (arcsin x) cos (arccos x) + cos (arcsin x) sin (arccos x)

f (x) = arcsin x +arccos x = f'(x) = = 0, so we can conclude that the function is a

=xXx+ \/1— sin” (arcsin x) x \/1—cos2 (arccos x)
=x"+V1-x" xV1-x’
=X +14 =1

. T
= arcsin x + arccos x = E +2kmkeZ

a) —arctan(x):dy— ! xl— a ><1— a
4 a dx x)z a a+x> A a+x°
1+ =
a
d 1 1 1 1
b) yzarcsin(ﬁ):—yz—x—zLx_:—
a dx (x)z a -x A a’ —x’
1—-| —
a
s
. 2 x
y =4xarctan2x = y = 4arctan 2x + %2x = 4arctan 2x + >
L 1+ 4x
x
4
T T

le:yz/fzxixarctanlz\Xx

2 7 M2 2

1 4 /4
mzy'(5]=4arctanl+m=/fx—+2=7r+2

A

1
Equation of tangent: y = (7 + 2)(x—5)+§ =(r+ 2)x¥—1¥§ =(r+2)x-1
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45 a) A function is linear if its derivative is a constant.
1

f (x) =arcsin (cos x) = f'(x) = ﬁ
1—cos” x

b) Aswe have seen in question 42:

1
X (—sin x) = —— X (—sin x) = -1
sin x

arcsin 0+ arccos 0 = B = arcsin (cos x) + arccos (cos x) = B = arcsin (cos x) = 5 X

T
Therefore,a = —1and b = 5 .

2 5 tan 0+ tan ¢ 5
46 / tangp=—, tan(0+ @)= — = ==
/ X x l—-tanOXtan@ x
/
// 2 xtan 6+ 2
J/ 3m tan0+; 5 £ 5
/ 2 x x—2tan 6
/ l1—tan 6x — —
y . £
/ 1 2m
/0 -7 = x” tan O+ 2x = 5x —10 tan O = tan 9(x2+10):3x
///(p 3x
X = tan 0= —; :Ozarctan( 5 )andwe need to find the
x"+10 x"+10
value of x so that 8 is maximum.
2
e 1 ><3(xz+10)—3x><2x_ (x X_3x2+30 ~ —3(x2—10)
dx 1+( 3x )2 (x* +10)° (x* +10) +9x° (3 2 (x*+10) +9x?
x> +10
de
d—zOz>ﬁ—lOzOz>Mandx=\/10.
X

We have discarded one solution since the distance cannot be negative.

Note: Once we find the function, we can input it into a GDC and find the point at which the angle is a

maximum.

0T7s Y

== f1 ()():tan’1 X
x2+10

dos

005 7

2 fi:(3.16,0.443)

Notice that in this case we can also see the value of the angle (in radians).

v 1 I 1
47 s(t)=arctant = v(t)=s (t)_1+tX2\/;_2x/;(l+l‘)
. 1 1
a) i) VU)_2J10+1)_Z
i) v(4)= ! L s

Wa(1+4) 20



1 1 - 112 .
b) s'(t)=————=—t2(1+t) "' 2alt)=s"(t)=—|——=t 2Q+t)" +t 2 x (=) (1+1)"
(t) i 2 1+1) (t)=s"(t) 2(2 (1+1) -D(A+1)
1 -2 1
:—Zt2(1+t)’2((1+t)+2t):—3+—3t
4t2 (1+1)°
i) 61(1):—31;3=—im/s2
4x12x(1+1)
ii) a(4):—13+3—><4:—£m/52
800

4% 42 x(1+4)
c) The particle is moving to the right and slowing down as the velocity decreases and the acceleration is
negative.

T /3
d) lims(f) = limarctan vt = > as the curve y = arctan x has a horizontal asymptote: y = 3
t—ro0 f—>o0

Exercise 15.4

av
1 —=-2m’ / min
dt
We can express the volume in terms of the height / only or in terms of the radius  only. In order to do
this, we firstly need to find the relationship between h and r. Consider the cross-section of the cone:

By similar triangles:

3 3
12—:>r=—horh=§r
8 h 8 8 3

v

2
a) V:lrzhn:V(h):l(éh) th’=ih3ﬂ?:>d—v=i :
3 3\8 64 dh 64
dh dh dV 1 dv 64 dh 64 128
A 22 ()26 X (~2) = — —— = —0.181 m/mi
dt  dv ' dt 4V’ dt  omh? -2) dt() 97T % 25 -2 2257 m/min
dh p
b) V:lrzhir:'V(r)=lr2><§r7r:§r37r=>—v:§r27c;h:5:>r:E
3 3 3 9 r 3 8
dr dr dV 1 dv dr (15 3 4 )
O - xS 2= ———x(-2) = - —— =~ —0.0679 m/min
dt  dv’  dt dV o dr " dr\8 o 15 751
p dr p 8 4
2 —V:240cm3/sec,V:—r3r£:>—V:—erzfc:4r27c
dt 3 dr A
dr dr dV 1 dv  dr 1 15
—=—X—=o=X—=—(r=8)= — X 240 = — = 0.298 cm/sec
dt  dv’ dt 4V dr T dt 4x 8w 167

dr
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4 /900
b) Whent=5:>V=240><5=1200;1200=5m’3 =r=3—
T

d f900 1
dt Y3 900
4 T

x| 3|——
T

d dC dA
3 —r=1cm/hr,C=2r7t:—=27r,A=rzﬂ:—zzrn
dt dr dr

a) d_C:d—Cxﬂ=>£(4):27r><1=27rz6.28cm/hr
at  dr dt dt
b) d—A:d—Axﬂzd—AM):2><4><7zr><1:877:z25.1cm2/hr
dt dr dt dt
1 1
4 @=50m/min,tan9:L:>B:arctan(i)ﬁd—e: 250 > = >0 3
dt 150 150 dh 150" +h 22500+ h
ﬁ:d_exﬁ:ﬁ(hzzso):szw:&:i:0.0SSZradians/min
dt dh dt dt 22500+ 250 22500+ 62500 34
5 h=72m,%=6m/s,s= 722+x2=>£ Zx al , where s is the length of the

dx Z\/722 +x° - \/722 +x°
string and x is the horizontal distance over which the kite is carried by the wind. When the length of the

string is 120 m, we need to calculate the horizontal distance: x = v 120 = 72> = 96 m.

ds ds dx ds 96
—=—X—=—(s=120,x =96) = — x 6 = 4.8 m/sec
dt dx dt dt 120
6 Let x be the distance of the boy from the lamp post, and s the length of the shadow.
dx X s 1 ds 1
— =6 ft/sec, =—=s=-xXx=>—=-
dt 20-5 5 3 dx 3
ds ds dx _ds 1

= x> =2x6=2ft/sec
dt dx dt dt 3

7  Let x be the distance between the two cars after t hours.

x =~Iw? +n? = (60t) +(35t) = 5193t = Z—’: = 5v193 = 69.5 km/hr

Notice that the rate of increase doesn’t depend on time.

8 @=4,y=\/x2+1:>d—y— 2x al

dt dx—Z\/x2+1_\/x2+1
d_dyde _dy g 3, 12 610
dt  dx  dt  dt 32 41 Jio 5

9  Let x be the length of the base of the triangle, and & the height of the water level. From the similarity of
the shape formed by the water and the trough dimensions, we calculate the relationship between x and A.
d—V=O.03m3/sec, E=%=>x=ﬂ,V=x—h>< 2=2xh= Zxﬁxh=3h2
X

dt 2 YA Zz
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11

12
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14

15

If the time is 25 seconds, we can calculate the volume of water to find the height of the water level.

t=25=V =0.03%x25=0.75;0.75=3h"=h=0.5
dhdthldthldVl

= —=—X—= % 0.03 = 0.01 m/sec
dodv i dr AV ar dr eh . dt 6x05
dh
d 4 av 4
—r—3mm/sec,V——r T=—=—Xx3r'r=4r'"m, A =4r"r =10 mm’
dt 3 dr 3
14
av._dv. dr_ 4znxﬂ=>d—(A—10)—10><3=30mm3/sec
dt dr dt dt dt
40 km/ > >
/ 5(£) = (2 — 40t)* + (2 = 50t)> — 2 (2 — 40t) (2 — 50¢) cos 60° = /4 — 180¢ + 2100£>
ds —180 + 4200¢ ~90+21006  _ ds -90
== = Z(t=0)= = —45
/609 dt  23a—180t +21006* 4 —180¢ + 2100¢° ~ N

—

sokm/r  1he distance is changing at the rate of 45 km/hr.

Let x be the length of a diagonal, and a the length of a side.

dx da 1 da da dx 1

— =38 ;X = \/§:> =S — =, — = — —_— = —— 4.62

gr - Semfseex=aV3 = as xS s e T e w B f cm/sec
l=r0:>Gziﬁd—ezLﬂ—O?)umts/sec

10 dt 10 dt

If the vertical distance to the x-axis is 5, we can calculate:

sin@—i 9——0 9——,x=10cos@:>@:—105in9
102 6 de

dx _dx 6

2-f(o-2]-
dt 6

. T
=—X — sin —
. de dt

x 10 % 0.3 = 1.5 units/sec

Let x be the horizontal distance travelled by the jet, and 6 the angle of elevation to the plane.

de 1 10000 d 10000
— = —rad/sec, tan 0 = :>x—10000c0t6:>—x:—7
dt 60 x do sin® 0
10000 1 2
d_xzd_xxﬁ:d_x( :E):_—x—=—ﬂz—222.22...
dt  de  dt  dt 3 z(ﬂ) 60 9
S1In g

Therefore, we can say that the speed is 222.22 m/sec or 800 km/hr.

Firstly, we need to take care of the units. Since the speed of the car is given in km/hr and the speed of the

camera should be given in degrees per second, we have to convert km/hr into m/sec:

288
288 km/hr = 36 80 m/sec

To find the distance travelled by the car, we have the formula x = 80¢, where t is time given in seconds.
There is also a relationship between the angle of the camera and the distance on the track that the car has

X X
covered: tan 6 = E = O =arctan| —|.
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de do dx 40 3200
a) —_— =—X—= > 5 X = B >

dt  dx dt 40" +x 40° + x

de _ 3200 180°

—(x=0) 0 2rad/s=2x - 115° deg/sec, correct to three significant figures.

1
b) Half a second later, the horizontal distance travelled by the car is: x = 80 x E =40m.
do 3200 180°
—(x =40) = ——— =1rad/sec = —— = 57.3" deg/sec
dt ( ) 40° + 40° / T 8/
16 We need to set up the coordinate system in such a way that the plane is at the origin, the trajectory of the
plane is a straight line, y = x tan 6, and the tower is at the point (6,—5).
yA

P 0 X,

d 10.8 10.8
2~ 180 m/min = 10.8 km/h = sin 6 = — = 6 = arcsin (—)
dt 640 640

dx
x = 640 cos QthE:MOCOSG

s=TP = \/(x—6)2 +(x tan 0+5)° = Vx® —12x + 36+ x> tan’ 6+ 10x tan O+ 25

= \/(1 + tan’ 9) x* +(10 tan 6—12) x + 61

ds  2(1+tan’ O)x+(10tan 6—-12) (1+tan’ 6)x+5tan 6— 6

dx 2\/(1 + tan’ 9) x* +(10tan 6—12) x + 61 \/(1 + tan’ 9) x*+(10tan 6—12) x + 61
ds ds dx ds 5tan -6
—=—X—=—(t=0)=———x640cos O = —485 km/h

i a w0 e ° /hr

Exercise 15.5

1  The point in the first quadrant has coordinates (x, V1- x|, so the length and width of the rectangle

are [ = 2x and w = V1 — x” respectively. The area of the rectangle can then be written as
A(x) = 2xvV1—x*. Now, we need to find the maximum area:

A(x)=2xV1-x° +Zx><;><(—2x): 2(1-x%)-2x B 2(1-2x%)

Z\/l—x2 V1-x* 1-x*
2(1-2x7
A'x)=0= % =0=1-2x>=0=x = % , since the point is in the first quadrant.
1-x° 2
. . 1 1 1 2
So, the dimensions of the rectangleare | =2 X —==~v2 andw =,[/1-— = —==—.
V2 2 V2 2

M=zndil-nzd L
H=.?0?1055ﬂ'|'=1




Note: We can also find the area of the rectangle: A ( )
& f\/ f f

Let the rectangle have dimensions x x y, where x is the fold into the base and y is the height of the
cylinder. The radius of the base will be: 2rr=x = r = X Therefore, the volume of the cylinder

2 2 2r
1
is;V:r%rh:V:(i) Ty =2
2r

HAy= T x’y. Since the perimeter is equal to 40 cm, we
T
can express the volume in terms of x only: 2x +2y =40 = x+ y = 20 = y = 20— x, and so
Vix)=— x2 (20— x) . To find the maximum volume, we need to differentiate the volume with respect
4
to x and ﬁnd the zero of the derivative:
1
V'(x )— (2x(20 x)+x7 x(-1)) = —x(40—3x) =SV'(x)=0=—x(40-3x)=0
4ar 4w

40
x=00r40-3x=0=>x=—

3 20
The first solution is not possible, so we take the second and calculate y: y =20—-x = y = 5

40 20
So, the dimensions of the rectangle are ? cm and ? cm.

Flokl Flokz Flotz
HmEIHHn}*HEEEE

whe=
W=
~Ny=
wAES Haxir :
Y a= RE15.353354 LHS0H 310 represents the maximum volume.

Notice that the value of y on the graph

Any point on the graph has coordinates (x, Jx ) ; therefore, to find the distance to the given point, we
will use the distance formula. To make the calculation simpler, we will use the square of the distance and
then, at the end, we will simply take the square root of the value we obtain.

2
g(x)z(x—g) +(\/;—O)2—x —3x+j+x—x—2x+9=>g (x)=2x-2
: \/_
g'x)=0=>2x-2= 0:>x—1:>g(1)—1—2><1+—:—

1060 500 _ 500
Zx x?

a) V=Ixwxh=100=2xXxxXh=>h="—"——

b) S=2hw+20h+ 2wh = S(x) = 4x° + (dx + 2x) 22 = 41 6%x5m’ L2 4 3000
x x
o S'(x)=8 3000 =8 (x)=0=8 3000 o:>8x=30?0:>x3=m:>
X
3000 1033
=T T ;f-=5@r“72”2 S B 1 2ares2
z
14, 4224957
SEE.H2
9. 614997135

So, the length, width and height are 7.21 cm, 14.4 cm and 9.61 cm respectively.
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5 Let’s denote the width of the rectangle by w, and then the radius of the semicircles is half of the w1dth
Since the rectangle has an area of 100 cm?, we can express w in terms of x only:
100
100 = x x w = w = — . Now, the perimeter of the figure is equal to P = 2x + 2r7 = 2x + wr, which
X
1007
can be expressed in terms of x only: P (x) = 2x + —— . To find the minimum value of the perimeter, we
X

need to differentiate it with respect to x and find the zero of the derivative:
P'(x) = 100n 1007 _ 1007 ,  e0s0m

= P'(x)= =0=2=—
x?
x =~507 = 5v27m = 12.533. So, the answer is 12.5 cm, correct to three significant figures.

Sxl=
X z

We are going to use a GDC to confirm our result. If there are problems with establishing an appropriate
window, it is always advisable to look for the y-values in the table.

Flokl Flakz Flokz
=M B2E+188n 5
x¥3—

“"'ITIH: ':_'_,_I—'_'_'_'_'—
wMe=

WM E= Hinirur

=Me= b ek I P = T Bl

6 Lets denote the angles at the vertical posts by aand f. Using the property that angles along the same
transversal have the same measure, we establish the relationship 6 = o+ f3.

Now, using the right-angled triangle trigonometry formulae, both angles can be expressed in terms of x
only:

X X
tan oo = — o = arctan (—)
12

X 10—x
= 6(x) = arctan (—) + arctan ( )
12 8

10 - 10
- X - X
tan 8 = 2 B= arctan( S )

We cannot find the minimum of this function without using a calculator.

Flakl Flokz Flot
wMBtan1CEs1 20+
a1 C18=-¥2-3

“Me= ___)(_—_—__"“'-\
M=

“My=
whE= Haxir
wME= hEc EiBiH?B SJWEEEZERIFY L

Here, not only can we see the value of x for which we obtain the maximum angle, x = 3.62, but we can
also read the maximum angle, 0 = 55.4".

Note: The same problem could have been solved using angles in radians, but we need to remember to set
the mode to radians.

7  Let’s denote the angle between the 2-metre wide hallway and the ladder by . Then the angle between
the 3-metre wide hallway and the ladder is: 180" — (a + 90°) =90° — ar. We split the total length of
the ladder into two parts, a and b, to correspond to the lengths in the 2-metre wide and 3-metre wide
hallways respectively. Now, from the corresponding right-angled triangles, we get:

2 . 3 3
sinoe=—=a=— andsin(90—a):cosoc=—:>b= .
a sin o b cos o




Therefore, the total length of the ladder can be expressed in terms of ¢ only:

l=a+b=l(a)=

. Again, we will use a GDC to find the answer.

sina Ccoso

Flotl Flokz Flots

SMBZ2osintEI+EAT
oS LHED

W=

W=

wNy=

wHe= H.mr-'.ur-'.‘i-'

“NE= =41, 139083z _¥=7.023402Y .

So, the longest ladder that can be carried around the corner is 7.02 m.

Note: The minimum of this function is the maximum length of the ladder that can be carried around the
corner of the hallway.

AT = /10" + (7 — d)’ . The total time taken is the sum of the time that Charlie takes to walk through the
2 _ 2
10°+(7-d) d

2 5
This can be simplified, but we can immediately input this expression into the calculator.

sandy terrain and the time taken to walk on the road: t =t +t, = t(d) =

Flotl Flokz Flots
SWMETC1EE+ -0 E
1E2HEAD

wWe=

Hinirum
wME= nZE. 535535? _W=EBHZEFET .

So, point A is 2.64 km due west from the office. We can also read the minimum time it takes to walk from
the office to the tower as 5.98 hours. On a GDC we can use an angle feature, DMS, to find the minutes
and seconds of the minimum time.

YeOMS
225 SV 273

So, we can conclude that the minimum time is 5 hours 58 minutes and 57 seconds.

We notice that such a rectangle has dimensions 2x x y; therefore, the area is calculated by the formula:

8 16x 16 (x> +4)—16x x 2x _ 64—16x"
A=2xy = A(x)=2xX— = =>A'(x)= ( )
x’+4 x'+4 (x +Q @ +Q
A'(x)=0=64—16x" =0 = x* = 4 = x = 2, since we are taking just the positive x.
16 X2
A(2)= =4
244
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Let x and y be the movements of the first and second ship respectively, and s the distance between the
ships. For ease of calculation, we will use the square of the distance.

x=12t,y =10+16t = s* = (12t)* + (10 + 16t)* = 144¢> + 100 + 320t + 256> = 100 + 320t + 400t> =
2
(s)'(t) = 320+800t:>(52)'(t)=0:>320+800t=0:>t=—§

Notice that the minimum distance occurred before we started observing the ships.

2 2 2\
s(— E) = \/100+320X(— g)+400><(— g) = /100 — 128 + 64 = 6 nautical miles

V = r’rh is the volume of the inscribed cylinder. If we look at the cross-section of the sphere, we can
find the relationship between R, r and h.

h 2
R2=r2+(5) =>h=20R -1 5 V()=2r'tR -1’ =

2_ 2_ 2 2_ 2
V'(r)=4ravR* —r* +2r'x —Zr = 21'72?(2R 2o ) = 2r71'(2R 3 )

Z /Rz_rz - /Rz_rz /Rz_rz

[2 +J6R
V'(=0=2R"-3"=0=>rn,=1% 5R2 =

Since the radius r of the base of the cylinder cannot be negative, we have only one solution:

J6R 24/3R
= — :} [ J—
3
Let p be the distance between the points X and P, and ¢ the time.

— Jai+p* b-p , 2p 1 pr—cja’+p’
AP=\a’+p*, t(p)= + :}t(p)zﬁ——zﬁ
¢ r Zoa +p* T crya’ +p

(0)=0 pr- @ T =02 pr = fFE RN = i =ty

2.2 2.2

2
r h=2 RZ—ERZ

prr=cpt=a’c> = p’ = 2a ¢ = p= 2a ¢ ~ = d , since p has to be positive.
r-—c r-—c \/rz -2
. . . 20— x X
Since the circumference of the base is: 22 X10—x =20r—x = r = =10—-—, we can also
. . 27 2r
express the height / in terms of x.
2 2 2 2
X X X X X \/407rx - X
hzx/lOO—r2=\/lOO—(10——) =\/J£67}06+10—— 2=\/10—— — =
21 T 4rm T 4rm 2r

Now, the volume can be expressed in terms of x only.

R 1 x V' V40mx — x> (20— x)* V40mx — x°
V==rgh==[10-—| x = - =
3 2 2K 241
Z (20— x)
V'(x)= 2207 — x) x (1) X V407mx — x* + (207 — x)* A=
n [ Z\/407tx - x°
(207 — x) , 5
= 2(x* —407x)+ (207 — x)
247\ 407x — x° [2( ) ]
(207 — x) (207 — x)(3x* —1207x + 4007°)

(2x* — 807x + 4007 — 407 + x°) =

2472/'2\/4071'x—x2 2471'2\/4071:x—x2




1207 + /14 4007 — 48007 20746
V'(x)=0=3x"-120mx + 4007’ =0 = x,, = J =207+

6 3
207tV6 20007~/3
76 =11.5cm =V = Z—:I ~ 403 cm’, given correct to three significant figures.

x=20m—

Notice that the other possible solution is discarded because the value of x exceeds the perimeter of the
circle.

14 p

Q

Let’s set up the coordinate system in such a way that the origin is at the point R. The distance P’Q’ is a
fixed positive number d and the distance P'R is our variable x, x > 0. Then, the coordinates of the points
are as follows: P (—x,a),R(0,0),Q(d—x,b).

2, 2 N2 12
_ﬁ_i_&:\/x +a +\/(d x) +b

tTatal = tl + tZ -

u v u 14

dt
Since the ray travels in such a way that the time is a minimum, we can deduce that e 0.
x

dt Zx 3 (d - x)x(-1) 3 1 X 1 (d-x)

—= + =02 —X————=— X ———

dx  yux ZNx*+a>  vx2J(d-x)+b U Nxt+at U Jd-x)+b’

By looking at triangles PP’R and RQ’Q, we can establish the following relationships.

sin o = PR = * and sin 8 = RQ = d—x ; therefore, we obtain the formula:
PR x*+a® RQ (d—x) +b

sin  u

1. 1.
—xsino=—xsin f=——=—.
u u sinf8 v
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Exercise 16.1

1

10

11

12

13

14

15

16

17

J‘(x+2)dx=%x2+2x+c,ceR
I(3t2—2t+1)dx=Z-%ts—\&‘ét2+t+c=t3—t2+t+c,ceR

1 2 1 1 1 1 1
J ———x3)dx:—x—£ —x'+c==—x—-—x"+c,ceR
3 7 3 14

3 7 A2

1, 1 2, 1
J'(t—l)(2t+3)dt=j(2t +t-3)dt=2-— P+ =3t+c==f+—t*=3t+c,ceR
32 302
7
s

_[ P du = A Lotye=2 : +cceR
u=—=u—-A-—u+c==us-u'+¢c
7 A 7
5 1 1 3 1 3 1
L3 ! 12 3 1 ! 43 1
2\/_——)dx— 2x2——x 2 ldx=2-—x*—-— - —x*+c=—x*-3x*+c¢c,ce R
J( 2Jx J( 2 ) 3 Z 1 3

2 Z

J(3sin0+4cos€)d9=3(—c030)+4sin0+c=—3cos 0+4sinB+c,ceR
1
J.(3t2—251nt)dt=Z-Ets—Z-(—cost)+c:t3+2cost+c,ceR

3 1 5 3 5 3
LA R G 4° 10
J\/;(Zx—5)dx=J(sz—5x2)dx=2~gx2—5~§x2+c=gxz—?x2+c,ce]R

2 2
J(3cos 60— 2 sec’ 0)d0=3sin 0—-2tan O+c,c e R

1 1
J'e3t—1 dt:J'_e3r—1d(3t_1)=_e3t_l+C,C€R
3 3

2 1
j—dt=2jl—dt:21n|t|+c ceR
t t

t 1 6tdt 3t +5 1
J 5 dt = | — 5 ——J. 1n(3t2+5)+c,ce]R
3t"+5 6 3t"+5 3t2+5 6

JeSinecos OdO:J‘esmed(sin 0)=e"’+c,ceR
j(3+2x)2dx=j (3+2x) d(3+2x) = —>< (3+2x) +c-—(3+2x) +cceR
f'(x)zI(4x—15x2)dx=sz%xz—)é/5xgx3+c=2x2—5x3+c,ceR
2 3 1 3 1 4 2 3 5 4
f(x)=J‘(2x —5x +c)dx=2><§x —SXZx +cx+k=§x 2" +cx+kic,keR
1 1
f'(x):I(1+3x2—4x3)dx:x+5><—x3—/(><—x4+c:x+x3—x4+c,ce]R

2 A

In this problem we are told that f ' (0) = 2, so we can calculate the constant c:
f0)=2=0+c=2=c=2= f'(x)=2+x+x" —x"
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24

2

vl

2

=)}

2

N

28

2

\O

3

=]

31

Po &

Hence,f(x):J(2+x+x3—x4)dx=2x+%+%—%+k,kER.Also,wearetOIdthatf(l):2,50
we can calculate the constant k:

1
fQ)= Z+ +———+k z= :——:>f(x) —x—+%+—+2x——
f'(t):J(St—sint)dt:)ﬁx—tz—(—cost)+c=4t2+cost+c,ceR

Z

4
ft)= J(4t2+cost+c)dt=§t3+sint+ct+k;c,keR

1 1
f(x)= f(12x3—8x+7)dx=)/2/3><—x4—,54><2x2 +7x+c=3x"—4x>*+7x+c,ceR
In this problem the initial condition is given, f (0) = 3, so we can calculate the constant c:

f(0)=3=0+c=3=c=3= f(x)=3x"—4x"+7x+3
f(6)= J(Zcos 9—sin(29))d9:ZJCOSOdQ—Isin(ZG)X%d(29)+c

= 2sin 0—%(—cos(20))+c=251n 9+%cos(20)+c,ceR

2 6 2
Ix(3x2+7)5dx=J(3x2+7)5xld(3x2+7):lx(3x +7) +c:(3x +7) +c,ceR
6 6 , 36
L
I—dx—j(3x2+5)4de(3x2+5)=lxﬂ+c:—;Sﬂrc,ceR
(3x* +5)' 6 -3 18 (3x” +5)
5
24 7)s 84/(5x° +2)
J‘2x2\/45x3+2dx:.|.(5x3+2)‘1¥xid(5x3+2):ixw+c=&+c,ceR
15 15 5 75
4
3+ 23x) 3+2vx)
j“Tx)dx:j(3+zﬁ)5xd(3+z&):(+—")+c,cexg
3 2 3\
J.t2V2t3—7dt:_].(21‘3—7);x%d(2t3—7)=éx(2tT7)2+c:¥+c,ceR
2
)
s 5 2+) 6
j(2+i) (Lz)dxzj(2+i) x(—3)d(2+2)=——x+c:—w+c,ceR
X X X X 18 18x
'fsin(7x—3)dx='|.sm(7x 3)>< d(7x-3)= —x(—cos(7x 3)+c =— M-I-C,CGR
M S (_l) _ =_11 20-1)+3 R
Icos(29—1)+3 _Icos(29—1)+3x 2 d(cos(20-1)+3) 2n(cos( Jr3)rece
Isec2(59—2)d9:Isec2(56—2)xéd(59—2)=M+C,CER

1 1
Icos(ﬂx+3)dx= Jcos(ﬂx+3)><—d(7tx+3)=—sin(nx+3)+c,cE]R
T

1
sin 2f 1 +c=—sec2t+c,ceR

2 (cos 2t) 2

I sec 2t tan 2t dt = '[ dt = J (cos 2t) > x — — d (cos 2t) =

cos® 2t
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32 fxex2+1dx: Je"zﬂX%d(x2+1):%e"2“+c,ceR

3

1 3 3 3
= L3 > 1 Z 1 .5 1
33 jﬁe2'ﬁdt:1t2e2’ dtzjet xgd(th):gez' +c=ge“ﬁ+c,ceR

(In 6)° e 2(In 6)°

2
34 J‘E(lne)zd0=J.(lne)2><2d(ln0)=2>< 3 = +¢,ceR
dz 1
35 J.Zlnzz—jlnzzXd(ln2z)—ln|ln22|+c,ce]R
3 3
2 3. 2 i 2\ _ 1 (3_5t2)2 :_ﬂ
36 [i3os dt—j(3—5t)2x(—10)d(3—5t)——msx e =
37 JezseczOSdBZJseczyx%d(@)=§tan93+c,ce]1§
sin\/; .
38 J " dt:Ism(x/f)xd(\/g):—cos(\/z)+c,ce]R
6 6
39 Jtan52tsec22tdt=J‘(tanZt)Sxéd(tanZt)zétan 2t+c=tan 2t+c,ce]R
dx 1
40 = 2d(Vx+2)=2In(Vx +2)+c,ceR
J\/Z(\/}+2) J(\/;+2)X (Vx+2)=2In(Vx+2)+c,ce
5
41 Jsecs 2t tan 2t dt = J(sec 2t)" sec 2t tan 2t dt = J(sec 2t)" x % d (sec2t) = sec’ 2t +¢,ceR
42 f 2x+3 dx:'[ > ! xld(xz+6x+7)=lln|x2+6x+7|+c,cG]R
x"+6x+7 x"+6x+7 2 2
kx® ! 3 Ko (@ -a'x')
43 jﬁdxzj(az—a‘*x“)2x(—4a4)d(a2—a4x4)=—/(2a4>< I +c

2a* 2a 2la’

K ~a*—a'x' +c——k3 la| V1-a’x* e K’ N1-a’x*
4

+c,ceR

44 In this question we are going to use a proper method of substitution, not just a simple one.

5
x—l=t=x=t+1 EE 2t
[3xVx—Tdx = = [3@+n)Vedt =3[ 1>+ |dt =3 =+

dx = dt

3 1

2

3
2

3
2

2 2 2 1 2
=gt2 (3t+5)+c=gt2 (3t2+5t)+c=g\/x—1(3(x—1)2+5(x—1))+c

=§(3x2—x—2)\/x—1+c

1 1
45 J.csc2 ntdtzIcscz7rt><—d(7rt)=——cot(7rt)+c,ceR
T T

3
_ (I+4cos 6):

46 J\/1+cosesin0d0=J.(1+c030)%><(—d(1+c030))= 3

2
:—5\/(1+c059)3+c,ceR 2

+c

+c
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In questions 47-50, we are going to use a proper method of substitution.

47 J.tzx/mdt=|:1_t:x:>1_x=t:|=J.(l—x)zx/;(_dx):_".(x;_2x2+x§de

—dt = dx
3 s 7
SIL PSS S %( 35x +42x" — 15x°) +
= i § 7 C—lOSX X X X Cc
2 2 2
21—+t _ 21—
= (-35(1-p+42(1-17 -1501-1)) +¢ -1 (158 +12t+8) +c,c e R
105 105
x+1 x+1
2 2r—=1=x=r= 5 5 _ldx ) 3 ! N
=|—=<~——=—|[x>+2x*—-3x ? |dx
48 '[\/2r dx J Vo2 sj( J
2dr—dx:dr—7
s 3 1
1| x? x? x2 1
= —| — _ — 2 2
5|5 +2 3 3 T (3x* +10x — 45)
2 2 2
1 Var-1
=— 1(3(2r—1)" +10(2r —1)— 45) r—(3r2+2r—13)+c,ceR
60 15
4 Jexz_exzxdx— e =t —Jldt 1lnt+c
? e +e (e"zx2x+e’xz><(—2x))dx=dt t2 2
1, (.
=—1n(e +e )+C,CE]R
2

s 3 B 2 3 1 _l
50 J‘t +2 dt:[t—S—(Z:)dt—x-f'fS]:.[%dx:J(x +10x%2 +27x )dx
= ax X

2 1
=S 02 e (3x” +50x + 405) + ¢

2J—

(3t7 +20t +230)+c,ce R

Exercise 16.2

As a rule, we use an expression for u that is not too difficult to differentiate and for dv an expression that is

easier to integrate.
Note: The new integral should be simpler than the original.

1  To evaluate this integral, we are going to use a method of substitution.

3 —x3 = 1 1 1 3
J.xze”‘ dx = x =t =Je’><(——dt)=——e’+c=——e" +¢,ceR
—3x%dx = dt 3 3 3
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In questions 2-4, we have to apply integration by parts twice.

2
Uu=x du =2xdx
2 J.xze”‘ dx = =—x’e" — J—e”‘ 2xdx =—x’e " + ZJ. xe " dx
dv=e"dx v=-e"
- du=d
= " _x “ _x =—x2e”‘+2(—xe”‘+je”C dx)z—xze”‘—er”‘—Ze”‘+c
dv=e"dx v=—e"
=—e_x(x2+2x+2)+c,ceR
u=x’ du=2xdx )
3 x* cos3x dx = =—x”sin3x — | —sin 3x - 2x dx
1
dv = cos 3x dx v=§sin3x 3
Uu=x du = dx
! % sin 3x 2J.xsin?)xdx 1
=—X —_— =
3 3 dv = sin 3x dx v=—gcos3x
1, . 2( 1 1 1, . 2 2
=—x"sin3x—— ——xcos3x—J——cos3xdx =—x"sin3x+—xcos3x——sin3x+c¢c,ceR
3 3 3 3 3 9 27
u=x’ du = 2x dx )
4 .[xzsinaxdx: 1 :——xzcosax—J——cosax-Zxdx
dv =sinaxdx v =——cosax a a
a
Uu=x du = dx
——lxzcosax+zjxcosaxdx— 1
a a dv =cosaxdx v =—sinax
a
1, 2(1 . 1 . 1, 2 2
=——x"cosax+— —xsmax—J.—smaxdx =——x" cosax +— x sinax +— cosax +c
a al\a a a a a
1
=—3(—a2x2 cos ax + 2ax sinax+2cosax)+c,ceR
a
) u=In(sinx) du= cos x dx
5 Jcosxln(smx)dxz sin x
dv = cos x dx vy =sin x
1
=sinxln(sinx)—jﬁiﬁxﬁm/cosxdx:sinxln(sinx)—sinx+c
X
=sinx(In(sinx)—1)+c,ceR
5 2
u=Inx"=2Inx du=—dx ) Z
6 Jxlnxzdx= lx :lenx—J‘zx&*xxdx:lenx—‘[xdx
dv = x dx y=—x"

2 2
x x
=lenx——2 +c=—2 2Inx—1)+c,ceR
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1
u=Inx du=—dx 1 I ! ! I
7 J.lenxdx= * :—x3lnx—jgxz2><—dx=gx3lnx—g_[x2dx

1 3 F'

dv = x*dx v:§x3

1 1 3 3
=—x 1nx——><x—+c=x—(3lnx—1)+c,c eR
3 3 3
8 Here, we will firstly use the distribution property and split the integrals.

_ 2 _ 3
Ixz(e"—l)dx:J.xze"dx—.[xzdx: w=x du = 2x dx =xze"—2.|.xe"dx—x—
dv=edx v=e¢e 3

=x du=d e ()X
[dvu:efdx ::exx:|:xze —2(xe —Je dx)—x?

3 3
x x
962(3"—29ce"+26"+c——3 =¢* (x2—2x+2)——+c,ceR

u=x du = dx ]
9 Ixcosﬂxdx: 1 . :—xsinnx——jsinﬂxdx
dv = cos mx dx v = —sin x T T
T

1 . 1 1 1 .
= — x sin x — — X| — — cos 7x |+ ¢ = — (7x sin x + cos wx) + ¢, c € R
T T T T

u=e" du = 3¢’ dt

3
10 J.est cos 2t dt = 1 =—¢” sin2t —— J. sin 2t e™'dt
dv=c052tdtv=551n2t 2 2

u=e" du = 3¢’ dt 301 3
= ) 1 =—¢” sin 2t——(——e3' cos 2t +—Jcos 2t e3‘dt)
dv = sin 2t dt v:—5c0s2t 2 2 2 2

1 3 9
=—¢'sin2t+—e” cos2t—— J cos 2t e’'dt
2 4 4

Notice that we have obtained the original integral, so we will solve this equation for the integral.

1 3 9

Ie” cos 2t dt = — e sin 2t + — e cos 2t — — j cos 2t e*'dt =
2 4 4

13 1 4

—Je“ cos2tdt = — e (251n2t+3c052t)/>< =

4 4 13

1
J‘e” costht=Ee3t (2sin2t+3cos2t)+c,c € R

. 1
. u=arcsinx du = dx . x
11 Jarcsmxdxz 1—x2 zxarcsmx—j

dv =dx V=x

dx

1—x?

— 27
xarCSinx_J(l_xz);X(_%)d(l—xz)=xarcsinx+%><—<1 X )2 +c

N | =

xarcsinx +vVl—x>+¢,ceR
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=x = 3x? u=x> du=2xdx
12 Jx3e" dx = w=x du = 3x"dx =x’e" — 3J. e“x?dx =
dv=e'dx v=e¢e" dv=edx v=e¢"

=x3e"—3(xze"—2.[e"xdx)=[ w=x du=dx :|:xsex—3xzex+6(xex—-[ex dx)

dv=edx v=e¢"

=x’e" —3x’e* +6xe* —6e* +c=e¢" (x3—3x2+6x—6)+c,ceR

u=e* du = —2e > dx
-2x _ _ —-2x . —2x
13 Ie sin 2x dx = ) 1 =——e cost—jstxe dx
dv=sin2xdx v = —Ec032x
u=e* du = —2¢**dx
1 —2x 1 —2x . —2x
= 1 =——e 7 cos2x—|—e sm2x+J‘sm2te dx
2 2

dv = cos 2x dx V=Esin2x

1 1
=——e¢ " cos2x——e Fsin2x — .[ sin 2t e **dx
2 2
—2X s 1 —-2x 1 —2X s . —2x
Je s1n2xdx=—Ee cost—Ee s1n2x—jsm2te dx =
—2x s 1 —2x .
2Je sm2xdx=—ze (cos 2x + sin 2x) =

1
J e sin 2x dx = — " e (cos2x +sin2x)+c,ce R

. _ dx
14 Jsin(lnx)dx: u = sin (In x) du—COS(lnx)7 =xsin(lnx)—j/cos(lnx)d—x

£

dv = dx V=x

, dx
u = cos(Inx) du = = sin (In x) x |=xsin(lnx)- (x cos (In x) + j X sin (In x) d_x)

£

dv = dx V=X
= x sin(In x) — x cos (In x) — J sin (In x) dx

2_[ sin (In x)dx = x sin (In x) — x cos (In x) = J sin (In x)dx = %x (sin(Inx)—cos(Inx))+c,ce R

u=cos(Inx) du=—sin(In x) dx dx
X bl

£

15 Jcos (Inx)dx = = x cos (In x)+j%sin (In x)

dv = dx V=x

. dx
—|u=sm (In ) du = cos(In x) x |=xcos(lnx)+ (x sin (In x) — I X cos (In x) %)

dv =dx V=X
= x cos (In x) + x sin (In x)—Jcos (In x)dx

2_[ cos(In x)dx = x cos(In x) + x sin (In x) = J cos(In x)dx = % x(cos(Inx)+sin(lnx))+c,ceR
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_ 2 _ I+2x )
16 Iln(x+x2)dx: u—ln(x+x)du—x+x2dx :xln(x+x2)—jx+2x dx
X+ x°
dv =dx v=x
:xln(x+x2)—J1+2xdx:xln(x+x2)—I(z— ! )dx
1+x 1+x

=xln|x+x2|—2x+ln|1+x|+c,cER

kx kx

. u=-e du = ke™dx N

17 Jek"smxdx: ) =—ekxcosx+k'[ek cos x dx
dv=sinxdx v=-—cosx

_ u=-e" du = ke*dx
| d

k. kx . k. .
) :—e"cosx+k(e smx—kje"smxdx)
y=cosxdx v=sinx

= —¢™ cos x + ke™ sin x — kzjekx sin x dx

™ (k sin x — cos x)

(1+k2)JekXsinxdxzekx(ksinx—cosx):jekxsinxdxz L +cceR
+
) u=x du = dx sin x
18 jxsec xdx = 5 =xtanx—J.tanxdx=xtanx—J. dx
dv=secxdx v=tanx COS X
—d (cos x
:xtanx—_[gzxtanx+ln|cosx|+c,ce]R
Cos X

19 Isinxsiandx: =—sin2xcosx+2J.cosxcos2xdx

u=-sin2x du=2cos2xdx
dv = sin x dx Y =—COoSX

u=cos2x du=-2sin2xdx
dv = cos x dx vy =sin x

] = —sin2x cos x + 2(cos 2x sin x + 2_[ sin x sin 2x dx)

:—sin2xcosx+2cos2xsinx+4J.sinxsin2xdx:>
sin 2x cos x — 2 cos 2x sinx=3j sin x sin 2x dx =

1
Jsinxsiandxz5(5in2xcosx—2c052xsinx)+c,cG]R

We obtained this solution by using integration by parts. A much simpler solution can be found by using
the trigonometric identities and the method of simple integration.

2sin x cos x

2
Isinx sin 2x dszJsinzxcosxdxz2Jsin2xd(sinx)=gsin3x+c,ce]R

Notice that the solutions of trigonometric integrals can be written in many different forms, but we can
show that all of these forms are mutually equivalent or that they differ by a constant.
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20 f x arctan x dx =

u =arctanx du =

dx

2 1 1 ¢ x%dx

1+x :—xzarctanx——J 3

dv = x dx v=lx2 2 271+ x
2

1, 1 1 1, 1 1
=—X arctanx——J 1- 3 dx = —x"arctanx — — x+—arctanx + ¢
2 2 1+ x 2 2 2
1
:E((x2+1)arctanx—x)+c,ceR
d
1 u=Inx duz—x » .
nx - dx -=
f—dx X =2\/;lnx—2J‘x2—:2\/;lnx—2J‘x 2 dx
Jx dx X
dv=—= v=2J/x

=2/xInx-4Jx+c=2Jx(Inx=2)+c,ceR

22 Apart from the variable, ¢ instead of x, this is the same question as question 18.

J.tsecztdt=ttant+ln|cost|+c,ce]R

23 u dv sign
sin x dx In the first column, we have a sequence of derivatives of # and in the second,
, the sequence of anti-derivatives of dv. The reason why the signs alternate is a
x? | —cosx |+ . .
direct consequence of the formula, where the second integral always takes a
2x | —sinx - minus.
2 cosx +
sz sin x dx = —x” cosx—J—costxdx =—x’ cosx—(2x(— sinx)—J(—sinx)de)
=—x’cosx+2xsinx+2cosx+c,ceR
24 sin x
x* | —cosx | +
4x* | —sinx | —
12x2 | cosx |+
24x sin x -
24 —Ccosx | +
Jx“ sin x dx = —x" cos x + 4x” sin x + 12x” cos x —24x sinx —24 cos x +¢,c € R
25 cos x
x° sinx |+
5x | —cosx | —
20x | —sinx |+

60x2 cosx | —

120x sin x +

120 —COSX | —

J.xs cos x dx

= x° sin x +5x* cos x — 20x” sin x — 60x* cos x + 120x sin x +120cos x +¢,c € R



26
e*
xt e+
4% e —
2% & +
24x e —
24 e+

J.x‘*e" dx = x*e* —4x’e* +12x%e" — 24xe* +24e* +c=¢" (x4 —4x° +12x% = 24x + 24) +c¢,ceR

27 The method used in question 23 cannot give the result because, in the second column, we have
anti-derivatives, and the anti-derivative of the natural logarithm is a more complicated logarithmic
expression.

I In x dx = x (In x — 1) + ¢, and finding the anti-derivative would further complicate the integration.

Note: The logarithmic function is always taken as u since we need to differentiate it.

28 Ix"e" dx = I: u=x" du=nx""dx :| =x"e" — J e‘nx""dx = x"e* — nJ. x"'e dx
dv = e“dx y=ce"
'fx‘*e" dx = x'e" — 4.f xe dx = x'e" -4 (x3ex - 3f x’e” dx)
=x'e" —4x’e +12 (xze" - ZJ. xe* dx) =x'e" —4x’e” +12x%* — 24 (xe” - J. e’ dx)

= x'e* —dx’e” +12x%e" —24xe* +24e* + g, g€ R

u=Inx du=ldx

X 1 1 1
29 J.x”lnxdx: . = 1x"+llnx—J lx%f"xydx
n+ n+
dv=x"dx v= x"*!
n+1
n+1 n+l1 1 xn+1 n+1 xn+1
= In x — Ix”dx: Inx — X +c= Inx — ~+c,ceR
n+1 n+ n+1 n+l n+l n+1 (n+1)
u=-e" du = me™dx m
30 Je’”" cos nx dx = 1 . =—e™ sinnx——'[sinnxe’”"dx
dv = cosnxdx v =—sinnx n n
n
u=e" du = me™dx
1 mx . m ]' mx m mx
= , 1 =—e™sinnx——|——e cosnx+—jcosnxe dx
dv =sinnxdx v =——cosnx n n n n
n

1 . m m?
=—e™ sinnx + — e™ cosnx — — j cosnx e™dx =
n

n n
2 mx N
m . e™ (n sin nx + m cos nx)
1+—- Jcosnxe dx = 5 =
n n
mx . mx .
e™ (n sin nx + m cos nx) / e™ (n sin nx + m cos nx)

Icosnxem"dx= X — ~+c= > > +c¢,ceR
/ m”+n m’+n
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u=e™ du = me™dx ke
- e cosnx m o .
31 _[e sinnx dx = . 1 =——+—Ie cos nx dx
dv =sinnx dx v =——cosnx n n
n
u=e"™ du=me™ dx ke
e cosnx m(l , . M o .
= 1 . :——+—(—e smnx——_[e smnxdx)
dv=cosnxdx v=—sinnx n n\n n
n
e™ cosnx me™ sinnx m’ ¢ . .
=— + > ——zj.e sin nx dx =
n n n
2 kx mx .
m . —ne™ cos nx + me™ sin nx
1+— Ie sin nx dx = > =
n n
P —ne™ cosnx +me™ sinnx ) A e (m sin nx —n cos nx)
J.e sin nx dx = ——+tc= — +ccelR
/ m-+n m +n
Exercise 16.3
1 J sin’ t cos® t dt = J sin t (1 — cos’ t) cos’ tdt = J sint cos® t dt — '[ sin t cos® t dt
) . cos’t cos’t
= j cos” t (—d (cos t)) — J cos” t(—d (cost)) = - +cceR
2 J‘sin3 tcos’ tdt = jsint(l—cosz z‘)cos3 tdt = jsintcoss 1‘dt—J‘sintcos5 tdt
5 5 cos’t cos't
= J cos’ t (—d (cos t)) — '[ cos’ t (—d (cos t)) = - +cceR

We could have performed a similar transformation with the cosine expression:

J‘sin3 tcos’tdt = jsin3 tcost(l— sin’ t) dt = Jsin3 tcostdt— J sin’ f cos t dt

sin®t  sin® ¢

= Jsin3 td (sin l‘)—J‘sin5 td(sint) =

+c,ceR

cos* 360 cos* 30
YR

3 J.sin336cos36(710=J’sin3 39><§d(sin30)=%>< +c,ceR

— =X

1 1 1
4 _[— sin’ [ - | cos®| = |dt = t = _[— sin’ x cos” x dx
t t t

—%m=a

= —J. sin x (1 —cos’ x)2 cos’ x dx = j cos’x d (cos x) — 2J cos'x d (cos x) + j cos’x d (cos x)

5(1 s(1 7 (1

3 5 7 cos” | — 2cos’ | - cos’ | —

cos"x 2cos’x cos x t ¢ t
= - + +c= - -

+
3 5 7 3 5

+c¢,ceR
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.2 2

sin” x sin” x | 1—cos” x . 1 .

5 j 5 dx=J‘ 5 s1nxdx=J—251nxdx:I( 5 —l)smxdx
cos” x cos” x cos” x cos” x

-]

tan3x =t 1 1 ¢° tan® 3x
tan® 3x sec’ 3x dx = = [Fx-dt=-x—+c=
6 Ian X sec Sxax {sec23x><3dx=dt] -[ 3 3 6 ¢ 1

0 =t 1 1
3 g2 4 _ _ 3 4 = _ 2 3 2 2
7 J.Otan 0" sec dee—lzedezdt]—jtan t sec txzdt—zjtan t(tan t+1)sec tdt

-1
) cos
(—dcosx)—-[smxdx=— " +cosx+c=secx+cosx+c,ceR

COoS X

+c,ceR

1 1(tan®t tan*t tan® @ tan’ &
=Ej(tan5t+tan3t)d(tant)=5( + )+c=

+ +c¢,ceR
6 12 8
s Vi =x sin® x
8 j—tan t sec’ Vt dt = 1 gt = d jtan X sec x><2dx—2j dx
—_— = ax
2t

COS X

1— 2 . -3 -5
_ J-( coSs 6x)smxdxzzj-( 16 B 1 )(—d(cosx))=2(cos X COS x)+c
CcoS X

COoSs X COS4 X

-3 -5
2sec’ i 2sec® i
= - +c¢,ceR
5 3
9 [tan*5tdt = [((tan* 5t 1) +1)dt = [ ((tan’ 5t 1) (tan’ 5¢ +1) +1) dt
2 2 2 1 2 2
J.((tan 5t—1)sec 5t+1)dt=J.tan StXEd(tan St)—jsec 5t dt+fdt
1 tan’5t tan5t tan’ 5t tan 5t
sl _ = - +t+c,ceR
5 3 5 5
dt 1—sint 1—sint 1—sint dt —d (cost
10 J. - :J. - - dt=J.—.2dt:J. 3 dt=J. 3 —J. (2 )
1+sint (1+sint)(1-sint) 1—sin’ ¢ cos’ t cos’ t cos” t
cos™
=tant+ +c=tant—sect+c,ceR
1 J~ de :J~ 1—cos 6 :J~1—c0529 Jl—czosede
1+cos @ (1+ cos 6) (1—cos 6) 1—cos* 0 sin® 0
d (sin 0 sin”' 0
—J I ('2 ):—cote— +c=—-cotO+cscO+c,ceR
sin® sin” 6 -1
12 J1+smtd J(1+sint)(1—sint) _J~ 1—sin’ ¢t J~ cos’
cost cost (1 —sint) cost(l—sint) ,ca((l—smt)
-d( t
:J& —In[l-sint|+c,ceR
1-sint

sin x —5cos x
3 [Snx-Scosy

dx_J-—2(sinx+cosx)—3(cosx—sinx)
sin x + cos x

d (sin x + cos x
: ZJ. dx — 3J. ( )
sin x + cos x sin x + cos x

—2x—3In|sinx +cosx|+c,c e R
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sec Otan 6 sec 0=t dt
I— zl ]zJﬁ:arctant+c=arctan(sec9)+c,cE]R
+

14 1+sect O sec Otan 6d0O = dt
arctan ¢ arctan’ t
15 I . dtzjarctantd(arctant)=—+c,ceR
1+1¢ 2

1
16 IZ— t= J d(arctant) = In farctant|+c,c € R
(1 +1t ) arctan ¢ arctan f

Inx =t
17J1/72x —dx—dt

18 J sin’® x dx = '[ sin x (1 — cos’ x) dx = J sin x dx — j cos” x (—d (cos x))

JJ— =arcsint+c=arcsin(Inx)+c,ce R

3

cos’ x
=—cosx+ +c,ceR

19 J- sin’ x J-smx l—cos x J. sin x J. ) % p
= sin x cos? x dx

cosx Jeos x \/cosx ) s

2 2

—cos®> x cos’x
Icos 2x (—d (cos x)) —Jcos x (—d (cos x)) = [t tc

—2\/cosx( cos x—1)+c,ce]R 2 2

20 In this problem, after a simple substitution, we can use the result from question 18.

.3 \/;:t 3
t
JSln \/;dx= 1 =fsin3tx2dt:2(—cost+coz )+c

sint = x

costdt =dx :| = J. cos’ (x) dx =J. Cos X <1 — sin? x) dx

21 J cost cos’ (sint)dt = |:

sin® x sin’ (sin t)

:Icosxdx—jsinzxd(sinx)=sinx— +c=sin(sint) - +c,ceR

" J-c059.+sm29d0:J'c059+2.sm0c039d9:J-d(§1n9)+zj-cosede
sin 6 sin 6

=ln|sin9|+251n0+c,ceR

u==t du = dt

=tsect— |sectdt
dv:secttantdtv=sect:| I

23 J.tsecttantdt:[

To find the second integral, we need to apply some further transformations, so we will do it separately.

sect+tant sec’ t+sect tant d(tant+sect

Jsectdtzjsect =In|sect+ tant|+ ¢

sect+tant sect+tant sect+tant

Therefore, the solution of our original integral is:

jtsecttantdtztsect—1n|sect+tant|+c,cE]R

—dt .
2 e _cosxdx:dt]—JT—‘I““'““I“'Z‘“””’CER

COS X 2—sinx =t
d _[
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e =t 1 1
25 2t )dx = =|ta tx(——)dt=——l t+
Ie an(e ) * [ez"X(—Z)dx=dt] I " 2 2 nleost]+c

= —%ln|cos(e’2") +¢,ceR

= = CX = n n
26 \/— \/_ se X secx +tan x|+ ¢

:21n|ser/E+tan\/Z|+c,ceR

1
=—tant+c,ceR

27 5
cos“t 2

dt dt 1 dt
j1+cos2t:j/f+2coszt/fzg'[

2 1 3x =sin 0 _ 1 _ 1 1+cos26
28 IV1—9x dx_[3dx=cos(9d9 —jcosexscosede—sj—z do

1 (9 . sin 26) oo arcsin (3x) N sin (2 arcsin (3x)) e

6 6 12

__arcsin (3x) N 2 sin (arcsin (3x)) cos (arcsin (3x)) .
6 12
xV1—9x°

2

1 1
c=garcsin(3x)+g3x><\/1—9x2 +c

1
= P arcsin (3x) + +c,ceR

1
=— 6do
3 dx =2sec> 0d6O 8sec’ O 4 JCOS

() :
an| arctan| — —
2 +c= Z =

\/ 1+ tan’ (arctan (;C)) 4 x \/4;—)6

dx x=2tan O 2sec’ 0d0O 2sec’ dO
el

(tan2 0+ 1))

1 . 1 . (x)) 1
=—sin O+ c=—sin|arctan| — | [+¢c=— +c
4 4 2 4

=—2+c,ce]R
44+ x

T t=2tan 0 3 5 5 3 s
30 IV4+t dt_[dt=2sec20d9 _jz 1+ tan® 6 X 2 sec 9d9—4jsec 0do

The integral j sec’ 6d0 is not a simple one, so we are going to solve it separately.

Jsecz‘ 0do= Jsec Q(tan2 9+1)d9= Jsec 0 tan’ 9d0+'[sec 0deo

_li u=tan @ du = sec> 6d6

= sec Otan 19—J.sec3 9d0+'[sec 0do
dv = sec Otan 646 v=secO

Following this step, we can see the desired integral again and so we can transfer it to the left side of the
equation:

2_"sec3 0dO =sec Otan O+ Jsec 0do= Isec3 0do= %sec Otan 9+%ln|sec 0+ tan 9|+c

So, we can now continue solving the original question.
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J.\/4+t2 dt=..= 4.[ sec’ 6d0 = 2sec Otan 0+ 2In|sec O+ tan O]+ ¢
t t t t
= 2 sec (arctan (5)) tan (arctan (ED +21n|sec (arctan (ED + tan (arctan (E)) +c
tY ot tY ot N4+t Va+1t* +t
=2 1+(—) X—+2In 1+(—) +—+c=—+2In——+c¢c,ceR
2 2 2 2 2 2
Note: If we rewrite the second logarithmic term, we obtain:
N4+t NA+1t +t N4+t
...=—+21n| |+c= +21n‘t+\/4+t2 —2ln2+¢
2 2| 2 —

)

tNA+1t*
=T+2ln‘t+\/4+t2

+¢,,¢, € R, as written in the textbook answers.

3e'dt el = x 3dx x=2tan O 2sec’ 0dO 3
31 = = = =3 === """ _Z |46
J.4+e2t L’dt:dx} J.4+x2 [dx=256629d0:| J.4(1+tan2 0) 2-[
3
2

t

3 X 3 e
= 0+c=—arctan(—)+c=—arctan —|+c¢ceR
2 2 2 2
3
ngcose —%sinede —ésinede

1 _ =J 2 :—ljde
: 2
- dx dx:—gsinede \/9_/4/X/91/C0826 BV1-cos® 6 2

1 1 2
=——9+c=——arccos(—x)+c,ce]R
2 2 3

3 1 2x
Note: If we had used the substitution x = — sin 6, then the result would have been — arcsin (—) +c
. . 2
since the two results differ by a constant.

2
J . ngtanﬂ J' %sec2 0deo '[ i(sec2 6do IJ'
33 ——dx = = = =—|sec6do
/ 2 2 2
4+9x dx:§sec20d9 \/4+/9(><;tan29 Z\/1+tan 6 3
1 1
=—(ln |sec 0+ tan 9|)+c:—ln sec (arctan (3—xD+tan (arctan (3_x)) +c
3 3 2 2
1 3x\  3x 1. |[V4+9x” +3x
=—Inl,[1+ ? +7+C:glnf+C:CER

34-[ cosx o _ sinx =t _J . t=tan @ _J~ sec> 0d6O
/1 + sin? x | cosxdx=dt | ~/1+t2_ dt = sec’> 0d0 | J1+tan’

= Jsec 6d6 =In|sec 6+ tan 6|+ c = In [sec (arctant) + tan (arctan t)| + ¢ = In ‘\/1 + + t‘ +c

=ln‘\/1+sin2x+sinx‘+c,ceR
L g >
— 2: S 1 t-2
35 J. X dx = d-x =t :J. 2 =——X—+4c=—Vd4—-x"+c,ceR
4— x> —2xdx =dt Jt 271
2



1

—dt
| rte=t | 2% 1 1,
_[2xdx=dt]_'[ 5 —zlnt+c—21n(x +16)+c,ceR
J-\/4—x2d | x=2cos0 _J-ZVI—COSZ9><(—ZSin9)d9_ J-sin29d0
37 2 = dX:_ZSin 9d9 B KCOSZQ - COSZO

2 —
=JL€1d9 Id@ J dG:0—tan9+c:arccos(%)—tan(arccos(g))+c

cos’ 6 cos’

2
X
1—| cos| arccos| —
X 2 X 4—x
= arccos| — |— + ¢ = arccos| — |—
2 2

2

+c¢,ceR
x X
cos| arccos| —
[areos ()
Note: If we had used the substitution x = — sin 0, then the result would have been
C(x V4 - x? . .
—arcsin| — |- + ¢ since the two results differ by a constant.
X
38 dx x=3cos 6 -3sin 640 —-3sin 646
-[ 57| dx = -3sin 6d6 :J El 3
2\, 2 o 2 o
(9—x )2 (9—9cos 6)2 27(1—cos 9)2
in 0do 1 1 1
=—— 51n3 =——J ———(—cot6)+c:—cot(arccos(f))+c
9 sin” 0 97 sin* 0 9 9 3
x
] cos (arccos (3)) .
== +c= +c,ceR
e (we(5)) 0P
1—cos” | arccos| —
3
3
5, | l+x’=t | 1, 1 2 1 N
39 jx 1+x dx_[zxdx:dt —J.\/;XEdt—7XE+C—§(l+X) 1+x° +c¢c,ce R
Zz
3
2 1 t? 1
40 Je“\/1+e2"dx= L+e J.\/Ex dt = — —+c=—(1+e2")\/1+ez"+c,ceR
xzdx—dt 7" ; 3

e“dx = dt

s i g | €=t |_ 3 t=sinf | )
Je l-—e dx—|: :|—'[V1 t dt_|:dt=cosed9:|_-[cos 6do
1+ 2 1 1 1 1
= Jﬂdez —60+—sin20+c= —arcsint+5sin (arcsin t) cos (arcsin t) + ¢

1 1 1
= —arcsint +—tv1—¢* +c=5(arcsin(e")+e"\/l—ez")+c,ceR

t=3tan 6 ’
an jIZJ-}/sec GdQ—JseCGdO

e e =t -
42 dx = [ B
'[\/e2"+9 [e"dx:dtjl Jx/t +9 [dt:“ecz 0do Atan® 6+1
t t tY ot
= In[sec O+ tan 6]+ ¢ = In [sec (arctan §)+tan(arctan §)+c=ln +(§) +§

NI+ +t VI + e +¢”
—— | +c=In| ————— |+c¢,ce R

3 3

+c

=In
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u=lnx du:ldx

43 Jm_xdx_ x —2\/_lnx—j2\/_>< dx =2</x Inx - ZI—dx

dv=% v=2/x

=2VxInx—4Jx +c=2Jx (Inx—2)+¢,ceR

3 3 3 2

2=t=>x=t-2 (t—2) £ —6t> +12t -8

44 d x+ - dt = dt
'[(x+2) a [ dx = dt ] -[ t? J. t*

2 -1

t t
J(t—6+12t_1—8t‘2)dt:3—6t+121n|t|—8—1+c

+2) 8
= (x+2) —6(x+2)+12In|x+2/+——+c,ceR
x+2

Since the constant could be any number, we can expand the first two expressions and eliminate the
constants from them. Then we obtain the following result.

2 2
x"+4x+4 8 X 8
=———(6x+12)+12In|x +2[+ —+c=——-4x+12Injx+ 2|+ ——+c,ce R
2 x+2 2 x+2

_ dt
45 j X dx= x2+9—t] J‘2 =—lnt+c —ln(x2+9)+cl,cleR

x°+9 2x dx = dt
X [ x=3tan6 3tan 0 4 tan O sec> 04O
dx = =| ——— 0do= = | tan 6d6
J‘xz+9 7 dx = 3sec? BdQ} J‘9'[;1112 949 ¢ .[ Ian
- % tan® 0+1
| —
sec’ 0
=—ln|c050|+c2=—lncos(arctan(£))+c2=—ln;+c:—1n;+c2
3 V9 + x°

()

zln(\/9+x2)—ln3+c2 zlln(9+xz)—ln3+cz,c2 eR
2

Here, we can see that the two solutions differ by a constant.

2

26 jxfigdx:jwdxzjdx_jx -

1 X
5 dx=x—9><—arctan(—)+c1
x°+9 3 3

x
=x—3arctan(§)+cl,c1 eR

g =3tan 0 2 2 2
jx_ = x azn :J‘ 9tan” 6 3 sec? edezj‘%ﬁan Osec’ 040
x*+9 dx =3sec’ 6d0 9tan’ 0+9

ﬁ(tan 9+1}
=3J‘tan2 9d@=3‘.‘(sec2 0—1)d0=3(tan 0—0)+c, sec” 0

X X
=3 (tan (arctan (ED —arctan (g)) +c, =x— 3 arctan ( 3 ) +c,,¢, € R
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Exercise 16.4

1 J.; (3x2 —4x )dx [x _x4:|12 _ (13 B 14)_((_2)3 B (_2)4) —0—(-24)=24

7
2 j28dx=[8x]§=56—16=40

A GDC screen can show two answers at the same time. Using the finite integral feature in the Math

menu, here are the solutions for questions 1 and 2.
frlntrt FhIhtiEEHz—q-H?:':

Ha mFa

ﬂEKPPESSiDH:UE;E 24
able, lower:yrrer| [fRInt (S 8. 2. 72
[:tolerancel] 2 4

*
IFAETE [ ESC

> el s]-(H0)-5

4 LZ (cost — tan t)dt = 0, since the upper border is equal to the lower border.

The GDC screen output for questions 3 and 4 is shown below.

fRlhteZ-wF, 6, 1.3

1¥Frac

2425
frlntliocosCxRi—ta
RCHRI 8,220

7
1
X2
+52—

72x* —3x+5 7 >
5 -[1 N dx L (Zx 3x + 5x

5 3
2 x;
?_ T
2 2 2
) 44 1767 — 44

4 5 3 1 7
=|—%x7?-2X72+10%x7? —(——2+&0 :——-4x7 —2X7X5+4+10%x5
5 5 5 5 5

6 J.Oncos 0dO=sin O] =sinm—sin0=0

The GDC screen output for questions 5 and 6 is shown below.

W
7 17647 44 T[]
) 2O/ EE
2:x%—3x+5
XTI gy 5 5
V’X

2/99

7 J.Oﬂsin 0dO=[-cos O] =—cost—(—cos0)=—(-1)—(-1) =2

8 J.;(Sx4+3x2)dx=[5/5+ﬁ/z] (P +1°)-(3° +3") = 2— (243 +27) = —268
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The GDC screen output for questions 7 and 8 is shown below.

frlntisindEr.®.8
:T[:'

2
frlntciSe™d+3HE0
?H? 3?

-Z2EE

st 42 ; W7 (3 2) (1 4
9 J 5 du:-[ w+2uldu=|—+2—| =| === —(——2):20+—
1oy 1 4 -1 4 3) \4 3

e 2dx

I x

10 =[2Inx] =2lne—-2In(1) =2

Alternative GDC screen outputs for questions 9 and 10 are shown below.

= -
O+
( x22)dx ’ FRINLL (R E+za - RE
1 sma 1l 30¥Frac
i G
(2) 2lale) Frlnt (2 2,8, 1,60
—|dx
o 2
™
2/99” or

2
11 J‘f 2x d J‘jM [ln(x2+2):|f=1n11—1n3=1n(%)

x> 42 x> 42 - .
3
12 f(z—\/})zdx :f(4—4\/§+x)dx= 4x—4%+%2 r(z_ ln(l_;)@
2 ' A
“ o5

=(12—i;{\/§+§)—(4—§+%):%_8\/§ r((zJ?)z)dx

3

The GDC screen output for questions 11 and 12 is shown opposite.

13 J‘Oz3sec2 0d0=[3tan 6]} = (tan(%)—tan0)=3(1—0):3

14 j:(8x7+\/5)dx=[,§§+\/5xx] =147

The GDC screen output for questions 13 and 14 is shown below.

J (5-secl)?)ax

JI(S'X7+\/;)(1X J;H

! g

2/99

1
0

3x,x=0

in the following question:
=3x,x<0

15 We will use the fact that [3x| = {



© O

)2
J.2|3x| dx =J.23x dx =[3 x_] =6
0 0 2

0

2

0
0 0 X
b) [ Baldx=] ~3xdx= [—3 7L =0-(-6)=6

¢) In this problem, we simply split the definite integral into the two previous parts:
jzz [3x| dx :joz [3x| dx + J: [3x|dx =6 + 6 = 12. The reason why we must split it like this is the

definition of the absolute value function itself.

Flakl Flokz Flot:
=y Bakbhs 3R
wMz=

=M=

wMy=

wMe=

“ME=

=Ma= TFCxIdx=h TFCxdx=6 FFCdn=1z

z 1 B 1
16 J.Zsiandx:(—ECOSZx)Z: cos L — cosO _EX(_Z)Zl

0 71 1

| e = (23] = 2($5 1) = 4

18 J‘_zz (e" - e_x)dx = (e" + e‘")]i2 = (62 + e‘z) - (e_Z +e

1

N

o
N—
Il
o

1 dx
19 L e arctan x|, = arctan (1) — arctan (1) =

1 1
- dx - ( 1 )
20 | = arcsin x|? = arcsin| — |—arcsin 0 =
'[0 V1-x? h 2
J.l d—x = arcsin (ﬁ):ll = arcsin (l) — arcsin (— l) -z - (— E) _z
S 2], 2 2) 6 6) 3

0
o dx 1 x 1 1 1 1
j = —arctan| — = —arctan (0) — —arctan (—-1) = 0 —| — —arctan (1) | = —arctan (1) = —
2 2)1, 2 2 2 2

2

.

24+x°

Note: In the integrals where we are using the method of substitution, we must not forget to change the
boundaries of integration accordingly by using the same equation of substitution.

4 xdx xX+1=t 10 ) dt 17 1(22 01
- - ——— — 22
23 J.°~/x2+1 [Zxdx:dt] -[1 J. ( )dt 2 3t g 1

12 1 2 17417 =317 +2 1417 +2
(§x172—\/ﬁ)—(—x12—ﬁ): ; -

J-ﬁ sin (7 1n x) dx zlnx =1 jg sintdt 1 ( 9 2
AR A = = —(—cos
24 1 X —dx = dt 0 T T X
X

T 2 T
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Int=x

¢ dt de ’

= - - =Inlx/| =In(2)=In(1) =In2

5 1 | e 15 “""]1 n(2)-In(1)=1n
2 9—x>=t s3Jtdt 3 (s 3(2 A\ & ¢
26 [ 3x9—x"dx = = == [ Vrdt=2|Ze2 || =8" -5 =16V2-5V5
-1 —2xdx =dt 8 -2 2Js 23 i
sin x 3+cosx =t 37% —dt % dt u 7 5
' = — =2 =2Vt = Z_ 2 _
27 Lm [—smxdxzdt] L;ﬁ ng; ( )]g 2(\5 \E) Vi4 -0
Inx =t 2

*ln x 2 . 1 3

28 J —dx ldx:dt ‘L””‘E]l‘z‘g—z
pe
o e - [t = (2 ] nfr ozl
2, 1+ x° > dx = dt B -
1+ x
2
= 2% (57 - )= 7 (545 -)
216
Inx=t 1 1
30 f =f2 dt = arcsin ¢ ]2 =arcsin(l)—arcsin (O):E
x4/1 (lnx —dx—dt O V1t 2 6
1

n 2x 2% 49—y N —dt 1 13 1 2
31 j ’ Ze dx = 2e =j;”2—:(—ln|t|)] (ln13—ln(37)):—ln(5—)
“In2 ¢ 49 e x2dx=dt | Tt \2 2 1)) 2 \37

3

[\)
=
=
Py
&l

2 ) o2 o2 3 —— dt 1 %
———dx = J. = (— — arcsin t)]
ne 1—e™ (- Z)dx—dt 1/ !
— —| arcsin| — |—arcsin| —
2 4 4
1

z t =t
I04Vtanxsec2xdx=|: anx :|=J-01\/Edt=(§tx/;)] :%

sec’ x dx = dt \

3

W

0 0 0

N 2 = 7 7 o7
34 J. 7xcos(x2)dx: xo=t =I —costdt:(—sint)] =—|sinz—sin0|=0
0 2x dx = dt 02 2 2\—™—

i sin\/x Vx=t . 21
35 J‘,,z 7 dx =| dx g l= L 2sintdt = (-2 cost)]," =-2| cos(27) — cos (7) | = —

ox i -

)]

36 J‘\/4 3x* 2\/_xdx—dt

-1 (arcsin (ﬁ) - arcsin(O)] =
2 2

ol



39

40

41

42

43

44

45

46

47

Jﬁ xdx | x*=t |_ Zg_dt— lxiarctan(
1 344t | 2xde=dt | W34 273

() o)) 5

18\/§arctan( ) 331

= = 0.0963
36

&

V3

= 1-sin3t=x 0 1 1 1 X’ 1
6 : — — — — —
JO (1 sm3t)cos3tdt—[ cos3tx3di=d ]-Lxx( 3)dx—3|0xdx—3>< 2:| =

LA ~ sin 260 =t ol 1) el
J.Oe C0329d9_|:c0329><2d9=dt —J.Oe xzdt—ze =—

L tan 2t = x | 1 1 ' 3+e—1 e
8 (34 ¢ ) sec® 2t dt = =| (34+e")x—dx=— 3x+e"] = =14+
J‘0( ) sec’ 2t X 2. dt = dx -[0( ) 2 2( )0 2 2
NIy 2 2 etz:x T
I 4t e' sin(et)dt= , =2J sin x dx = 2 (= cos x)]f
0 e’ x2tdt=dx !
=2(—cosn+cosl):2+2cosl
-1
1 T 32 131
av(f)z— e =X =222
2-1 5] 5 5 5
1 z 2 ki 2( (ﬂ?) ) 2
av =—|%?cosxdx =—(sinx)|? = —|sin| —|[-sin0 |= —
(f) I, —(sin )] = | sin| 2 ;.

T

1 12 T2 n m\| 12-43
av(f)=——|tsec’ xdx = — (tanx)]2 = — tan(—)—tan(—) =—
() ”_ﬁjﬁ m ]g n 4 6
1 V3
3

1 4, 1 1 L\ 1, 1—e® -1
av(f)z—J. e’ dxzzx(—gez )] =—g(es—e°)= Pa
0

0 e

1 3x 3x
- —dx =
aV(f) O—(—M)Imsl X [ ><3dx—dt:| ln3J‘*1+t

6
=X = (arctant) | - (arctan 1—arctan (L)) 2 (7[ E) Z T &
" In3 .1 % In3 V3 In3 6 In3 ,l/f6 6ln3

3
467
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48 i xsmtdt:smx
dx 72t x
19 i 3smxdx=i t(_smx)dx:_smt
dt ot «x dt 73 X t
. N . . 2
50 i ozsmtdt:i (_smt)dt:_zxsmzx
dx 7%t dx 7o t X
5 . . 2
51 i s1nudu:2xsm2x
dx 70 u X
d ¢t cosy cost
52 — Sdy = >
dt°-71+y 1+t
d ¢ dt d ¢k dt b dt d (e dt d (o dt
5 — | — == + = -——|+=| | —
dx Jax 54 ¢* dx(LXS+t4 Ik 5+t4) dx(jk 5+t4) dx(jk 5+t4)
u—ax:%—a
S R T
dv du\’k 5+ )\dx dv \Ur 5+¢* ) \dx
v=bx=>—=b>
dx
___a b b a
5+u’ 5+v' 5+(bx)' 5+ (ax)* du
u=sn6=—=cos6
d cos O 1 d k 1 d cos 0 1 d@
54 —J ——dx=—| ——dx+— ~dx =
do sno 1—x d@Jsno]—x de’k 1-x dv )
y=cos@=>—=-sin0
0
S T
du % 1—x do dv 'k 1—x deo
=%xcos@+%x(—sin0):—sec@—csce
1—sin” 0 1—cos™ 0
H—/
cos® 6 sin® 6
1
xi L x4 =y . x+3Vx
55 i et g = , :(ij et+3tdt)(d_u):ex+3\/§xL:€
dx Js 1 - du du Js dx 3 3
—-X =" 4x4 4x4
4 dx

2x—x 1
56 IfF(x)= '[0 cos ( 5 ) dt has an extreme value, then its derivative with respect to the variable x has
to be zero.

2x—x"=u
d d pr2x-x 1 d ru 1 du
—F =— dt = =|— — |dt || —
dx () dx J.O cos(l+t2) 2-2x = du (dx J.O COS(1+t2) )(dx)

Cdx
1
e [WJ S

We can see that there must be some extreme value since the expression can equal zero whenever

Ccos ;2 =0Qorx=1.
1+(2x—x2)
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dx
3x+2

57 a) jok

1 O ln(k+1)
=gln(3x+2):|0 =g(ln(3x+2)—ln2)=2f

We did not take the absolute value of the natural logarithm since k must be positive. If k is negative,the

2
interval [k, 0] contains a vertical asymptote at x = — 3 therefore, the function cannot be integrated.

Solution Paper 1 type

3
In(44<+1) 3
2(e’ =1
b ——;———=1ah{ik+0=3:§k+1=€=:§hH=e3:k— ( )
3 2 2 2 3

Solution Paper 2 type

b We can use Solver on a GDC, but by using the graphical mode we can see the tendency of the graph. There are
multiple solutions possible.

Flatl Flakz Flotz W IO

R Ll s e wmin=a
MeBfnInt oY B8] Emax=2E
aema—1 wecl=2
wMWr= Ymin=-1.1
~My= Ymax=1.1
wWe= Vezl=1
wME= wres=1

o

ZeF
n=lg.Fezafl ¥=n

58 J’le’ (l—x)qu:|: I;x:dtt }: _[O(l—t)q t? (=dt) = jlt‘f (1-t)’dt;p,qe N
0 —dx = 1 0

Note: The integral doesn’t change its value if we use a different variable.
I-x=t
59 1-x) dx = = [@=0)t" (=dt) = | (£ —1*)dt
a) Jx( x) dx |:—dx=dt:| _[( )t (=dt) _[( )

(1 _ x)k+2 (1 _ x)k+l

k+2 k+1
t t

= - +c
k+2 k+1

= 22 kel +ckeN,ceR
k+2 k+1
b) rxﬂ—dexza *) —(1 *) :0—( S ): ! ,keN
0 k+2 k+1 | k+2 k+1) (k+2)(k+1)

60 a) F(3)= j:x/5t2+2 dt=0
b) F'(x)zdij3xV5t2+2dt:\/5x2+2 S F'(3)=5x3+2 =47
X

C) F"(x):i(M):w—;x:)F"(3)= SJ’O/XZ?’ _ 15 215\/E
dx 2V5x7 +2 Isx3r+2 47 47
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61 If the function f (x) is constant over the set of positive real numbers, then its derivative is equal to zero.

3x=u
d d paxdt d (erdt 3xdt d (esxdt cxdt
e S e S ORI
dx dx 7 t  dx\Ux t k¢ dx \Jk ¢t kot 3—3

(A2t

Exercise 16.5

Solution Paper 1 type

1 Firstly, we sketch the line and the parabola, and then shade the enclosed area.

Now, we need to find the points of intersection by solving the system of equations.
y=x+I1 y=x+1 y=x+1 y=x+1
, (= L=, = =
y=7-x = =% o ras— (=10 (x=2)(x+3)=0

n=3y,=-2
X, =2,%,=-3

_2_[[(7—x2)—(x+1)]dx=_[_23(6—x—x2)dx=|:6x—x72—x?3]: =(12—2—§)—(—18_§+9)=%

} = (-3,-2) or (2, 3). So, the integral that we need to calculate is:

Solution Paper 2 type

1 Flatl Flokz Flot: I ShadecY.%z2

M EE+] A

NeET-HE =3
W=
~y=

wMe= H
~hE= [ ‘! Inktersechion l
W= bR | Y=-2

n3E

2
frlntoYz-%1:4.H:
BxrFrac
i 1256

Inkgrsgckion l II|
n=e A | =1
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Note: In questions 2-8, we are going to alternate between Paper 1 and Paper 2 type solutions.

2

4

Firstly, we sketch the cosine curve, the oblique line and the vertical line, and then shade the enclosed
area.

v
L y=x—mu/2
x=-z P >
A P
////~‘\\\\\\ y . //////—\\\>
/3  —2n  —57/3 /3 - *211// /// 3 T 4m/, 5m/3 2n Tn/3
< ~ //
// y=cosx
Y |
2
///
4 =3
v
>
//
4 -4
//
/1

=5

Now, we have to find the point of intersection of the curve and the oblique line. By inspection, we can see

T
that the point is (E R O) ; therefore, to find the area, we need to solve the following integral:

3
T 2 B 2 2 2 2
b v/ X T T T T /4
Iz[cosx—(x——)jldx: sinx-—+—x| =[l-—+—|-|0-——-—
- 2 22 1. 8 4 2 2
T, o’
=1l+—+7a =1+

Flotl Flakz Flot: ShadetYza12
~N B2 2af
“NeERE-2 Y - TAZHTHEETE
WMr=
“Mly=
x$5=
“E= .
W= Rl W S
w+E
2. FA2A5A3ES
EnInti?1—¥z:H:H:
G. 92820323
Anst
Intersection 45
H=z.piz0goB |v=gyguinis

Now, looking at the square of the answer, we can conclude that the exact form of the enclosed area is

J48 = 44/3.

Sketching all the given curves and shading the enclosed area gives the following graph.

|
/
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So, by inspection, we can see that the point of intersection of the curves is (—1, —1); therefore, the
integral that we need to calculate to find the area is:

(- e = [ (o 22 NESES 1_(1_1 )_(1_—_1_)_2
J_l[x (x 2)]dx—J_l(x x+2)dx—[4 3+2x]_1— . 3+2 13 2—3

5 solve(f](x):f?(x),x) x="1 or x=0 or x=1 =

! 8

(72)-7r(x))ax 21

-1
X

-2 2 L
: [
> s o

6  Sketching the given curves and shading the enclosed area gives the following graph.

A

-1

One point of intersection is obviously the origin, whilst the other looks like it has an x-coordinate of 2.5;
but since we are not sure we will solve the simultaneous equations.

y =5x—x’ x* =5x—x’ 2x*=5x=0 x(2x=5)=0
2 = 2 = 2 = 2
y=x y=x y=x y=x
5
x, =0, xZ:-E 5 95
o (0,0)or (5 , Z) , so the integral we have to calculate is:
»n=0y,= I
5
2 N 2 ) x? ]2 (125 125 125
J%@x—x)—x)dx=jzﬁx—2x)dx= 5X——=2X—| =| —=-—|-0=—
0 0 2 3] 8 12 24
7 Flakl Flokz Flokz Shadecy.%z. -1.8
WMABEZE-RE
wMeEE-HE ShadedYz. V1.8, 20 \
wMr=
~hy=
wMe=
wME=
M=
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Notice that there are two areas that are defined by the two curves and the curves alternate between being
upper and lower. In order to get both the areas enclosed by the curves shaded, we needed to apply the
shade feature twice, with the given restriction.

A fhIntiabsoYa-Ye2
- E12AZ3I98ET :¥aHaB2

1. AS3ZISZ2A7
1. B5333333303350
JIFIFIFIIIIZIZFr

ac
Intersgcihon Interseckion 1312

w=-.a1B0z4 I¥=-1 w=l.618024 IYV=-1

In this case, the numerical answer obtained by the TI-84 Plus model is not very accurate, so we have to be
very careful in the interpretation of the results. The TI-Nspire model gives the following results.

solve(2 x—x3=x—x2 x) 1 2 U 3 ( 2)’) a
2ox—x~—\x—x<|}dx
xzi(\/i or x=0 or x:\/—+1 7(\/5_—1)
2
@ 1.08333 1.0833333333334P approxFraction(5.e-10)
(’2~X*x3*()(*x2)|)dx %
{f5-1)

2 i i
2/99 3/99 I‘

Notice that the approximation is much better.

Sketching the given curves and shading the enclosed area for one period only gives the following graph.

=2

By inspection, we notice that the points of intersection are (— 7 , 1) and (5 ) 1) , so the integral we

have to calculate is:

T

J‘_EL,, [(2 - sin x) — sin x] dx = J‘_EL,, (2—2sin x) dx = [2x + 2 cos x]?
2 2 N

an
2

:(Zx§+2cos§)—(2x(—%)+2cos(—3§))= m+3m=A4rx
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9  Sketching the given curves and shading the enclosed area gives the following graph.

61y
; /
4 ///// y

y=x/2 P /
3 /,/’ __
2 _

/// -
1 / //'”
-
X

/T 2 4 6 8 10 12 14

=1

We notice that there are two areas bounded by the curves and that the curves are exchanging the position
of being upper and lower. By inspection, we can see that the point of intersection is (4, 2); therefore, to
find the total shaded area, we need to find the following integrals and add them together.

2 2 2 (22 4 16 4
j4(\/§—f)dx= St o222
0 2 3 4] \3 4 3 3

2 2 2T (92 2 3\ (42 2 2 81 16 9 4 43
jg(f—&)dx= S e I Nt I A =(——18)—(4——)=—+—=—
i\ 2 4 3 4 3 4 3 4 3) 4 3 12

4

10 Flobkl Flokz Flokz

MiERM4-18
wMeBEER-HE
WMr=

why= | A

xﬁs: \
T R=— 3

Was y=3x-x’ |>

We know that, in general, a quartic function decreases faster than a cubic function. Therefore, apart from
the three points of intersection that we can see on the graph, we expect to find one more to the left. To
find the fourth point of intersection, we need to adjust the window.

Yscl=188 i

WIHDOW .
' |3_ -9, 679825928 \\ 0/
Interseckion

amin=-11
Ares=1 ¥=-0G79H26 “W=B77.9508z |

Amax=-3
nacl=1
Ymin=-188
Ymax=1208

2
16076395 IV=.6679665

1.687639511
frnlntiabscY =Yz 2

E a ?E:‘
3519457361

Note (1): By using the absolute value function, we can skip all the points in between and simply calculate
the integral from the first point of intersection on the left side until the last point of intersection on the
right side. The final answer in the IB exam would be given correct to three significant figures, 362, if not
otherwise stated in the question.

Note (2): This question cannot be done algebraically since we cannot solve the equation of the fourth
degree to find the boundaries of the integral.

474
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12
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Sketching the given curves and shading the enclosed area gives the following graph.

=2

By inspection, we see that the point of intersection is (1, 1). So, the integral we have to calculate is:

8
Is(l—%)dx=l:ln|x|+ 12:| =(ln8+i)—(lnl+l)=31n2—ﬁ
T\x x 2x° 128 2 128

Sketching the given curves for the restricted domain and shading the enclosed area gives the following
graph.

y=\3tanx

y=2sinx

-2
To find the points of intersection, we need to solve the following equation:
sin x V3
=0=sinx|2- =0=
cos X cos x
T T

3
=0)=>(sinx=0)or(cosx=7 =x, =0,x, =-N=

Zsinx=\/§tanx:>231nx—\/§

(sinx =0)or (2 -
cos x

Since we have two areas, one in the first quadrant and one in the third, bounded by the curves, we need
to calculate the following integrals:

n
6

IO (2 sin x — /3 tan x) dx = [—2 cosx +~/31In |cos xl]og

- (-z cos (g) +31n (cos (%D) —(~2c0s0+ /3 n (cos 0)

:_Zx§+\/§ln(§) 2=2—\/§+\/§(%ln3—ln2)
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In a similar way, we find that
J (ftanx 2s1nx)dx —[ fln|cosx|+2cosx] P = =2 f+\/_( In3- ln2) which we

expected since both functions are odd (symmetrical w1th respect to the origin); therefore, the enclosed
areas must each have the same area. So, the final area is obtained by adding those two integrals or
multiplying one by 2.

Area = 2 X (2 -3+ \/5(% In3-1In 2)) =4-23++3(In3-21n2), which is an equivalent form to

the one given in the solutions in the textbook.
sin x d (cos x
J. tan x dx = j dx = I #

—In|cosx|+c,ce R
cos X Ccos x

In questions 13-17, we will integrate with respect to y since, in both equations of the curves, the variable x is
linear and therefore it is easier to express it in terms of y.

13 We sketch the curves, find the points of intersection and swap the variable of integration.

Sty

) (5.4) 4

(-1,74
-3
r(( +1)—(l 2—3))61 —J.4( L 2+4)d = y—z—y—3+4 4
LV 57 Y=L\ 2 e )’_2
(=53]
=({8——+16|—-|2+—-8|=30-12=18
3 3

14 We sketch the curves, find the points of intersection and swap the variable of integration.

X

y

N S

=272

2
teor-erya- o -{o-5) (---3)-2
@)=y =)oy (-2 )| =(s-3)-(-s-3) -3

Note: Since the functions are symmetrical with respect to the x-axis, we could have used an integral from
0 to 2 and multiplied it by 2.

15 To use a GDC, we need to express x explicitly in terms of y, and then use the finite integral feature on the

calculator.
2
{4x+y2=12 x=3-2
= 4
y=x x=y
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17

® &
Since the parabola opens downwards, the upper function is the quadratic function.

The final step is to partially solve the simultaneous equations to find the borders of integration. (Note: We
will use x instead of y on the GDC.)

azxitat x+an=E az #i+a1x+an=H frlnto3=-Ne q4-=-4, 4
az=1 =1 B -6 2 "B Z22FFrac
a1 =4 we =2 6.3
an=-12

ATRIADCENCLRILOACIZOCLVE! AINNIHODENCOEFN =70 NF4kD

Again, we need to express x explicitly in terms of y, and then use the finite integral feature on the GDC.
x—y=7 x=7+y
2 = 2
x=2y"—y+3 xX=2y"—y+3
Since the parabola opens upwards, the upper function is the linear function.

The final step is to partially solve the simultaneous equations to find the borders of integration.
7+y=2y"—y+3=2y"-2y-4=0=y"-y-2=0

az xitat x+an=E 3z ¥i+at x+an=H fralnto 7+ =24 e+y'—
az=1 =1 B2 Fava-1.202¥Frac
ai=-1 “z=-1
anp=-:

IHAINIHDCEICLRILOACTZOLYE] AINIHODENCOEFD ZT0 IF4kD

Since the variable x is already expressed explicitly in terms of y, we simply need to partially solve the
simultaneous equations to find the borders of integration.
V' Eioy-2=y -y -2=0

az i3 x+an=a a3z ¥i+ai x+an=8 frlntoe=2ve+id+2
az=1 =1 B2 e 120 ¥Frac
ai=-1 “z=-1 =
anp=-:

IHAINIHDCEICLRILOACTZOLYE] AINIHODENCOEFD ZT0 IF4kD

Note: We don't have to simplify the expressions and, if we are not sure which function is the upper one and
which is the lower one, we don’t need to spend too much time on graphing and identifying. We can simply
use the absolute value of the difference of two functions; the result will always be positive and therefore it is
the area between the curves.

18

In this case, since the boundaries of integration are given by the vertical lines, we don’t even have to
sketch the curves. Since there are multiple areas enclosed by the two curves (alternating upper and lower
curves), we can simply apply the absolute value function.




19

20
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Flatl Flakz Flats: frnlntia
S BRI E A
SMeBHE-2E 12
wMr=
wMy=
wMe=
“ME=
wMe=

siY1-Yez 2
FFac
= Lo s

The answer provided by the calculator is not exact, but this is quite common for answers provided by a
GDC. Calculators use certain numerical algorithms which contain an error visible in the answer. In this
case, we give our final answer as 19. Anyhow, the IB policy to use three significant figures will enforce our

answer, 19.0.
y
y

=il 1

N y=Eect)™
\\) (secx)"2

x=—m/3 B

b e s oo

y=tan(x) xsec(x)

T A
L

|

J_Z;, (sec2 x — sec x tan x)dx = (tan x — sec x)]z;,
~(on(§) e (G 1ol5)-(5)
V3243 23

=2 i 3r2=""142
3 3 3

GDC verification:

When using a calculator, the angle mode must be radians. Again, we don’t have to spend too much
time establishing which function is upper or lower since the absolute value will cover that part of the
calculation.

Flatl Flatz Flobz frIntcab=CY1-=-Y4Yz=z>
“MiBlocoscEne il TS MAEIFS
SMeBLantErcosCFE| o
a1 S 15947EE538

“Mars 2H[CF13+2

My = 3. 1547BR538
wMe=
“ME=

Flotl Flokz Flot: J:") frnln
SBCl+ENE 4 2 T
WMeBHE+]
WA= FZ.H8
wLy= 3333
=Me= IrS12
““""'Ef InkdPseckion Inkerseckion

W= e P I ¥

Even though the GDC does not offer an answer in fraction form, due to the algorithm’ error, we are able
to find the final answer as a fraction by correcting the error.




21 Firstly, we need to sketch the functions and find the points of intersection.

22

y

-2

To find the points of intersection, we need to solve the system of simultaneous equations by using the
substitution method.

y=x"+x - y=x"+x R y=x"+x . y=x"+x
y=3x2—x X +x=3x"-x x> =3x"4+2x=0 x(x-1(x-2)=
{ylzo’y2:2’y3=10

x,=0,x,=1,x,=2

Since there are two regions enclosed by the curves, we need to split the integral into two, exchanging the
upper and lower function.

! 3 2 2 2 3
IO ((x + x) - (3x - x)) dx + -[1 ((3x - x) - (x + x)) dx

4 1
'[:(x3—3x2+2x)dx+le(—x3+3x2—2x)dx=(%—x3+x2)] +(——+x —-x )]
1
2

0

1
=——1+1+(-4)+8- 4+——1+1_
4 4

Flotl Flotz Flobs WIHOOW “3*A
S - AN mmin=-.1  BESVER4ETVE
SNMeBC2TOE 12 02 | Emax=d
JOEa mecl=1
W= Ymin=-1
wMy= “max=d4
wES wacl=l Interscction
wME= ares=1 Hz MBEFEEYY Y=z.P0P106H

“+B
2.914213562
FnInti¥1—¥z:H H»
BirFr
. 9428@9@41 1
2I022.-3
TREEF 5 hien - 2423838416
¥=2OiyziFe vY=1.zO9zEOzz

Here, we can conclude that the error obtained by the calculator will approximate the exact value of the
area.




Chapter 16

23 | \

4 3 2 4

We need to find the points of intersection of the curves, so that we can establish the boundaries of
integration, by solving the corresponding system of simultaneous equations.

_ —4+16+48 —4+8

y=3x’ 4—4x =3x" 3x* +4x—-4=0 X,
—4-dx )| y=d-dx | y=d-4x | 6 6 =
V= y=4-4x
X, ==2,x, =
y=4—4x
y = 8x 4—4x = 8x° 8x* +4x—-4=0 2% +x-1=0
= = = =
y=4-4x y=4—4x y=4—-4x y=4—-4x
-1£v1+8 —-1£3
‘x12: = xIZ—l,xZZ—
: 4 4 = 2
y=4-4x y=4—-4x

In both cases, we did not calculate the y-values since, for the integration, we simply need the
x-coordinates of the points of intersection.

1 2
J:;l (4 —4x— 3x2)dx + _E [sz - 3x2)dx + E (4 —4x— 3x2)dx

5x

2

2 3\7L 5x° % 2 3 :
:(4x—2x —x)_2 (T)] +(4x—2x —x)]f
-1

_ 269

:M&+1¥&*§/§+i+§+§—§—£¥1+

1 1
_+_
24 3 3 9 27 2 8 54

Solution Paper 1 type

24 Firstly, we need to find the equation of the tangent at the point (1, e).
yz=e oy =
m=y'(l)= e = Equation of tangent: y =e(x —)+e = y = ex
Sincey"=e" = y"(1) = e > 0, we can conclude that the curve is above the tangent; therefore, to find the area of the
region enclosed by the curves, we calculate the following integral.

[ oo (-] o= 0-0-5-




Solution Paper 2 type

© O

24 \We can immediately input the equation of the curve and the equation of the tangent by using the graphing function.

25

26

27

Flotl Flokz Flokz W I MO0 frlntoYi—-Y%z. 8.8,
R = L Amin=-4.7 12
MeBrDerivi1. 4. || Smax=4.7 2091411483
1acE-10+Y¥1 012 wecl=1 es2=1
wMr= Ymin=-1 L SD91489142
~My= Ymax=5
wWe= Y= l=1
wME= “res=1 A

For the equation of the tangent to the curve, y = f (x), at the point (x,, y,), we were using the following formula:
y=1"(x,)(x = x,)+ y,.If the question does not ask for an exact value, we can solve using a GDC.

Since the implicitly defined function is symmetrical with respect to the x-axis (only even powers of y), we
simply need to use one of the two branches.

Flotl Flokz Flotx WIKOO ?1:m*uxﬂn£ﬁf fRIntiY1.m. —3. @D

WABTCE G CH+E30 mmin=-4
SMWEB T O CE+HI | | Bmax=d T. 126152529

Ascl=1 Ans#+2

W= Wmin= -6 14. 25238466
wHy= Wmax=5 28803233
wMe= Wecl=1 14, 23238379
~ME= Ares=1l H=? W=
Again, the implicitly defined function is symmetrical with respect to the x-axis (only even powers of ).
To find the borders of integration, we need to solve the equation by setting y = 0.

2 2
0=2x"—4x* =2x* (1-2x*)=0=x, = 0,x, = —§,x3 =§

Alternatively, since the implicitly defined function is symmetrical with respect to the y-axis (only even
powers of x), we can calculate a simpler integral and then multiply it by 4.

G “ —2x" =
4XLZJZEtZFHXZ4J§XLzfofZdez[1 2x t]=4J5xLQﬁx(—id0

—4x dx = dt

:4J§x_[10\/¥x(—idt)=/(\/fx%xj:x/?dt=\/5x@tz)]l 2

0

In this question, we can do all the calculations with respect to y, since x is expressed as the subject in both
equations. We are going to swap them on a GDC.

Flotl FIokz Flotz WIHDOOW

N ESHEE mmin=-1
wNeBE1Z2E-HE=5 HMax=0
“Ma= wecl=1
wMy= Ymin=-1A
~MNMe= Ymax=3H

o Yo 1=5 . :

wMa= Wime=1 Inttr‘s-z-:t on y=7 Int-zr':-zct ah y=1p.7E
frlntiye—Y1.4..9

2200 Frac

163
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28 [Flatl Fletz Flots WIHDOW Y=
WMyBCH-20E smin= -2 2215428817
wMeBER—4 e mmaw=a
whe= mecl=1
“My= Ymin=-S
wMe= Ymax=15
W E= mecl=2 Intersectio
wMe= Hres=1 NESTiEGZHE V=3.AGZR0NF

& *
S.d429288572
frnlntcabscY1-4:z2
28 Ha B2
25. 36226178
|
InkgFseckion
Y=o YEGZEEE ¥=1Z.17C5i3C

Solution Paper 1 type

29 J.mez"dx=(lez")] =l(e2m—1)=>—(e2m—1)=3=>ezm—1=6:ezm=7=>2m=|n7:>m=|n—7
0 2 , 2 2

Solution Paper 2 type

29 EQUATION SOLVER |[fnlntieczni.. =] [M
ean:B=fnlnt (e~ (2| | =2 .97 29558745
B Ha Bl M3 = M=. 97295587452, | [Ln( T2

hound={-1£99,1.. . O72OS5RTYS
s ]left-rt=H

We have simply confirmed the result obtained by the first method.
(The value of xis not relevant to this problem.)

Solution Paper 1 type

30 Firstly, we need to find the zeros of the function.
X —4x°+3x=0=x(x-N)(x-3)=0=%,=0,x,=1,x,=3
y'(x)=3x"-8x+3=y'(0)=3>0,y'()=-2<0,y'(3)=6>0

Therefore, we conclude that the function is increasing at the first and the third zero, whilst it is decreasing at the second
zero. To calculate the area enclosed by the function and the x-axis, we need to take into account the fact that the region
between the second and the third zero is below the x-axis and hence we need to take the opposite expression.

40 237 4 gl 2\
J‘W(x3—4x2+3x)dx+r(—x3+4x2—3x)dx= x——i+3i + —x—+i—3i
0 1 4 3 2 ) 4 3 2 )]

3 81 108 27 1 4 3
tITat3 Tt

+
4 3 2 4 3 2
79 100 21 —237+400—126_37

43 2 12 12

1.4
43
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30 [ Flokl Flokz Floks W ITHOC
wIREF—4E I+ Amin=-1
Ly wmax=4
wscl=1
Ymin=-4
“max=4
Vscl=1
Hsres=1

=
wMar=
wMy=
wMo=
“Me=
wMWe=

g
=z =i
frlntiabsoY 1 1. Es
B, 22rFrac
S.HEEIIESLE
I 5
333333 rFrac
Iralz

Exercise 16.6
1  We begin by sketching the lines and shading the region that is rotated about the x-axis.

4ty

\&

‘ 3
To find the volume, we need to evaluate the following integral:
2 2 373
V= ﬂj (3——) dx—ﬂj (9 2x+—)dx— [9x X +x—:|
3 9 27

2
8 127
:ﬂ((27—9+1)—(18—4+—)):—7t
27 27

[ B .20
M Egarn 212
(M Enstin 23

-1
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2 We begin by sketching the parabola and shading the region between the x-axis (y = 0) and the parabola
that is rotated about the x-axis. By inspection, we find that the parabola intersects the x-axis at the points

(—\ﬁi,O)and(\ﬂi,O)

e

To find the volume of the solid, we need to evaluate the following integral:

I
Vzﬂ\EZ—xzahzﬂ\E4—4ﬁ+x4dm:ﬂ4x—éf+f—
-2 -2

N
= n((4\/§—§x2\/5+ 4\6J—(—4\/§+§x2f— 4\/5))

_?;_ _?;_

16v2 82 6442
= |82 - + = T
3 5 15
3 We begin by sketching the curves and shading the region that is rotated about the x-axis.

Flaktl Flakz Flokz ShadedYza"Y1:1.32 fnlntoY . 5. 1.30
SR C1E-KED FFrac

~N B8 i P
wa=

wy=

wYe=

“ME=

W=

We need to multiply the answer on the final GDC screen by 7 to obtain the volume. So, the volume is

70
V=—nm.
3

4 Flotl Flotz Flokbx ShadedYz%1.1.32 frnlnto1g. 821,30
~NM1E3E kFrac
~NzEa &
“Ma=

wMy=

wMe=

~“MNE=

M=

We need to multiply the answer on the final GDC screen by 7 to find the volume. So, the volume is
V=6n.

484




5

We begin by sketching the lines and shading the region that is rotated about the x-axis.

N
N .
2 4

To find the volume of the solid, we need to evaluate the following integral:

3 5 3 R xz x3 3
V:ﬂ'jo (3—X) dx:njo (9—6X+x )dx:n'|:9x_53x_+?:| —

Z

0

T

Flokl Flotz Flot:
BT CsincEa

N zEE

ShadedtYz: Y1822
frnIntiY1 e, 8. 8am2
2

So, the volume is 27.

We begin by sketching the cosine curve and shading the region that is rotated about the x-axis.

2ty

=2

7)/2\/ (cosx)

EsX

reu»n =

)

To find the volume of the solid, we need to evaluate the following integral:

V= ”.EE (x/cos x)2 dx = n_[?ﬁ cos x dx = i [sin x]?z = n(sin (7—;) - sin(
2 2 2

T

2

)

2

3

41
2

J

© O

Z2
3
—]=97r
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8 We begin by sketching the parabola and shading the region that is rotated about the x-axis. By inspection,
we find that the points of intersection with the x-axis are (—2, 0) and (2, 0).

To find the volume, we need to evaluate the following integral:
) ) 3 572
Ve=r| (4-x) dx=r] (16-8x+x")dx=7|16x-8x "+
-2 =) 3 51,

4 32 4
=n((32—6—+3—)—(—32+6——£D=M
35 3 5 15

9  We need to find the point of intersection of the cubic curve with the x-axis. We will store the point in the
memory to simplify our later calculations.

Flokl Flotz Flot: Y=
SMMiEREFH2E+] R TR AT S B
~MNezEd ShadecYzaY1:H212
wMr=
“My=
~MNe=
W E= 2k
wMr= ¥z yczzipr [y=o
frnIntiY12.5.A-12
5.937423504
Anz+n
12. 65315456

So, the volume is V' = 5.9377 or V = 18.7, correct to three significant figures.
10 We begin by sketching the parabolas and shading the region that is rotated about the x-axis. By
inspection, we find that the points of intersection of the curves are (-2, 4) and (0, 0).
64 y g

y=x?

=2

(0,0) —

486




© O

To find the volume, we need to evaluate the integral of the upper function and the integral of the lower
function, and then subtract them to obtain the final answer.

3 4 570
v _= ﬂj_oz (—4x —xz)2 dx = 727_"_02 (16x2 + 8x° +x4)dx = 7r|:16><x?+ 82 x x_+x?:|2

upper /4
= n(O—(16x(—§)+2x16+_—32)):n(%—32+2)=ﬁn
3 5 3 5 15

0y 0 7 -32\ 327
Vvlower = ”le (xz) dx = 77:."72 x4 dx = 7r|:?:|_2 = 7[(0— T) = ?

So, the final volume is:

256 32 256 — 96 160 32
Vzvuper_ lawerz_n.__ = =—_—n=—_""7
P 15 5 15 15 3

In questions 11-19, we begin by sketching the curves, shading the region that is rotated about the x-axis and
then drawing the solid of revolution.

11
4ty
3
2
y=secx /
1———"/
x=7/4 x=r/3
X
1
—1 T
V= nj,? sec’ xdx = | tanx]? | = n(tan (—)— tan (—D = n(x/g— 1)
n Y 3 4
12

-2

| Enazon =t
EpionZ ya!

<
Il
)
o

7 5 4 3\T°
((x3 +1)2 —(l—xz)z)dx = 7r.[_01 (x6 —x'+2x° +2x2)dx =7r(x——x—+x—+2i)]
1

7 5 2 3
( (1 1 1 2)) 30-42-105+140 237
=r|0—|-=+-+-——=||=7 =
210 210
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13
Mty
y=(36-x) |
\‘\
\\ y=4
3
2
1
- -4 =2 e e |
-1
Before we find the volume of revolution, we firstly need to find the borders of integration by solving the
simultaneous equations.
2 2 2 2 — —
= — — _ 16 = 36 — =2 x——2\/§,x —2\/5
y36x:>4 36x:>636x2x 0:1 5
y=4 y=4 y=+4 y=4 y=4
Since both functions are even (symmetrical with respect to the y-axis), we can simply calculate the
integral from 0 to 2+/5 and then multiply it by 2.
e 25
v=anf (( 36— ) ~4 )dx - 27:] (20— x*) dx = 2ﬂ(20x—?):|
0
40v5) 16075
= (4of -~ J =
3
14 61y
: ]
4 y! 2
4 o
3 =2x//",r’ .,
2 / o
/, x=\y N
1 //
-2 -1 1 2 3 4 5 6 mm— |

To ease our calculations, we use the fact that x = [y < y = x*, x = 0. By inspection, we can find the

borders of integration.
x

V= nf: (22 = ()" ) dx = ”j: (45"~ x")dx = n(%_g)]:

(32 32) _64nm

3 5) 15
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y=cosx

////’+

y=sinx

-1

r i 1
V= ”,[12 (sin2 x — cos’ x) dx = 72:"‘52 (—cos2x)dx = 71'(— 3 sin 2x):|
4 4

x=1/2

]

e

T . . T
=——|SIN7T—SIN— |=—
2=~ 2| 2
1
16 254y
20 £
=2x+4 /
}/,
15 £
/ x=3
y
10 4
y.
y
e
&/ y=x
x=1
-1 1 2

V=nf (20 +4) -x )dx—rcf(4x +15x% +16) dx n’(4§

972
= ﬂ(T+135+48___5_16)

17 10ty

2

N |~

x=1

-1

v ) =] o i )

(243
=7 —
5

+3

/

/
y=V@i+1) /

1 252w
1)-

X L
m =
= o

quation 3: x=1

x=3

5

17787

r Houston T yau (1)
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18 Here, we can find the point of intersection by inspection.

20ty
\\\;\\18 y=16-x - = t
> 104 k
x==1 /y=3x+12 I“/ 3
10 ¥ | l Wit
/ : !
4 e i
, L "
X ]

-2 - 1 2 3 B Emen 1 ieen |

— ! _ 2 _ 2 _ 1 _ 2 _
V=r[ (16-x7 -(Gx+12))dx =z (-8x —~104x +112)dx
8x° 2 1 8 8 6567
=r| - —57x +112x || =m|[-=-57+112—-=457+112 |= —~
3 -1 3 3 3
19 We can find the points of intersection by solving the simultaneous equations.

1
- _1 _1 N=2Y,=
x 7T = ’ = =

y:
1 5
=2—x/><2x 2x> —5x+2=0 (2x-1)(x-2)=0 X, =

N |
x

:(5 ¥ (1) 2(25 1 25 5% % 1\[
V=7rJ.1 (——x) —(—) dxzirjl (——5x+x2——2)dx=ﬂ —x—i+x—+—

S5\ 2 X S\ 4 X 4 2 3 x|t

25 8 1 25 5 1 or

= 7—10+—+———+———_2 i

3 2 8 8 24

An alternative method of solving a rotation about the y-axis involves swapping the variables of integration
from x to y, which means that we need to express x in terms of y to find the volume of revolution. So, in
questions 20-31, we will use both methods to find the volume of revolution.

Note: The second method, known as the shell method, is described in the HL textbook. In most cases, the
shell method is simpler, but it is not part of the IB syllabus (in this cycle).



20

0 V= (5-0) - @)ar = 2] =108+ )= x-  ))

( 10 1) 887
=n|l9-—+-|===
15
b) y=3-x =>x=w/3—y,y=2x:>x=%
We need to split the region into two, and change the boundaries of integration from 0 to 2 for the
first integral, and from 2 to 3 for the second integral.

oo (2ot 2]

The shell method: .
4 2 3

V= 2727J‘ x>< 3 x —2x))dx—27rj 3x X —2x )dx—27r(3x ———i)]
2 4 3

301 2 18-3-8 7xm
=7 ] e — =2Tx ———— =2

3

2
:n(—+9—2—6+2)=7—”
, 3 2 6

12 6
21 10ty |/

x=1

x=3

We need to express x in terms of y: y = x* = x = \[y

v afl iy af (5 - (5 o = {30 )

1

81 1
= ﬂ(8+81———9+—)=40ﬂ
2 2

The shell method: \
4

v=2r[ (x(x*))dx = 22[ x dx—27z( ) =2ﬂ(ﬂ—l)=2ﬂx20=407r
4 )], 4 4
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22 4ty
y=(9-x?)
\\
27 4
y—x
. X

Notice that these two curves intersect at the point with equal x- and y-coordinate:

9 3J2

V9-x=x=9-x"=x=9=2x" = x = /|-~ = ——, and that x and y are symmetrical in the
2 2
equation of the curve; therefore, x = /9 — y2 .
We need to split the integration into two parts.
32
ﬁ 3 2 yS T y3 3
— 2 .2 _ a2 — 7z _Z_
V= ﬂ...o y dy+7r‘|‘ﬂ(\/9 y ) dy=r (3 )]O +[(9y 3 )]3&

2

(9\/— 27 —9—£ ﬂ):97:(2—\/5)
4 2 4

The shell method'

N e R SN P R

We need to use the substitution method for the first integral.
32 2 9 3\
2 (o Jo_ 2 =9- o1 1 1(2 2
J.Z (x 9—x2)dx= £=9-x :J.Z(——\/;)dt=—_’.:\/;dt:— —t?
0 dt = -2x dx o\ 2 277 2\ 3 s
2
(9)2 1 ( 272 ] 2
- 27 9

So, we can now proceed with the calculation of the integral.

f= 9 9_ﬂ_(1x3)]3f :2n(9_9ﬁ 1X27><2\/E]
4 3 o 4 8
=2 (9—ﬂ—ﬂ}=9n(2—ﬁ)
4 4
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24

Sty
2
y=x—4x*+4x
1 /\ R
£ N
/ N
/ \
/ X
1 i 1 2 3 4

.
This question cannot be done by swapping the variables, so we will use the shell method.

5
V= 27[_[02 (x X (x3 —4x* + 4x)) dx = 27r.[02 (x4 —4x° + 4x ) dx = 271'(% x4+ ﬁ)}
0

3
32 32 96 -240+160 327
=2n|—-16+—|=21mX =
5 3 15 15
Tty
6 x=5 x:”//
//
5 /‘///
4 y=v(3x) =
3
2
1
X
2 4 6 8 10 [

=1

To determine the boundaries of integration, we need to find the y-coordinates of the points of
intersection of the curve with the vertical lines. We also need to express x in terms of y.

2
x:5=>y=\/ﬁ,x:11zy:\/§,y=x/§zx=y?
Jis U5 2)? A
V= ”Io N (11° =5%)dy + nj'g (112 —(%) ]dy = 967r(y)]f - n(lZly—;xy?)]
J15
—967r\/_+1217rx/_—lzlﬂ\/_—121n\/_+5nx/7—ﬂ—20\/_
The shell method:
11 n 3 2 2 ! 4727\/_
sznj (x3x) dxzzm/EL x% dx = 27m\/3 o - (121311 - 25V5)
5

_ 484
ZJ_ — 20715
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25

Since this region is symmetrical about the y-axis, we can take one-half of the region and rotate it about
the y-axis. We also need to express x in terms of y for both curves.

2 , 2 2
s> 1l+x =—=x= |—-1
1+x y y

v el (o) drenf(Fo1] =l el (21 )y
- n((y?z)]l +(21ny—y)]fj= ne+21n2—2+1)= 27r1n2—§

0

y=x'=x=\yy=

The shell method:

4 1
V=27z,'J‘1 x X 2 —x*||dx =27 2 —x’ |dx =21 ln(1+x2)—x—
0 1+x° o\1+x° 4

1
=27‘L’(ln2——)=2ﬂ'ln2—Z
4 2

26 41 /

3 L
y=\(x+2)
s

y
s

\2// x=3

We need to find the y-coordinates of the points of intersection to determine the boundaries of
integration. Also, we need to express x in terms of y.

x=O:>y:\/5,x=3:y:\/11,y=\/x2+2zx=\/y2—2
V2 Vi 2 NG y3 -

2
V=77:J.0 32dy+77:_'.ﬁ (32—(\/)/2—2) )dy:n((%/)]o +(9y— +2y)] ]

3
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=n(}ﬁ+9\/ﬁ—“m+2\/ﬁ%+¥—zﬁ)=2?”(11\/1——2J5)

3
The shell method: N
_ .2 3
V= 2nj3(x\/x2 +2)dx _|fEA 27:]“\/E><ldt 2] = E(11\/1_—2\/5)
0 dt = 2x dx 2 2 3 5 3
27 5%y

4t y=7xIN(x+7)
///\
3 //‘ \

/ x=3

This question cannot be done by swapping the variables, so we will use the shell method.
1
\% an( X 7x )dx Zn-[}( 7 )dx t=x'+7 147tJ.34 gdt 14”(2&)]34
= X —_—_— = _— = = e
0 VX' +7 "\Wxl+7 dt = 3x’dx NG 3 7
28

28 y

=81
y=cosx y=sinx

x=n/2

-1

nﬁ)

These two curves meet at the point (— ,— |-
4 2

We need to express x in terms of y: y = sin x = x = arcsin y, y = cos x = x = arccos y

2

ﬁ 71-2 2 1 T 2
— 2 _ _ 1
V= njo ( . (arccos y) de + n'J‘g ( . (arcsin y) )dy
In order to find the volume, we firstly need to find the following definite integrals.

., 2 arcsin x .
u = arcsin® x du = —————dx 2x arcsin x

arcsin® x dx = 1= x2 = xarcsin® x — | ———dx
J vi-s v

dv = dx v=x
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. dx
U = arcsin x du=\/_2 p
1-x . . /] — X
= = x arcsin® x + 2 arcsin x V1 — 2—_[2 =5 ——
2

dv = 2x dx v=-2v1-x" )E—x
V1= x?

= xarcsin® x + 2arcsin x V1—x*> = 2x+c¢,ce R

2arccos x

2
u = arccos” x du = ———dx 2X arccos x
J.arccos2 xdx = —J1 = x2 = x arccos® x + J ﬁ dx
1-x
dv =dx v=x

dx
U = arccos x duzﬁ p
_J1— x
= 5 I=x = x arccos’ x — 2 arccos x V1 — Z—IZ)E—xZ  ——
X /] "
dv = dx v=-2V1-x X

1—x°

2 2
= x arccos” x —2arccosxV1—x" —2x+c¢,ce R

So, we can now find the volume of the solid of revolution.

n.Z

V2 2
V(1 .
V= ﬂJ'O 2 (T — (arccos y)z) dy + ﬂ“f (T — (arcsin y)z) dy

V2

2 B
= 7r(ﬁzy—yarccos2 ¥+ 2arccos yy/1— y* +2y):|
0

2 1

+ ﬂ(%y— yarcsin® y — 2 arcsin y/1- y* + 2y):|

V2

=n(nzﬁ—Q(n—zJ+2xEx£+\/§—n)+n((ﬁ—z—ﬂ—z+2]—(nzﬁ—Q(”—z)—ZXEX—z—\/ED
4 2 4 4 4 2

8 2 \16 8 2 \16
= | == —m+2

2
The shell method:

VZZEJ,E(xsinx—xcosx)dx:*

4
Before we continue, let’s find the following integrals.

) U=x du = dx .
stmxdx= . =—xcosx+fcosxdx:—xcosx+s1nx+c,ceR
dv=sinxdx v=—cosx
u=x du = dx ) ) )
J.xcosxdxz . :xsmx—jsmxdx=xsmx+cosx+c,ceR
dv=cosxdx v =sinx

Now, we can continue with the shell method.

V3
* = 27 (—x cos x + sin x — x sin x — cos x)|2
4
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30

=2mw|——cos—+sin —— — sin — — cos —+ — cos — — sin — + — sin — + cos —
2 —_— —_— —_— —_— —_— J
1 0 V2 V2 V2 V2
2 2 2 2
T N2 2
=2n|l-—+—|=m|2—-m+——
2 4 2
25ty
20
y=2x7+
15 }
x=3
10 /
»// —
&_/ 7
x=1I
X
-1 1 2 3 4 5
2
_ 3 2 6 B 22 _ Z_
V=x|[ (y-1)dy+[ O-1dy+] (9 (4/2 2)]]@

5 3 5\
1 284
:ﬂ((%—y)] +(8y)]§+(11y—y?):| J:n(9—3—5+1+48—24+242—121—66+9):%

1 6

The shell method: \
4 3

V= 27r.f13 (x (2xZ +4 - x)) dx = 271"[13 (2x3 +4x — xz) dx = 271'(% +2x° — %H

1
(81 1 1) ( 1) 142 284rm
=2m|—+18-9——-2+—|=2m| 47+ - |=2AX — = ——
2 2 3 3 3 3

x=vr

y=sin(x?)

-1

This question cannot be done by swapping the variables, so we will use the shell method.

Jz . = : T, 1 T
V:ZEJO (x51n(x2))dx=[dt:2);dx]=27rj0 s1n1f><5dt:7z:(—cost)]0

= 71'(— Ccos 7r+c050) =27
-1 1
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31 144y
\\ y=5—4x
12
\
N 10
\
N8
\\
\\
\\
41N y=5-x3
N
2
N X
4 3 2 15 2 3
-2 N
4 \

Firstly, we need to express x in terms of y.

Since the region is symmetrical with respect to the point (0, 5), it is sufficient to calculate the volume of
one part of the region and then multiply it by 2.

v=ar] ((2/@)2 —(S_Ty)z)dy orV = 27:]513((@)2 _(¥)ZJ dy

iy ntHH"iS WadE
—é T B

I

§

8.533333781

8. 53333333333333
Z2rFrac

25615

256
So, the final volume is: V = —n.

15
The shell method:
V= 47rj 5 X —5+4x))dx—4n'_[ 4x —-X )dx
or

V= 4727-[ 5 x—5+4x))dx—47rj 4x —x)dx

dfnlntCridn-—K32,

a a :I
17 . BEERREET
Ar=kFrac
25615

2561
So, the final volume is: V = ?

498




Exercise 16.7

Solution Paper 1 type

1 To find the displacement, we are going to evaluate the following integral:
o P2 2 10
Displacement = [ *(t* = 11t +24) dt = [? 11X+ 24t:|

_[1000 1 28050 50 = 0= 19% 5504240 = 01
3 Zz 3 3

0

To find the total distance travelled, we need to find the zeros of the parabola and identify where the particle changes
direction.

+121— i
v(t)=0:>t2—11t+24=O:>t=H_ 1221 96=”2‘5:>r=3orr=8

We notice that the particle changes direction twice, so we need to split the integral into three different integrals.

3
0

3 £ i 3 £ [ 2 K
= oI — 24t | | m—1IX —— 24t | | = —11x — + 24t
2 EE 2 E 2 ]

Total distance = _[ (C=11t+24)dr+ U: (¢ =11t +24) dt‘ + j;o (¢ =11t +24)dt

3

(22 120 -2 p 11 B4, —(—9+%—72)
g 2 3 2

Z

+(_1O§0—11><mso+24O)—(132—352+192)=Zx§—2x%+§=65m

Z Z

The absolute value was taken only of the middle integral since the parabola is below the x-axis (negative) for the interval
between the zeros 13, 8[. Because of the opposite anti-derivatives, we noticed that some anti-derivative values appeared
twice in the calculation and so we could simplify the sum.

Solution Paper 2 type

1 Itis much easier to solve this question by using a GDC.

Flotl Flokz Flot: falntoY 5.8, 182
=eERe—-11HE+24d FFrac

wMe= FA-35
wWa= frlntCabsC e 2. Ea
wNy= A, 182

=Ne= Gd . 999375
NE=

wMNe=

The only issue here is the accuracy of a GDC. We need to interpret the final answer as 65 m.

Solution Paper 1 type

2 To find the displacement, we are going to evaluate the following integral:

2 1
I (t—iz)dtz £l =(l+1)—(%+l)=1.5—10.00S=—8.505
ol ¢ 27 t), 2 2 01

We can see that the particle moves to the left and that the displacement is 8.505 m. However, since there are no zeros
within the given interval, the total distance travelled is the same, i.e. 8.505 m.
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Solution Paper 2 type

2 Again, it is much easier to solve this question by using a GDC. This time we will use the graphing Calculate menu so
that we can see the graph and the area, which we can use to confirm the direction of the particle and the conclusion
regarding the total distance travelled.

Flatl Flokz Flat: Fl Y=H-1/03
=N ER-1-HEE tualue

“Me= 2izero

wNr= Jimindimum

sy = 4= maxinum

=Ne= S intersect

NE= s T P Lotk Limit s
wMNe= EHF “w=al
Yi=H-1003

UFFeF LimitT

#=1 JFx1dx=-B.E0E

So again, since the whole graph is below the x-axis within the given interval, our definite integral is negative and we use
the absolute value, i.e. 8.505 m. Since there are no changes in direction, the total distance travelled is the same.

3
Flotl Flokz Flots
WMiBsinc2ie
A
~Mr=
mhy=
whe=
wME=
M= SECcadx=1
We notice that the whole graph is above the x-axis within the given interval, and therefore the
displacement and the total distance travelled are the same, i.e. J.f sin (2t) dt =1 m.
4
Flokl Flokz Floks
;?1551niHh+cDEiH
me=
wMr=
~y=
~Ne=
~NE= SFcidn=z So, the displacement is 2 m.

Flotl FlakZ Flokz

== +
yTISSIniRI+Cos s The total distance travelled is 2.83 m, correct to

:3255b5i¥13 three significant figures. To find the exact value,
wMy= which we suspect is 2+/2, we need to square the
"'\-\.'-l-' E=

Y= JECedx=g BeAyzRl answer.

Ans &

Since the square is 8, we can conclude that the
answer is /8 = 242 m.
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5 Bylooking at the curve v (f) =t — 8¢> + 15t = ¢ (t — 3) (t — 5) , we notice that within the interval ]0, 6[
there are two zeros, 3 and 5; therefore, the particle changes direction twice. To find the displacement, we
are going to evaluate the integral within that interval; but to find the total distance travelled, we are going
to split the integral into three parts and take the absolute value of the middle part, since the curve is
below the x-axis in the interval ]3, 5][.

104y

y=x—8x?+15x

=10 ~

s t* £ 7
Displacement = jo (£ —8t* +15t)dt = [Z —8x S H15x% 3] =(324-576+270)- 0 =18 m

0
Total distance = [ (£ - 8¢ +15¢) dt + U: (£ - 8> +15t) dt‘ +[0(e -8 +150)

£ £ 27T t* £ 2T [+ £ 27
=|—-8Xx—+15Xx—| +|-—+8X——15x—| +|——8X —+15x —
4 3 2 4 3 2 4 3 2

0 3 5

(B g 2721552 _o+(_@+8xﬁ_15xé)_(_ﬁm_ﬁ)
4 2 4 3 4 2

3 2
+(J29€324_8X%72+

15

X}ém)_(@s 1000 ﬁ)

A )4 Z 4 3 2
63 125 86
=7 X—— 72 X——+18 =— = 28.7 m, correct to three significant figures.
Z2 ye z e 3 g g

Solution Paper 1 type

6 \We notice that the function is always positive on the given interval and therefore the displacement and the total distance
travelled are going to be the same.

Wt Tt 2 it 2 (m)|
j sin| — [+ cos| — ||dt =|—=| —cos| — ||+ —sin| —
g 2 2 T 2 b3 2 /),
2 T . T )
=—|—-cos—+sin—+cos0—sin0
T 2 2

=£(O+1+1—O)= m
T

ENES
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Solution Paper 2 type

6 | Flakl Flokz Flotz
“MiBsinimEAZ2 oo
SRS 20

wMe=

wMr=

mhy=

nNe=

wME= TFCxadx=1.27z2300

Arns=+n

So, both the displacement and the total distance travelled are 1.27 m,
correct to three significant figures. Again, to show that the exact form

-4 :
is —, we can multiply the answer by 7.
/1

7 wv(t)= J at)dt = v(t) = J 3dt =3t + ¢, c € R. To find the value of the constant, we are going to use
the initial velocity: v(0) =0 = 3x0+c¢ =0 = ¢ = 0. So, the velocity function is: v () = 3t. Now we
proceed to find the displacement and the total distance travelled. Since there is no change in direction,
both quantities are the same and we calculate them using the following integral:

> 2T 27
J3tdt:|:3—:| :(3><—J—0:6m
0 2| Z

2
8 v(t)zja(t)dt:>v(t)=j(2t—4)dtzztz—4t+c=t2—4t+c,ceR.Toﬁndthevalueofthe

constant, we are going to use the initial velocity: v (0) =3 = 0° =4 x 0+ ¢ = 3 = ¢ = 3. So, the velocity
function is: v (t) = t* — 4t + 3. Now we proceed to find the displacement and the total distance travelled.

: £ £ T
Displacement = jo (t —4t+3)dt=|:?—,4/2><7+3t:| =(9-18+9)-0=0
0
We notice that the zeros of the velocity parabola are 1 and 3; therefore, there is a change in direction at 1
and we need to split the integral into two to calculate the total distance travelled.

Total distance travelled = Ll (t2 — 4t + 3) dt + f (—t2 + 4t — 3) dt

3

y S S y, e T
=|——A2X—+3t| +|-—+A2X— -3t
e R

1 1 4 8
:(5—2x1+3x1)—0+09+18—%—(—g+2x1—3x1):2xg<:gz267m

9 wv()= j at)dt = v(t) = j sint dt = — cost + c. To find the value of the constant, we are going to use
the initial velocity: v (0) = 0 = —cos (0)+ ¢ =0 = —1+4 ¢ = 0 = ¢ = L. So, the velocity function is:
v () = 1—cos t. Now we proceed to find the displacement and the total distance travelled. The cosine
value is always between —1 and 1 so we see that the velocity function is never negative. There is no
change in direction and therefore the displacement and the total distance travelled are the same.

3n 3
= — 3w 3w 3w
J 2 (1—cost)dt =[t—sint]? = (——sin(—))—o =—+1=571lm
0 2 2 2
-1
10 v(t)= ja t)dt=v(t)= _[ N dt = -2t +1 + ¢, c € R. To find the value of the constant, we are

going to use the initial velocity: v (0) =2 = -2v0+1+4c¢ =2 = -2+ ¢ = 2 = ¢ = 4. So, the velocity
function is: v (f) = =2Vt + 1 + 4. Now we proceed to find the displacement and the total distance travelled.
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4

1) 4 ‘
4 3
Displacement = jo (4—2vt+1)dt = |4t —2x % = [4t - g(t + 1)2]

0

2

0
4 5 4) 52-2045
=(16—g(4+1)2)—(0——)=7\/—z2,43m

3

By inspection, we can see that the zero is 3, which lies in the interval ]0, 4[, so we need to split the
integral into two when calculating the total distance travelled.

Total distance travelled = '[03 (4 -2\t + 1) dt + '[: (2\/1‘ +1- 4) dt

= [41«-%(”1)3]2 +E(t+1)i —4t]:
:(12—%(3+1)2)—(0—§)+(%(4+1)2—16)—(%(3“);—12)

4 4 20/5-48 20+5-36
:2(12-5)(8)4'54' \/_3 = \/_

=291 m

11 v(t)=Ja(t)dt:>v(t)=J(6t ) K3; (H-;) +c—3t2+;+c,ceR.Toﬁnd

C(t+1 2(t+1)
1 3
the value of the constant, we are going to use the initial velocity: v(0) =2 = 0+ 3 tc=2=c= 2 So,
1 3
the velocity function is: v (t) = 3t* + ———— + = . Now we proceed to find the displacement and the

241 2

total distance travelled. The velocity function consists of a sum of positive terms and, as such, the velocity
function is never negative. There is no change in direction and therefore the displacement and the total
distance travelled are the same.

— 2

1 3 t+1 1 3t

Displacement:-l'2 3 ———+=|dt = ( 1) = == +—
0 2(t+1)7 2 Tox (- 1) 2], 2(6+1) 2,

( 1 ) ( 1) 68 34
—(8-2+3|-[o-=]|=2=2<113m
6 2) 6 3

And, total distance travelled = 11.3 m.

2

t
12 v=98t+5=s(t)= I(9.8t+5)dt=9.8x;+5t+c=4.9t2+5t+c,ceR
s(0)=10=10=¢

So, the position of the object at time ¢ is given by: s (f) = 4.9t> + 5¢ + 10.

2

¢
13 v=32t-2=s(t)= J(32t—2)dt=32XE—2t+c=16t2—2t+c,ceR
s(0.5)=4=4=16X025-2x05+c=c=1
So, the position of the object at time ¢ is given by: s () = 16t° — 2t + 1.
1
14 v=sin(m‘):>s(t)=Jsin(n’t)dt=——cos(n't)+c,ceR
T
1
s(0)=0=>0=——cos0+c=c=—
”f

T
1 1
So, the position of the object at time ¢ is given by: s (t) = — — cos (7t) + —.
T T
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16

17

18

19

Chapter 16

1 dt
y=——t>-2,s(t)=|—=In(t+2)+c,t >-2
t+2 ) J.l‘+2 ( )
We were able to omit the absolute value brackets due to the restriction on the domain, t > —2.
1 1 1
s-)=—==-=In(D)+c=>c=—
2 2 2 1
So, the position of the object at time ¢ is given by: s () = In (t+2)+5.
a:et:>v(t):Jetdt=et+c,ceR;v(0):ZO:>20:gi+c:>c=19
1
v(t):et+19:>s(t)=J‘(et+19)dt:e‘+19t+c,cER;S(O):52>5=EZ+O+C:>C:4
1
So, the position of the object at time ¢ is given by: s (f) = e’ + 19t + 4.
a=98=v()=[98dt=98t+c,ceR;v(0)=-3=-3=0+c=c=-3
tZ
v(t):9.8t—3:>s(t)=I(9.8t—3)dt:9.8><?—3t+c,ceR;S(O):O:N::O
So, the position of the object at time ¢ is given by: s (t) = 4.9t* — 3¢.
a:—4sin2t:>v(t)=J.—4sin2tdt=—4>< —=|cos2t+c,ceR;v(0)=2=2=2cos0+c=c=0
2 i

1
v(t)=2c032t:>s(t):I2c052tdt=ZXEsin2t+c,ceR;S(O):—3=>—3=sin0+c=>c=—3
0

So, the position of the object at time ¢ is given by: s (¢) = sin (2t) — 3.

9 3t 9 3t 9 T . (3t 3 . (3t
a=—cos|— :v(t):j—zcos — |dt == x—=sin| = |+c=—=sin| —|+c,ceR
T T T T T 3 T T V3

3
v(0)=0=>0=—sin0+c=>c=0
T 5

v(t)zisin(ﬁ):s(t)= J‘zsin(ﬁ)dt:ix(—z)cos(2)+c=—cos(£)+c,cE]R
/4 /4 /4 b4 V3 3 T V3

s(0)=-1=-1=—-cos0+c=c=0
1

So, the position of the object at time ¢ is given by: s () = — cos (ﬁ) .
T

In questions 20-23, we are going to denote the displacement of a point by s and the total distance travelled
by d.

20

21

6 6
v(t)=2t—4=s= [ (2t-4)dt.d= [ r—4de PrInt(2ZT-4,T. 8,6

The displacement is 12 m and the total distance travelled is 20 m. 12
frnlntCabsC2T-45,

. T-8:62
No.te. We need tc.) use an absolute value ’due to .the fact t}.lat the S5 AREEEZOS
object changes direction. The calculator’s algorithm carries

a small error and our final answer reflects this.
5
v()=lt-3=>s=d= jo It — 3 dt

Flatl Flakz Flotz
“iBabsCE-30
M=
wMr=
wy=
wMe=
wME=
wMa= TFCxIdx=6.4990671

Again, the approximated value given by the GDC is not very accurate due to the error in the algorithm.
Our answer should be 6.5 m. In this case, both the displacement and the total distance travelled are 6.5 m
since the function is always positive.



22

23

24

25

v() =t -3t +2t = s = j03(t3—3t2+2t)dt,d= .f:|t3—3t2+2t dt

FnInt§T3—3T3+2T=

2. 25
frnlntiabsiTF-3T:
+2T2aTaH. 352

2. 7oaEd4e2

So, the displacement is 2.25 m and the total distance travelled is 2.75 m.

v(t)=\/f—2:>d=j03(\/f—2)dt,s=j03|\/f—2|dt

Flotl Flokz Flots
SNeBToEY -2
wMe=

W=

wHy=

wNe=

“NE=

“MNe= JECdx=—2 E2EB7Y

Since the function is always negative on the given interval, the displacement is —2.54 m, whilst the total
distance travelled is 2.54 m.

Note: The displacement can be negative, whilst the distance is always positive.

2 2

a(t):t—2:>v(t):J(t—z)dt=%—2t+c,ceR;v(O)zO=>Ozc:>v(t)=%—2t

2 3 g
d=["[S-at|ar=|S-r]| 15 5| (Lor)=- 2o s
(2 6 6 6 6 3

1
Since the velocity function is quadratic and changes from negative to positive values in the given interval,
we need to split the integral into two to calculate the distance travelled.

t2
2—2t:0/><2:>t2—4t:0:>t(t—4):0:t1:O,t2:4

4 tz 5 tz t3 4 t3 5
5=J. 2t —— dt+J. — 2 ldt=|t*=-=—|| +|==-¢
! 2 2 6 )] 6 "
32 1 125 32 34 17
=l16———-14+—|+|——-25——+16|= = 5.67 m
3 6 6 3 6 3

1 dt
0= = 0= 5y

2 8
Since the function v (t) = A 5t +1 + — is always positive, the displacement and the distance travelled are

2 2
=>v(t)=Ev5t+l+c,v(0)=2=>2=g+c:>c=

the same.
8 2 2 3 8 \T 84 24
—s—j( 5t+1 —}#z(—x—ﬂw+n2+—0]=——xw4—D+ 3-0)=
5 5 15 5 b, 75 25 5

84+120 204
=———=——=8.16m
25 25
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26 at)=2=v({t)=-2t+c,v(0)=3=c=3=v(t)=-2t+3
4 4
d= [ (-2t+3)dt = (" +3)] =-16+12+1-3=-6m
3
This is a linear function that has a zero, S in the given interval, so, to calculate the total distance

travelled, we need to split the integral into two using only positive values.

3 4 3 4 9 9 9 9
s= Ilz(—2t+3)dt+Jé(2t—3)dt=(—t2+3t):|12+(t2—3t)]% BRI AR ERE Ui P
13
=—=65m
2

27 v(t)=9.8t-3

3
a) s=jl(9.8t—3)dt FInt(3.87-3:1, 1
33.2

3
= — Arn=*F
b) s jl (9.8t — 3)dt hsrFrac e

0 s= j13(9.8t—3)dt

Note: The displacement does not depend on the initial conditions since the displacement is the integral
of the velocity function.

28 s(t)=50t—10t" +1000
a) v(t)=s'(t)=50-20t

b) The maximum displacement takes place when the object stops and starts returning towards point O.
5 (5 5 5Y’ 2125
MOzO::%—ﬂM=O$t:5355 =%x5—wx 3 +wm=—3—:1%25m

56,0<t<l1

2 vit)= -t =1
t)

For the distance to be 4 cm, we actually need to look at the integral of the velocity function. The first part
2

1
1 t 5
of the integral between 0 and 1 is: IO 5tdt = (5 EJ] = therefore, we need to find the time after
0

1 second in which the particle covers another 1.5 cm.

[(o6-o-3

EQUATION SOLVER
el B=f'nInt el 0T
2=1sTaTa 1l 80=3-2

.
=T
oo I

JeTr=1..=0 Flakl Flakz Flotz
SMESRCCESEY  and
&3541 .. caslad+CEalixn-1
EQ9. 1. | [E2{xR=1D

W=

W=

wMy=

wMe= FFix)dx=3,9908990

pac+

el e
3

| kd o~
T
el
o4~
=g -

So, the time at which the particle is 4 cm from the starting point is 1.27 seconds.
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30 The velocity of a projectile fired upwards will be influenced by gravity and hence the deceleration will
slow the projectile down. The deceleration we are going to use is 9.81 m/s.

a)

b)

V)

e)

f)

49
v(t)=49-981t =>v(t)=0=49-981lt=0=t = o8l 4.995; so, we can say 5 seconds.
To find the maximum height, we need to find the height formula.
2

t

v(t)=49-981t = h(t) = j(49—9.81t)dt =49t—-9.81—+¢
£ 2

h(0)=150 = c=150 = h(t) = 49t—9.813+150

Flatl Flakz Flotz 499 21T
wNBd9E—-9, 81 28T 4, 994960316
+15A W Ta
wMr= 2V2.3ral2vd
W=
wMy=
wMe=
~ME=

So, the maximum height is 272.4 metres.

Since the parabola is symmetrical with respect to the vertical axis of symmetry that passes through
the vertex, we can say that the time taken to reach the maximum height will be doubled. So, the
answer is approximately 10 seconds.

49-2T+39, 51
-49
The velocity will be —49 m/s.
az xE+at=+an=H Az xetaix+an=H
az=-4,985 w1 B1Z2.4467551
a1 =449 we="2.45594373
an=158

So, the projectile will take 12.4 seconds to hit
iHATRIMDDENCLRILOARNZOLVE | [iHAINODENCOEFN STOMF M| the ground.

Az xe+ai=+an=H 49-9 . 31L1C12
w1 B12. 4457551 AL 1BZEEFSS
wr =-"2.45694378

STDx List=L1

muIn So, the speed at impact is 73.1 m/s.

Exercise 16.8

4

1 x3dy=4ydx=>d—y=4x3dx=>jd—y=j4x3dx:>ln|y|=4x%+c,ce]R=>
y

Y

|y|=e"4+c =Ce*',CeR?
y(0)=3=3=Cxe"=C=3

So, the final answer is: |y = 3¢" = y=43¢".
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2
X

2 i
2 d—y=xy:d—y=xdx:>'|‘d—y:jxdx=>ln|y|:x—+c,ceR=>|y|:Cez,CeR+
dx y y 2

y0)=1=]=Cxe"=>C=1

So, the final answer is: y = *e?.

1 : S|
3 y'—xy2:0:>d—y=xy2:d—);:xdxéjd—);:dex:>——+c:x—:>c—x—:—:>
dx y y y 2 2y
2
y=—2,ceR
c—x

2 2
yD=2=22=—=c-1l==—=c=2
c—1 2

2

2—x%

So, the final answer is: y =

Note: We were not using the usual algebraic properties for the constant ¢ due to the fact that ¢ can be any
real number.

4 y'—y2=0:>d—y=y2:d—i}=dxzjd—)2/=jdx:—l+c=x:y= ,ceR
dx ¥ ¥ y c—x
1
y2)=l=2l=—=c-2=1=c¢=3
c—2
1
So, the final answer is: y = .
3—x
5 d—y—ey=0:>d—y=ey:e’ydyzdxﬁje_ydyzjldx:>—e_y+c=x:c—x=e_y:
dx dx

1
_y:ln(c—x):>y=—ln(c—x)=ln( ),CER
c—x

1 1
y(o)=1:>1=ln(—)=>—1=lnc:>c=—
C e

1
So, the final answer is: y = In = ln( ¢ ): I1-In(1-ex).
l—x 1—ex
e

y
6 y'ey_"=1:>—y><e—x:1:eydy:exdx:jeydy:fexdx:ey=e"+c:
dx e

y=ln(ex+c),ceR

=y x+y” :>d—y:x—t1:>y2dy:(x+l)dx:>.[y2dy:I(x+1)dx:>
dx y

x’ ,  3x’ 33x2
=7+x+c:>y =T+3x+c:>y= T+3x+c

yO) =1=1=Yc=c=1

3 2
So, the final answer is: y = ,3/% +3x+1.

Note: The answer in the textbook is written in a different form. When we expand the expression given in
the book, we can simplify it to the result given here.

ay
dx

v
3
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11

12

13
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dy dx
d ‘dx = —dy = (x+1)d Ax=> =2 = — =
xdy—y'dx =—dy = (x+1)dy = y’dx i f 1
1 1 1 1
——+c=ln|x+1|:_c—lnlx+l|=—:ln(LJ=—:> —,CeR"
y lnFC )’ |x+1|

y =
Y In c
|x +1]

1
0)=1=21=—=C=c¢
y(0) C
11
e 1-In|x+1°
lx+1|

So, the final answer is: y = (

yzdy—xdx:dx—dy:>(y2+1)dy:(x+l)dx:>J‘(y2+1)dy:_'.(x+1)dx:>

3 2
y—+y=—+x+c,ceR
3 2
27
y(0)=3=>?+3=c:>c=12
3 2
So, the final answer is: y?+y:%+x+12:>2y3+6y:3x2+6x+72.

o dy _ (. ydy R
yy'=xy +x:>yE:x(y +1):>y2+1:xdx:>_[ e —dex:>
1 2
Eln(y2+1)=%+c:>ln(y2+l)=x2+c,ceR
y(0)=0=Inl=c=c=0
So, the final answer is: In (yz + 1) =x'=y’+1= e*.
dy 2 dy 2 dy dy
=~ = +x =2 = +1)= =|xdx=
x0T T <y +1) +1 2+1 J.xx

x2
arctany=7+c,ce]R

I b N A C it NN V2 L 1)dx:»j(1+ )dy [e-1dx =
y+1 dx  y+1 y y
2

y+1In|y = ——x+c ceR

4
y(2)=1:>1+ln1=5—2+c:>c=1
Z
So, the final answer is: y +1In|y| = ?—x+1

e"‘ydy:xdx:e'ydyzxe'xdx:Ie_ydy=,[xe_xdx|: u=x du=dx ]:

dv=e"dx v=—e

X

—e”+c:—xe’x+je’xdx:>—e’y =—xe —e"—c=me’=e (x+)+c=>
X

) e
—=————=e =——"——=y=x-In
e’ e x+1+ce
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14 y'=xyz—x—y2+1:%=x(yz—l)—(yz—l):j—i:=(y2—1)(x—1):>

1 1
2dy =(x-1dx = L_y% dy:(x—l)dx:%J.

y =1 y—1 1 y—1 y+1
2 —_ —
(1n|y—l|—1n|y+1|) X o xteosmE x4 =Ce" **,CeR"
2 y+ y+1

15 xylnxy'=(y+1) = ydy = dx :J(ydy :j dx

(y+1° xlnx y+1)° xlnx
J‘(y+1 —ldy J- (In x) J- 11 Ndy=tnfinag+c=
(y+1) In x y+1 (y+1)

1n|y+1|+%:1n|1nx|+c:(y+1)ln|y+1|+1z(y+1)(ln|lnx|+c),ceR
y+

2 —d(l1+2y
16 dy _1+2y N ydy _ dx "'41( )

dx ysinx  14+2y> sinx

cscxdx = *

+2y

In order to find the solution, we need to solve the integral of the cosecant function, which is not an easy
one. The method we are going to use to solve it is called the universal trigonometric substitution:

t—tan( ):>dt—sec (X)xldx:(tan2(£)+l)xldx=>dx= 22
2 2 2 2 2 F+1

This universal substitution also uses the following trigonometric identities:
2

2t 1-t¢
tan x = 7 sint = and cost = R which can be proved by using the double angle formulae
- +

tZ
and the formulae for converting trigonometric functions. There is also a further trigonometric identity
that we are going to use in this question:

sin? x 1—cosx
. z(x) 2 2 (1—cosx)/x(1+cosx) 1—cos’x sin® x
an — | = = = = =

cos? (x) l1+cosx  (1+cosx)/x(1+cosx) (1+cosx)’ (1+cosx)’

2
X sin x
fan (_) __sinx
2 1+ cosx

Now we can proceed with finding the integral of the cosecant function.

t—tan(x):>cscx— Lt
) B 1+t 2 1
J.cscxdxz 2 2 =J—X2—dt:I—dt:1n|tl+c
2 2t t+1 t
dx = ———dt
" +1
x sin x
=In tan(—)+c:ln—+c,ceR
2 cosx +1
Now we can continue with the solution of the original question.
1 sin x sin* x
*=>—ln(1+2y2)=ln . +tc=142y’=C———,CeR"
4 cosx+1 (1+ cos x)




17

18

19

20

21

22

1
——d(l—xz)
1-y? d

d_y:x yz ey dy = * ax :)J dy = 2 =
dx 1-x \/l—y2 V-2 \/l—y2 J1-x?

1
arcsinyz—EXZ 1—x2+c:arcsiny=—\/1—x2+c,ceR
y(0)=0=arcsin0=—1+c=c=1
So, the final answer is: arcsinyzl—\/l—xz.

_ dy 1+e")

"T+e)=e""7 = =(1+¢" :>eyd = e’ d

e’ =ln(1+e")+c,ce]R
y()=0=¢"=In(l+e')+c=>c=1-In(1+e)
So, the final answer is: ¢’ = ln(1+ex)+1—ln(1+e) =y =ln(ln(1l+e J+1),

+e
(y+1)dyz(xzy—y)dx=>(y+1)dyzy(xz—l)dxzwz(xz—l)dx:
y

1 5 x’
f 1+— dy=J.(x —1)dx:>y+ln|y|=?—x+c,ceR

y

27
y(3):1:>1+1n(1):?—3+c:>c:—5
3
So, the final answer is: y + In|y| = ?—x 5.
cosydx+(1+e"‘)sinydy:0:>tanydy— — :>jtanydy J 7 x—l)dx
l+e l+e™

1+e

Itanydy——j—

o Idx:> Infcos y|+c=-In(1+e")-x =

ln(1+e"‘)+x+c =In|cos y| = cos y = C(1+e"‘)e" = C(e" +1),C eR”
In the last line, we were able to omit the absolute value of the cosine expression since the right side is
always positive.
(0) = —:>cos( ) curnmc=t P
Y 4 N2 4

—_——
V2

So, the final answer is: cosy=72(e"+1).
2x° +1)d
xy'—y=2x"y = xp' —y(2x +1):>d_y_M:>J-dy j(2x+ )dx=>
y X X
In|y=x*+Injx]+c,ce R =[] =Clxe”,C e R*
y(1)=1:>1:C><e><1:>C=l
e

So, the final answer is: |y| = [x] e ™

a2
xyalx+e_"z ()/2—1)dy=0:>xydx:e"‘2 (1_)/2)dy:>xe"zdx: (1 Y )d)’ -
2 ) y

s Laey=fie -2
Je de(x)—J(y y)dy:z In|y] 2+c,ceR
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1 1
y(0)=1:>521n(1)—5+c:>c=1

x? 2

y
=In[y-“—+L1L
nly -2

So, the final answer is:

23 (1+tany)y'=x2+1:>(1+tany)dy=(x2+l)dx=>j(1+tany)dy=j(x2+1)dx=>
3
y—ln|cosy|=x?+x+c,ceR

24 dy te ———— =y +1 dy—tedt:.[ Wy +1ldy = Jte dt =

dt— yfy 11

To find the first integral, we need to use the substitution method, and to find the second integral we need
to use integration by parts.

2 = 3
J)’\/)’z"'ld)’:lizy = ]ZJ\/;X%dSZ%ngz+c:§(y2+1)2+cl

ydy =ds

Jte'dtz u=t du=dt ztet—‘l‘etaltztet—e‘+c2
dv=e'dt v=¢

3
2

1
So, the final answer is: g(yz + 1) =te' —e' +¢,ceR.

25 ysec Ody =e¢’ sin’ 6d0 = ye’dy = sin’ Ocos 0dO = Jye‘y dy = Isinz 0d (sin 6) =

We are going to find the first integral by using integration by parts.

J e dy = =Y du = dy =— e"y+'[e"yd =—ye? —e’+c,ceR
e o dv=e’dy v=—e’ ’ = '

.3
So, the final answer is: —e™ (y +1) = S 9+c,ceR.

26 xcosx:(2y+e3y)y':>xcosxdx=(2y+e3y)dy:>chosxdx= J(2y+e3y)dy

To find the first integral, we need to use integration by parts.

u=x du = dx ) ) )
jxcosxdx= . =xsmx—J‘smxdx=xsmx+cosx+c,ceR
dv =cosxdx v =sinx
. 2 1 3y
xsinx+cosx =y +§e +¢,ceR

1 2
y(0)=0=0+cos0=0"+=e"+c=>c==
1 3 3

1 2
So, the final answer is: x sin x + cos x = y* +§e3y +§ = 3xsinx+3cosx =3y>+e’ +2.

dy
dx
y(0)=3=3=e"+c=c=2

27 =e' -2x=dy= (e"—2x)dxz>jdy:J.(e"—Zx)dx:y:e"—x2+c,ceR

So, the final answer is: y = ¢* — x*+2.



© O

dr dT
28 a) —:m(T—Zl):>—1=mdt:>1n|T—21|:mt+c,ceR:>T—21:e”’”c

T=21+Ce",CeR"

b) Now, we need to solve the simultaneous equations to find m and C.

C=78
T(0)=99 C+21=99 C=78
i) = 15m = 15m = 15m A/S/S =
T(15)=69 Ce™™+21=69 78¢”" =48 e =—
7813
Cc=78 C=178

8) = 1 8
15m = ln(—) mz—ln(—)
13 15 13
Lln(i)r Lln(i)t L n(i)r 3 Lln(i)t
i) T(t)=78" " +21=39=78" W +21=18=78" W = —=¢" ¥ =

13
ln(3)= 1 ln(g)t:t= 15X(1n3_1n13)::45.3minutes

E E E In8—-1n13




Exercise 17.1

1

a)
b)

9)

d)

h)

i)

j)

k)
1)

a)

b)

@ Chapter 17

Discrete, since the number of words in a spelling test is finite.

Continuous; the amount of water is measured in litres which is correct to a given accuracy but, in
fact, it could be any value within the given interval.

Continuous; the amount of time is measured in minutes or seconds and it could be any value within
a given interval of accuracy.

Discrete; even though the number of bacteria could be very large, it is limited with respect to the
volume it occupies.

Continuous; the amount of CO is measured as a volume that could be any value within a given
interval of accuracy.

Continuous, since the amount of vaccine is measured as a volume.

Discrete, since the heart rate (per minute) is always measured as an exact number of heart beats
within the given period of time.

Continuous, since the pressure is a measure that can take on any value within the given interval of
accuracy.

Continuous, since the distance travelled is a measure that can take on any value within the given
interval of accuracy.

Discrete, since the scores in the league cannot be any other values than integers up to the single
larger integer; therefore, the total score is finite.

Continuous, since the height can take on any value within the given interval of accuracy.
Continuous, since the strength can take on any value within the given interval of accuracy.

Discrete, since the number of overdue books cannot exceed the number of books in the library, that
is, the number is finite.

Since the sum of all the probabilities should be 1, we get the following:
0.1+03+P(2)+0.1+0.05+005=1=06+P(2)=1=P(2)=04

045 -
04 4
035 4

o
w

0.25 +

Probability
o
o

e
—
O

0.1

Values




V)

d)

f)

a)

b)
V)

d)

e)

f)

L= xp = UH=0x01+1x03+2x04+3x0.1+4x0.05+5x0.05 =185

o’ = (fopi)— @ =(0"x0.1+1° x0.3+2° x0.4+3” x0.1+4” X 0.05+5" X 0.05) — 1.85°

=4.85-3.4225=14275 = 0 =+1.4275 =1.19

Or, by using a calculator:

L1 Lz Lz I lsumiliblz 2+M

0 A —— 1.

i 3 sumil1 ELz »=U

% '; 4,85
iy e JoU-pMe a5

E Rl 1.194720315

Lz11=

Ut o =185+1.19 = [0.66,3.04]and it + 20 = 1.85 + 2 X 1.19 = [~0.54, 4.24]

M-5 M-25

« B3221PEE35 T DIP0EHEEZ29]
M+5 M+25

3.844728315 4. 239568629

L= zp = U=1x01+2x03+3x0.4+4x0.1+5x0.05+6x0.05 = 2.85

o’ = (2 zfpl)— ©= (%0142 x03+3 x04+4>X0.1+5" x0.05+6" x0.05) - 2.85’
=9.55—8.1225 = 14275 = 0 = /1.4275 = 1.19
E(Y +b) = E(Y)+b; V(Y +b) = V(Y)

Since the sum of all the probabilities should be 1, we get the following:
0.14+0.11+P(15)+ 026 +0.23=1= 074+ P (15) = 1 = P(15) = 0.26

P(x =12 or x = 20) = P (12) + P (20) = 0.14 + 0.23 = 0.37

P(x <18)=P(12)+P(13)+P(15)+ P(18) = 0.14+0.11+ 0.26 + 0.26 = 0.77, or we can use the
complementary event; therefore, P (x <18) =1—-P(20) =1-0.23 = 0.77.

E(X)= x,p, = £ =12x0.14+13x0.11+15x 0.26 + 18 X 0.26 + 20 X 0.23 = 16.29

V(X)= (Z x?p,-)— o=

V(X) = (12" x 0.14 +13° X 0.11 +15° X 0.26 + 18’ X 0.26 + 20* X 0.23) — 16.29° = 8.1259

Or, we can solve both parts by using a calculator:

L1 Lz L 3 |lsumilalz 2+M 6. 29
; [ .

E ﬁ sumL1 2Lz -2

1 28 2.1259

Zn 23

L=

E(Y)= yp, = U=2x014+25%0.11+35%0.26+5x0.26+6x 0.23 = 4.145
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V)= p )-u =
V(Y)=(2"X0.14 + 2.5 x 0.11+ 3.5’ X 0.26 + 5’ X 0.26 + 6 X 0.23) — 4.145” = 2.071 475
g) E(aX+b)=aE(X)+b;V(aX +b) =a’V(X)

4 a) Atleast two patients means 2, 3, 4 or 5, but in this case it would be easier to use the complementary
event, which is 0 or 1; therefore, we get:

P(x=2)=1-P(x <1)=1-(0.002+0.029) = 1 — 0.031 = 0.969

b) The majority in a group of five would be 3, 4 or 5; therefore, we need to find:
P(x <2)=P(x <1)+P(2) = 0.031+0.132 = 0.163

o EX)=) xp =

U=0x0.002+1x0.029+2x0.1324+3%x0.309+ 4 X 0.36 + 5 X 0.168 = 3.5, which means that we
expect that three or four patients will benefit from the treatment.

d o= (Z x?p,-) -
= (0° X 0.002+ 1> X 0.029 + 2° X 0.132+ 3” X 0.309 + 4° X 0.36 + 5° X 0.168) — 3.5’
=13.298—12.25 = 1.048 = 0 = v/1.048 = 1.02372; therefore, 1.02 (3 s..).

e) UTo=35%1.02=[2.48,4.52]and u+20=3.5%12x1.02 = [1.46,5.54]

From the empirical rule, we know that P (1 — 0 < x < u+ o) = 0.683. Since the set of values is

of a discrete nature, we can identify the border values as 3 and 4; so, we calculate the probability

of the given model: P (3 < x < 4) = 0.669. The answer is quite close to the result suggested by the
empirical rule. The second probability from the empirical rule is P (4 — 20 < x < pu+20) = 0.954,
and in the probability model we get P (2 < x < 5) = 0.969, which again is very close to the suggested

result.
0.4
0.35 ﬂ
0.3
0.25 \
/ AN
0.15 »
0.1
0.05
0 '
0 1 2 3 4 5 6
5
X 12 14 16 18
P(x) 6k 7k 8k Ok

The sum of all the probabilities is 1, so we obtain the following:

6k+7k+8k+9k=1:>30k=1:>k=%



a)

b)

d)

Since the sum of all the probabilities should be 1, we get the following:

3 7 3 13 549 1

—t+—+4kt+t—+t—=1= +k=1=>k=—
20 30 10 60 6010 10

1 3+13 37
10 10 60 60

Or again, we can use the complementary event and a calculation that does not involve the result
from the previous part, so there is no possible mistake to carry through.

3 7 23 37
P(x>10=1-(P(x=5)+P(x=10))=1-————=1——=—
( ) (P(x=5)+P( ) 0 30 0~ 60

7 1 3 19
P6G<x=20=P(x=10)+P(x=15)+P(x=20)=—+ —+—
( ) =P( )+ P( )+P( )30 TR

Or again, we can use the complementary event and a calculation that does not involve the result
from part b and hence there is no possible mistake to carry through.
3 13 271 19

P(5<x=<20)=1-(P (x_5)+P(x—25))—1_2_0_5:1_}5630_30

P(x >10)=P(x =15)+P(x =20)+P(x = 25) =

E(X)= prl:y Kx% +)/(f><}yd +)/5“3><)[d +262><m+2§5><—

12

3 7 3 65 9+28+18+72+65 192
=—+—+—+6+—= =—"=16
4 3 2 12 12 12
V(X):fop—u2:>
V(X)= 255X ——+ 10010 X —— + 225 45X —— + 40040 X — +§Z§125>< -16°
26 36 )sz b4 ﬂflz
15 70 45 1625
= o 41204 —256=49 = 0=+49 =7
4 3 2 12
Or, by using a calculator:
L1 Lz L: 3| [sumilLiblz a-+M
L AL [
ﬂ .§3333 =il bz }—HE-}H
i F1ger ST
____________ T
L3h=

P(y=0)=k(16-0°)=16kP(y =1)=k(16-1°) = 15k; P(y = 2) = k(16 — 2*) = 12k;
P(y=3)=k(16-3")=7k;P(y=4)=k(16-47)=0
Since the sum of all probabilities is 1, we obtain the following:

1
16k+15k+12k+7k+0=1:>50k=1:>k=5




b)

9)

d)

b)

Chapter 17

0.35
0.3
0.25
0.2
0.15
0.1
0.05

The calculation is simpler if we use the complementary event:
8 17
Plsy<3)=1-(P(y=0)+P(y=4))= 1—2—5—0 = 0.68

8 3 6 7 15+24+21 606
E(Y)= D = =0X—4+1X—4+2X—+3X—+4x0= = =
¥) Z‘y’p’ T A T T

50 505

1.2
V) =2 yip-u =

3 6 7 6 15+48+63 36 5427
V(y)=(0+1x—+4x—+9x—+0)—(—) =———— = =1.08
10 25 50 5 50 25 5025

We are going to use a probability distribution table:

X 15 16 17 18 19

P(x) 0.1 0.2 04 2p p

Since the sum of all the probabilities is 1, we obtain the following:

01+02+04+2p+p=1=3p=03=p=0.1

0.45 -
0.4 +
0.35 +
0.3 -
0.25 +
0.2 +
0.15 +
0.1
0.05

0

Probability

15 16 17 18 19

The distribution is symmetrical.

E(X)=inpi = u=15x0.1+16x02+17x04+18x02+19%x0.1=17
V() =Y xp - i =

V(X)=(15"%0.1416" x02+17° X 0.4 +18° X 02+19* X 0.1) - 17> = 1.2



10

Or, by using a calculator:

L1 Lz L 3 |lsumililz 2+M
ic d [
16 iz sumilLyELzx—Me
i? oy
18 = .
ig i

L=

a) U= xp = U=0X01+1x04+2x02+3x0.15+4x0.1+5x0.05=19
o= x'p— ' =0 =(0x01+1x04+4X02+9x0.15+16 X 0.1+25x 0.05) —1.9°

=54-361=179= 0=+179 =1.34

b) P(U—-20<X<u+20)=095= u+20=179+2x1.34 = —0.89 or 4.47; therefore, we would
say that between 0 and 4 laptops are sold 95% of the time.

¢) Yes, since there is a 5% chance of that happening.

x 2 3 4 5 6 7
1 1 1 1
P(x) - — — — | — k
4 16 64 256 1024
geometric sequence 1 ( 1 )5
1 1 1 1 1 1 4
ZP(x)z | = bttt —— k=l k=1—| ~x——2
4 16 64 256 1024 4 _1
. 1023341 4
1 1024 —341 683
A 3 Z 1024 1024
1 1 1 1 1 683
E(X)= Xp =>U=2X—+3X—4+AX—+5X—+6X——+7 X ——
(%) Z = p=1 A2 16 A 6416 256 1024 1024
_512+192+64+20+6+4781 _ 5575
1024 1024

11 a) Y P(y)=1=01+011+k+(k-17=1=021+k+k -2k+1 =1 =

k*—k+021=0= (k-03)(k—07)=0=k=030rk=0.7
b) Fork=03= =Y x,p,= f=0x01+1x0.11+2x03+3x049 =2.18

Fork=07= =Y xp = {=0x01+1x011+2x0.7+3x0.09 =178

12 a) Since we draw a ball three times, the number of red balls, X, can be 0, 1, 2 and 3. The probability that

82 2

8
d ballisredis: p=——=-"—"F-=—.
one drawn ball is red is: p 814 1 3

Now, let’s calculate the corresponding probabilities:
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p(x:o):(g:21_7,p<X=1)=[Xj@)gzg,p@:a:fgj;@f=g,

2)' 8
and P(X = 3):(—) =—
3 27
X 0 1 2 3
1 2 4 8
PX=x)| — = = —
27 9 9 27
1 2 4 8 2+8+8 18
b) EX)=) xp=>U=0X—+1X—-+2X—+ 3 X = =—=2
13 a)
y 0 1 2 3 4
P(Y=y) | 4 3k %k k
1
ZP(y)=1:>4k+3k+2k+k=1=>10k=1:>k=E
31 5 1
b) PI<y<3)=P(y=1)+P(y=2)=—+-=—=—
) PA<y<3)=P(y=1+P(y=2)=+_=-="
14 The following table represents a probability mass function of the variable X.
X 45 46 47 48 49 50 51 52 53 54 55
P(x) 0.05 0.08 0.12 0.15 0.25 0.20 0.05 0.04 0.03 0.02 0.01
a)
5% 45 46 47 48 49 50 51 52 53 54 55
PX <x) 0.05 0.13 0.25 0.40 0.65 0.85 0.90 0.94 0.97 0.99 1.00

b) Ifall the ticket holders that show up are to be accommodated, no more than 50 passengers can
show up. Therefore, we can use the cumulative distribution function directly from the table:
P(X <50)=0.85

c) This is the complementary event of the event in part b.
P(X=51)=1-P(X <50)=1-0.85=0.15
d) E(X)=45%0.05+46x0.08+47 x0.12+ 48 % 0.15+ 49 x 0.25 + 50 X 0.20 + 51 X 0.05

+52%0.04 +53%x0.03+54x0.02+55%x0.01 =2.25+3.68+5.64+7.2+1225+10+2.55
+2.08 +1.59 +1.08 + 0.55 = 48.87

e) When we have a distribution with a lot of possible outcomes, it is much easier to use a GDC.

L1 Lz L: z| L1 Lz L: | |lsumili*lz 2+E
| - & | = FezumiLs t4l a5 0
5|3 T ;
4ya I ES B 2.857449878
Bl | s r | e

Lzifi=, A5 Lzii =, A1

So, the standard deviation is 2.06 (correct to three significant figures).




) E-=
46, 51255812

28, F2744988

So, we need to calculate: P (47 < X < 51) = 0.12+0.15+ 0.25+ 0.20 + 0.05 = 0.77
Alternatively, we can use the cumulative distribution function from the second table:
P(47 < X <50)=P(X <51)- P(X < 46) = 0.90 — 0.13 = 0.77

15 The following table represents a probability mass function of the variable X.

5 0 1 2 3 4 5 6
P(x) 0.08 0.15 022 027 020 0.05 003
a)
X 0 1 2 3 4 5 6
PX<x)| 008 023 045 072 092 097 1.00

b) P(X<3)=072

¢) To obtain a free line means that there will be at least one free line; therefore, we can use the cumulative
distribution function: P (X < 5) = 0.97.

d [C

Lz L z| [sumilL1*klz2+E
oE | 2.63

A C LS | =
[
=1

Lzii=, EIE

€) [zumtLi#Lz2+E
P S
JosumilLy ez 2—E<
1.4392326378

So, the standard deviation is 1.44 (correct to three significant figures).
16 a) Since 90% of the batteries have an acceptable voltage: P (x = 1) = 0.9.
b) P(x=2)= 01 x 09 =009

unacceptable  acceptable

c) P(x =3)= 01 x 01 x 09 =0.009
— — ——
unacceptable  unacceptable  acceptable
d) The fourth tested battery, as well as the previous three batteries, should be unacceptable, whilst the fifth
battery should be acceptable.

x—1
e P(X=x)= 01 x 01 x.x 01 x 09 =(0.1)""x09
unacceptable  unacceptable unacceptable  acceptable
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17 a) If the flashlight needs two batteries, just selecting one battery is not enough for the flashlight to
work; therefore, P (x =1) = 0.

b) Both batteries should be acceptable:P(x =2) = 0.9 X 0.9 =081

acceptable  acceptable

c) Two batteries should be acceptable for the flashlight to work:
P(x=3)= 0.1 x 09 x 09 + 09 x 01 Xx 09 =0.162

unacceptable  unacceptable = acceptable  unacceptable  unacceptable  acceptable
d) The fourth battery depends on the previous three batteries. If there is no acceptable battery in the
previous three, the fourth battery should be acceptable; but, if there was one acceptable battery in
the previous three, the fourth battery should be unacceptable. The fifth battery must be acceptable in
both cases.

e) Inthe first x — 1 tested batteries, there must be one acceptable battery and the last battery should be
acceptable as well. One acceptable battery in the first x — 1 can occur in x — 1 different ways:

P(X=x)=(x-1)(0.1"7x%x0.9"=(x—-1)(0.1)"* x 0.81

18
Score 1 2 3 4
1 1 1 1
Probability — - - —
2 5 5 10
Number of counters player receives 4 5 15 n

Let the variable X represent the number of counters the player receives.

111 1
E(X)=—X4+—X5+-X15+—XNn=6+-—=6+-—=9=-—=3=n=30
27 57 10 10 10

19 a) i) There are four different ways of obtaining a sum of 9: (3, 6), (4, 5), (5, 4) and (6, 3). We know
that there are a total of 36 possible outcomes; so,
4 1
P(A=9)=—=—
( ) 36 9
ii) For both Alan and Belle to obtain a score of 9, it means that both must obtain one of the four
outcomes listed in i.

1. 1 1
P(A=9)XP(B=9)=—X—-—=—
(A=9)xP(B=9)=_xo=""
Note: Whenever we say ‘and’ we multiply the probabilities, whilst whenever we say ‘or’ we add

the probabilities.

b) i) Thereare 11 different scores that Alan and Belle can obtain. We can list all of them and calculate
the probability.

1Y 2 Y 3 4 5 (6Y
P(A=B)= 2><(—) +2x(—) +2><(—) +2><(—) +2><(—) +(—)
36 36 36 36 36 36
= L(2><(12 +27 43 + 47 +5)+67) = L 110436 = 2
36 36 648
ii) Since all the dice are fair, the probability that Alan’s score exceeds Belle’s score, and vice versa,

are equal. Let’s call these events x. The sum of all three events is 1.

73 575 575
P(A=B)+P(A>B)+P(A<B)=1= —+2x=1=2x=— = x=——

X X




1 4
c) i) Ifthelargest number score is 1, then all four dice must score 1: P(X < 1) = (g) .

If the largest number is less than or equal to 2, then a combination of 1 or 2 on each dice is

4
favourable; therefore: P (X < 2) = (%) .

In a similar way, we can discuss all the remaining possibilities:

4

p(x<3):(%)4,p()c<4):(%)

,P(Xss):(%)4 andP(X<6):(g)4

6

4
x
In summary, we can write: P (X < x) = (E) ,x=1,2,..,6.

ii)
and the cumulative distribution function.

To complete the table, we are going to use the equations relating the probability mass function

P(x=k)=P(X<k-P(X<k-1),k=2,.,6andP(x=1)=P(X <1)

3 (2} 81-16 65
P(x=3)=P(Xs3)—P(Xs2)=(—) —(—) = =—
6 6 1296 1296
4\ 3\ 256-81 175
P(x:4)=P(Xs4)—P(Xs3):(_) _(_) _ _
6 6 1296 1296
5 (4} 625-256 369
P(x:S):P(Xs5)—P(X<4):(—) _(_) _ _
6 6 1296 1296
X 1 2 3 4 5 6
1 15 65 175 369 671
P(X =x)
1296 1296 1296 1296 1296 1296

iii) This can be done very quickly on a GDC by using the List menu. In the first list we input the
dice scores, whilst in the second list we input the probabilities by using the formula for the

cumulative distribution function.
sEdlHada lagi*l
i1 2 3

So, the expected value is

10

2
in

i=1

n

10
20 n=10,Y x’ =134lands, = 69,5 =

i=1

X’ =134.1—-47.61 = 8649 = x = /86.49 = 9.3

-x* =69 =

6797

1296

1341 _
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Exercise 17.2

1 X~B(n=5p=06)

a) The easiest way to calculate the probabilities given by the formula is by using a calculator. We can use
either the Function menu or the List menu.

T e [EEEE |
G =
AR oTh1=1 ' 1N
W= Indrnt: % Eﬂ:
wWr= Dereand: q N1
wLy= |3 NP7TE
“ME= “=H
YAy rFrac Yio3arFrac
3243125 2167625
Y1l arFrac Y4 rFrac
48625 162625
Wi 2 rFrac YicSarFrac
144625 2433125
Or:
seq%,:f,%%}iL%} L1 Lz L: z
[
binanedf {5y .1 g E%EE"
z
f.81e24 .@763 .|| i id5e
c EEE
Lzi11=
So, the table would be:
x 0 1 2 3 4 5
o | 2| 48| 1426 | 12 | 243
* 3125 625 625 625 625 3125
b) 0.4
0.35
03
0.25
02 -
0.15 -
0.1 -
0.05 -
0
0 1 2 3 4 5

¢) i) U=np=>Uu=5x06=3
0=npg = 6 =+5%x06x04 =1.2 =1.095

ii) Again, the easiest way would be by using a calculator.

sumcl 1Lz 23+M 2
ii5umiL13Lzb—HEh
1.A95445115




d)

M-S M-25

1.984554235 2R A3TE
M+5 M+25

4.893445115 2. 1968520623

Now, we need to calculate the following probabilities: P(2 < x <4) andP(1 < x <5).

Whilst the first one can be calculated directly, the second would be easier to calculate by using the
complementary event.

Notice that the index of the list member is one more than the value of the random variable.

Igzi3}+L2'i4}+L2'i5
2352
1-LzC12
=t =)

We notice that the probability within one standard deviation, 0.8352, is much higher than the
empirical one, 0.6827. The probability within two standard deviations, 0.98976, is fairly close to the
empirical one, 0.9545.

Let X be the number of respondents in favour of the decision. X ~ B(n = 20, p = 0.6).

a

~

b)

d)

e)

P(X =5) = ( 250 )0.65 % 0.4 = 0.001294 4935

P(X=0)= [ 200 )0.60 X 0.4” = 0.000 000 010 995

This problem is easier to solve by using the complementary event; therefore,
P(X=1)=1-P(X =0)=1-0.000000010995 = 0.999 999 909 005.

Even though we can use the direct form, it is again easier to calculate the probability by using the
complementary event; therefore,

P(X=2)=1-P(X<1)=1-P(X=0)-P(X=1)
=1-0.000 000010995 — 0.000 000 329 85
=0.999 999 6592.

H=np= u=20x06=12

O=.npqg = 0=~v20x0.6x04 =48 = 2.19

In this part, we are going to use the binomial cumulative distribution function on a calculator.

sediH Mo EHa 60+l L1 Lz Lz E
ornoncdris, 3,01| |1 [ 4HE [
r.Iive4a 42017, | 92553

E ggazr

Lzifi=
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b)
Number of List the values of x | Write the Explain it, if needed Find the required
successes x probability probability
statement
At most 3 0,1,2,3 P(x <3) P(x < 3) 0.92953
At least 3 3,4,5,6 P(x = 3) 1-P(x<2) 0.25569
More than 3 4,56 P(x > 3) 1-P(x <3) 0.07047
Fewer than 3 0,1,2 P(x <2) P(x <2) 0.74431
setwe?n 3ands 3,4,5 PB3<x<5) P(x<5)-P(x<2) 0.254961
(inclusive)
Exactly 3 3 P(x =3) P(x =3) 0.18522
4 a)
R I e T
el | nz7ag | —
E-_i}En:-mchl:?, il % ﬁggz
z :
f.E279936 L1586 & LN
£ 9H1i6
] 998zR
Lz1i=

In the second GDC screen, we can see the cumulative probability values are all given except that for
x = 7, but that one (which is the last term) is equal to 1.

b)
Number of List the values of x | Write the Explain it, if needed Find the required
successes x probability probability
statement

At most 3 01,23 P(x <3) P(x <3) 0.710208

At least 3 3,4,56,7 P(x =3) 1-P(x=<2) 0.580096

More than 3 4,5,6,7 P(x >3) 1-P(x <3) 0289792

Fewer than 3 01,2 P(x=<2) P(x <2) 0419904
Between 3and5> 15 4 g PB<x<5 |P(x<5-P(x<2) 0.561 2544
(inclusive)

Exactly 3 3 P(x =3) P(x =3) 0.290304

5 a) Thisis nota binomial distribution since we don’t have a sequence of several independent trials with

equal probabilities.

b) If we choose the balls with replacement, then the trials become independent, so a sequence of three
such trials with equal probabilities is a binomial distribution.




V)

d)

e)

f)
g

P(Y =y)| 00527 | 02637 | 04395 | 02441

It is easier to calculate the complementary event, which is all three green balls.
P(y<2)=1-P(y =3)=1-0.2441 = 0.7559

5 15
EWﬁmp:EW%ﬂxgzgzLWS
5 3 45
V(Y)=npg= V(Y)=3x>x==—=0703125
(Y) =npq (Y) el

The complementary event of some green balls would be no green balls will be chosen; therefore, we
calculate the probability: P(y =1)=1-P(y = 0) = 1—-0.0527 = 0.9473.

Since Nick guesses every single question, the probability that he chooses the correct answer from five

1 1
possible answers per question is E; therefore, the distribution is X ~ B (10, g) .

a) E%hDMPdFilﬁalfﬁa b)-c) b%gamchilﬁplflﬁ
187 ETE 182 ) 99853697
1-binomcdf 1@, .2
’ L E92E2581TE
d) M&z@:E@wa%ﬂ
There are 10 houses and in each we have an alarm system that is 98% reliable, so the distribution is
X ~ B(10,0.98).
a) P(X =10) b) P(X=5=1-P(X<4) ) P(X<S8)
?é?DdeFilﬁa.gﬂa E%nnmchilE,.Eﬂp
_ L B1TETZEE89 LA1E177E4ET
l-binomcdfCla, .9
2.4
e L el e

Notice that the result in part b can be interpreted as 1.

Let X be the number of readers over 30 years of age. X ~ B(15,0.4).

a)-b) M-binomcdfiiS..d| © binomcdfilS..d.1
20 3F ERELE
_ LB33EIIIOZ9 . 9OBES2339Z
bBinomedf {15, .4.1 A-B+C
Bi+E 1
.B244856421
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We define the events by the letters A, B and C. Notice that the events satisfy the following relationship:
ANC=B,AuC = U, where Uis the universal set. Now, by using the addition formula for two sets, we
calculate the probability of their union:
P(AUC)=P(A)+P(C)-P(ANC)=1=P(A)+P(C)-P(B).

9 Let X be the number of defective hard disks. X ~ B(50,0.015).
a) E(X)=np= E(X)=50%0.015=0.75
b) P(X=3)= ( 530 J0.0153 X 0.985" = 0.0325112
c) Itis easier to calculate the probability that more than one hard disk is defective by considering the
complementary event, i.e. one or no hard disk is defective.
P(X>1)=1-P(X<1)=1-P(X=0)—P(X =1)=1-0.469 690 — 0.357 632 = 0.172 678
10 Let X be the number of ‘metallic grey’ cars. X ~ B(20,0.1).
a) P(X=5)=1-P(X<4)=1-0.9568255= 0.0431745
b) P(X <6)=0997614
) P(X>5)=1-P(X<5)=00112531
d PA<X<6)=P(X<6)-P(X=<23)=0997614—0.867 047 = 0.130 567
e) If more than 15 are not ‘metallic grey, then at least 4 are ‘metallic grey.
P(X < 4) = 0.956 826
f) E(X)=np= E(X)=100x0.1=10
g) o=1npqg = 0=+100x0.1x09 =+/9 =3

h) According to the empirical rule, P(1— 20 < X < u+ 20) = 0.95,and, in the probability model, we
can calculate: 10—-2X3< X <104+2%Xx3=4< X <16.S0o,a=4and b = 16.

11 Let X be the number of dogs with health insurance. X ~ B (100, 0.03).
a) E(X)=np=E(X)=100%0.03 =3

b) P(X=5)= ( 120 J0.0350.9795 =0.101308
¢) P(X=11)=1-P(X <10)=1-0.999 7850751 = 0.000 214 925

12 Let X be the number of heads observed. X ~ B (5, 0.5).
G} 5] B 2
a)
=binompdf(|
0 0.03125
1 0.15625
2 0.3125
3 0.3125
4
g

0.15625
N N212g] v

B6 [=0.03125

b) From the table, we can read that P (X = 0) = 0.031 25.
¢) From the table, we can read that P (X = 5) = 0.031 25.



d) P(X=1)=1-P(X=0)=1-0.03125=0.96875
e) If atleast one tail is observed, then at most 4 heads are observed:
P(X<4)=1-P(X =5)=1-0.03125= 096875

f) Since 2 heads are observed in every 10 tosses, the probability is 0.2.

L1 Lz L3 &
0 FEPEE [ cmeeee
i 4o8g
H LT
: s
P | ek

Lzig) =3. 24

From the table, we can read that P (X = 0) = 0.032 768.
From the table, we can read that P (X = 5) = 0.000 32.
P(X=1)=1-P(X=0)=1-0.32768 = 0.672 32
If at least one tail is observed, then at most 4 heads are observed:
P(X <4)=1-P(X =5)=1-0.00032 = 0.999 68

13 Let X be the number of hits observed. X ~ B (6, %) .

a) P(X:4):(6)(3)4(3)2:%“1&@_&

4 \5) 5 55 3125

b) John has to miss with his first two throws and then he needs to hit the target with his third throw.

(32

5 125
Solution Paper 1 type

14 Let X be the number of days Alice watched the news. X ~ B (5, %)

P(Xsa):1—(P(Xs4)+P(Xs5))=1_(( 5 ](2)4(§)+( 5](2)5}1_&(15”): 3125-272 2853

4 \5)\s5) |5 )\s 3125 3125 3125
We used the complementary event since it has less elementary outcomes and is therefore easier to calculate.

Solution Paper 2 type

14 We are going to use the binomial cumulative distribution function.

binomcdt (S, .4, 32

- F1295
Ar=kFrac
22533125
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4
15 Let X be the number of cells that fail within a year. X ~ B (10, E) .

10 4 10 410
a) P(X=10)= —| ===0.107
)Pl ) (10J(5) 5%

b) This is complementary to the event in part a.
10

4
P(X = 9): ]—P(X = 10): I—STO = 0.893
¢) Again, we are going to use the complementary event since the calculation is much simpler.

If we have n cells, the probability that all n cells fail is: P (X =n) = (%) .

4Y' 1 (4Y
P(Xsn—1)=1—P(X=n)=o.95:>1—(—) :0.95:—:(—) =
5 20 \5

n(ln4—ln5)=—ln20:>n=lnizliél
In5-1n4

So, we need at least 14 cells.

Exercise 17.3

1 X~P,(m=3)

-3 5

a) P(x=5=""% _010082
e -3 kI 505!
1lBEE2152134
Foissonpdf i, 5o
1BEEE1E2134

b) P(x<5=P(x=0)+P(x=1)+P(x=2)+P(x=3)+P(x=4)

e x3" e?x3 e?x3 e?x3 e?x3! 9 9 27
= + + + + =e 1+3+—+—+—1=0.8153
0! 1! 2! 3! 4! 2 2 8
e -FAC1 3427 A8
2152632445
Pn1550nch{3:4?
L2152 32446

c) In this case, we need to use the complementary event:
L, 131
P(x=5=1-P(x<5)=1—c¢ X = = 01847
1-e~C-32#]1351-8
. 1847FEETEES
l-Foizsoncdf 3.4

. 1847367354




d) We notice that the event x = 5is a complete subset of the event x = 3; therefore, the conditional
probability is to be calculated as follows:

P(x=5x=3)=

P(x=5) 1-P(x<4)

Folssoncdf {3,
S0 1—poissoncd

cl-
422
i3,

« S2EETELE

]
—

X ~P,(m=5)

b)

V)

d)

e’ x5°

P(x=5)=

e -5 505!
L 1VE4E7IE9E
Folssonrdf(S.52
I T T =

=~ 0.1755

P(x=3) 1-P(x=<2)

=~ 0.3203

P(x<4)=P(x=0)+P(x=1)+P(x=2)+P(x =3)

e’ x5 e’ x5

e’ x5°

e’ x5°

0!

LR - R |
20560

 2ESAZS9153
Folssoncdf (S, 32
 2ESEZS9153

1!

2!

31

In this case, we need to use the complementary event:

118
P(x>4):1—P(x<4)=1—e‘5><Tzo.735o

1=*¢ -Sax]118.3
. roderdEsd 7
l-Foissoncdf (5. 3

a3 eT4REd T

esx(1+5+

P(x<6x=4)=

CFoissoncdf CS5. 62
—Foilssoncdf {5, 30
250 1 —poissoncdt |

230D
EVELEEETY

_Pasx<6) P(x=s6)-P(x=<3)
P(x=4)

P(x=4)

= 0.6764

25 125
_+_
2

) = (0.2650
6
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3 X~P,(m=6)
0

6
a) P(x=0)=e’x 0" 0.0025

=S S S

Fols=o

7
7

2

82478
cof L6
B247EP32E

[t o R |

22
5
22

b) We have ‘at least’ in the question and therefore we are going to use the complementary event.
P(x=2)=1-P(x<1)=1-(e°+e*x6)=1-7e° = 0.9826
1-7#e™ -5
e FE2E487 348
l-Foizsoncdfie.l

BEZEdETV 348

¢) We are now going to change the Poisson’s variable to the new parameter and use the complementary
event, as in the previous part.

Y~P(m=12)=P(y=2)=1-P(y<1)=1-(e" +e? x12)=1-13¢"" = 0.9999
1-13#e™(-123

L SH999PAL 252
l1-Foissoncdfilz,

LIRER2E1 252

4  Let X be the number of unacceptable DVDs. X ~ P, (m = 0.1).
a) P(x=0)=e" =09048
b)

‘More than one error’ calls again for the complementary event.
P(x>1)=1-P(x<1)=1-(e™ +e* x0.1)=1-1.1e™" = 0.004 679

1-1.1%e™;-.12
AAdETEE4R2
l-Foissoncdfo. 1.

. BE4E 728482

¢) 'This is an event that combines two independent events; therefore, the probability of the event that
both DVDs have no error is the product of the probabilities that each has no error.

P(C)=P(x=0)xP(x=0)=(P(x=0)) = (™) = = 0.8187

If there are 0.024 serious injuries and deaths per million vehicle-kilometres, then there are 24 serious
injuries and deaths per billion kilometres. X ~ P, (m = 24).




i) P(x <15)=0.0344
ii) P(x=20)=1-P(x<19)=0.8197
?DiEEDHGdFﬂE4:15

. AZ344006094
l-Foizzsoncdf 24,

219733948358

b) The rate for light motor vehicles was 0.036 per million kilometres, so there were 36 serious injuries
and deaths per billion kilometres. Y ~ P, (m = 36).

i) P(y=<15)=0.0000653
ii) P(y=20)=1-P(x <19)=0.9986
Foissoncdf (36, 15

5. 028528136 -5
l-Foissoncdf (36,

M=l = At g

Let X be the number of passengers that arrive at the security checkpoint per 10-minute period.
X ~P, (m=8).

8

8
a) P(x=8)=¢" x; =~ 0.1396

b) P(x<5)=0.1912
) P(x=4)=1-P(x <3)=09576

Folssonrdf S, 82
) « 1 ZIS2EST2

Folssoncdf (S, 52
L 1912368521
l-Foissoncdf (3. 3

ASVE12228

The variable is the same as in the previous question.

a) Since the period has been extended to 20 minutes, we expect twice the number of passengers.
3

16
Y ~P, (m:16):>P(y:3):e'l6x?:0.00007682

b) Since we are looking for three passengers to arrive at the checkpoint in two independent 10-minute
periods, we need to multiply the individual probabilities.

P(x =3)xP(x =3) =P’ (x = 3) = 0.000 8195
FolssonFdf (16,30

F.E6E82481261 -5
Folssonrdf{3,32¢

2. 19435361345 4
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8 Let X be the number of hits per second. X ~ P, (m =0.2).
a) P(x=0)=e" =0.8187

b) Since the period of hits has been extended to 3 seconds, we have to change the parameter of Poisson’s
variable to: m =3x0.2=0.6.Y ~ P, (m=0.6).
P(y=0)=e"" =0.5488

(S
.?18?3@?531

L B4gE116361

o -

e

Note: We arrive at the same result if we consider those three seconds as three independent events, in
which there are no hits in any second; therefore: P (y = 0) = (P (x = 0))’ = (6_0‘2)3 =e°,

9 Let X be the number of faults per square metre. X ~ P, (m = 4.4).
a) Px=1)=1-P(x=0)=1-¢*" =0.9877

b) Since we are trying to find the number of faults in 3 square metres, we need to change the parameter
of Poisson’s variable: m =3x4.4 =132.Y ~ P, (m=13.2).
P(y=1)=1-P(y=0)=1-¢"* =0.999 998
1-e*C-4.4%
. 287
1-e~i-13,
399

Zeedl

:
Q31494

] it |

c) If three pieces contain only one fault, the other two pieces contain no fault.
P(C)=3x(P(x =0))’xP(x =1) = 0.000 0244

JtroilssonFdf 4.4
@) EkpoissonFdt Y

4.4.12
2.442733381E-D

10 Let X be the number of flaws per metre. X ~ P, (m = 2.3).

2

_ _ 23
a) P(x=2)=e ><2!

= 0.2652

b) Given that we are now looking for the number of flaws in 2 metres of the wire, we need to change the
parameter of Poisson’s variable: m = 2x2.3 =4.6.Y ~ P, (m = 4.6).

P(y=1)=1-P(y=0)=1-¢"" = 0.9899 ﬁniiinthFiE.S:E
- 2651846416

-0 -4.62
9899451643




11 a)

b)

12 a)

b)

13 a)

Since the rate is 15 patients per hour, we expect a quarter of 15 within 15 minutes; therefore, the

15

Poisson variable will have a parameter of: m = ” =3.75.X ~ P, (m=3.75).

3.75°
P(x=6)=¢""x ST 0.0908
Given that the first operator fails to answer 1% of the calls and he/she receives 20 calls, the number
of expected unanswered calls is 0.2. In a similar way, the number of expected unanswered calls
for the second operator is 1.2. Combined, the total expected number of unanswered calls is 1.4.
Y~P,(m=14).

P(y=2)=1-P(y <1)=0.4082

l-poiszoncdfil.d4
LAES1ETZEER
X~ Po (.U)

3 3

P(x=3)=P(x=0)+P(x=1):e"“'l;'=e‘“+e"”><,u/+e_“:%=1+u:,u3—6,u—6=0

To solve this cubic equation, we need to use a GDC.

f
L]

F
c.AYPIEEL 1

Flatl Flokz Flotz
M ERF-EE-5
wMr=
W=
wMy=
wMe=
~NE= z
wMe= i

&

Once we calculate the value of the parameter, we store it in the GDC’s memory.
P2<x<4)=P(x<4)-P(x<1)=06171

A
o 2.84V3Z2182
Folssoncdf (M. 42—
Foizsoncdf cM. 12
LE1VESIZE1E

i) Let B be the number of mistakes made by Mr Brown. B ~ P, (m = 2.7).

2

2.7
P(B=2)=e" STEe 0.2450

ii) Let Sbe the number of mistakes made by Mr Smith. S ~ P, (m = 2.5).

2.5°
P(S=3)=¢"’ ST 0.2138

T2 P IRE FESLS

2449548939
=B Oy S

L21EVEIALT2

m mm
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iii) Since both of them have to make that many mistakes and those events occur independently, we need
to multiply the individual probabilities.

P(B=2)xP(S=3)=0.05236
E+5

BS23642638

b) If we combine Mr Brown and Mr Smith and the total number of mistakes is five, all the possible
outcomes are given in the following table.

B=x 0 1 2 3 4 5
P(B = x) 0.0672 0.1815 0.2450 0.2205 0.1488 0.0804
S=y 5 4 3 2 1 0
P(S =y) 0.0668 0.1336 0.2138 0.2565 0.2052 0.0821
e | e e —
i3 a2 Hla 1 TN OGEH | —
C.BET2ES5127 .1 ABINE | 1336
sediFolssonFdf (2| | S1138 | ElifE
LS S-Hia M. B.523%L| | Iyme: | Eociy
z TE0ZE | 0BEGE
. BEEIEEI429 1| | mmmamm| comoes
Lzili=, HEESAEI4 25,

So, the probability that both of them made a combined total of five mistakes is:

P(B+S=5)=iP(B=k)><P(S=5—k)zO.1748

k=0

sumiL &Lz 230
1747 E5EE3

We also notice that in the first three outcomes in the table Mr Brown made fewer mistakes than Mr
Smith.

P((B<S)m(B+S=5))=iP(B=k)><P(S=5—k)z0.0811
P(B<S)N(B+S=5) 00811 _
P(B+S=5) T 01728

sumiL1#Lz2*P F-0O
AR 1E9E37EZ LAE3AYTES1E

P(B< S B+S=5)= 0.464




Exercise 17.4

1 f(x)=

a)

<)

d)

3
kx2+5 0<x=<1

0 otherwise

3 1
J.lf(x)dx=1:>jl(kx2+§)dx: :>(ki+3—xﬂ :1:>5+§=1:>k:—i
0 0 2 30 2|, 2 2

3
V(3 3 x> 3x)\| 1 3 1 3 5
P(x>0.5)zj (——x2+—)dx= X +_x — 44 -
os{ 27 2 2 2)]. 2 216 4 16
5 11
PO0<x<05=1-P(x>05)=1-—=—
16 16

Note: We could have calculated the integral from 0 to 0.5, but, if we make no mistakes, it is easier to
use the previously calculated results.

The mode is the most frequent observation, and, as such, it is the maximum of the probability

density function. In this case, it is x = 0 since the vertex of the parabola lies at ( 0, %) Now, we
calculate the mean value.
1 (3 3 3 3 '3 3 3
=| xf(x)dx = —x——xs)dx:(—xz——x‘*)] =———==
H L &) L(z 2 47 87 ), 4 8 8
Let m be the median.
m 1 3 rm 1 3 m 1 3 1
J f(x)dxz—:—J (1—x2)dx=—=> -2 =t m- T S —3mr1=0
0 2 2 2 3)) 3 3003
We need a GDC to solve this cubic equation. Sometimes, cubic equations with rational solutions can
be factorized, but this one has an irrational solution and therefore cannot be factorized on the set of
rational numbers.

Flakl Flakz Flak:
wMeBHEF-3E+1
wMr=

wMr=

wWy= ot
wMe=

e = 2eFa

wMe= w4/ ERREE IV=D

The cubic equation has three roots, but the only root that satisfies the condition set is 0.347. The
other two roots are less than 0 and greater than 1.

212 2 _ (3.2 3 4 o (L 3 S\ _(3Y_.1_9_19
o _Lx fx)dx = p _L(zx_zx)dpﬂl_(zx_ﬁox)]_ 8) 5 64 320

0
19 /45

0=, [|— =— ~0.2437
320 40
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f(x):{k(s—zx) o<=x<2

0 otherwise

a) j:f(x) dx =1

ECQUARTION SOLVER | (FrIntikiS—2=2. =8| KrFrac
can i B=fnlnt CkCS—| mk=. lEEEEEEEEEE. .. 16
2EN,EB8,20-1 W= 347 29E35533..

bound=+ -1 99,

nleft—rt=

The value of x is not relevant to this calculation. It simply represents the old value that we calculated
in the previous question.

b) P(x>15)= jfsf(x)dx

¢) P(05<x<15)= I:SSf(x) dx

fRInt ok oS—2H1. 8.
1.5:22Frac

1-8
fRInLCECS=2H1, ¥,
H.53.,1.532rFrac

1.2

d) y:j:xf(x)dx
o’ = J.Ozxz f(x)dx—u’ = o= \/j:xz f(x)dx—

nl
A,
of
#

LIES(S-280, 8
FFrac

2

e
Int CkRECS=25K
Ba.22-CF- 3280

S3ZEVELE9E

frnln
28,2
JOfR
a

We have calculated the mean and standard deviation first since they have very similar inputs on a

calculator.

m 1

_[0 f(x)dx = E
EQUATION SOLVEE | FhIntokoo—26a =A
eantB=fnInt{K{S—|| K=, |6EEEEEE6E6. .
2Rl BB Ma-1-2 W=, 347 PUE IS5 IS,

=, E97 2246226
bound=L-199. 1.
s ]left—-rt=A

7
The calculated values for the mean, median and standard deviation are —, 0.697 and 0.533
respectively.




f(X)={

a)

b)

V)

d)

2x—x° 0<x<k

0 otherwise

4\ Tk 4
jokf(x)dx=1:>jok(zx—x3)dx=1=>(x2—%ﬂ =1:>k2—%=1=>k4—4k2+4=0

0

To find the value of k, we need to solve the biquadratic equation by using a simple substitution.
K=t=t—4t+4=0=(t-2=0=t=2= k=2

We have only taken the positive value of k since k cannot be negative.

V2
G e ng [, x 3 1 1 49
P(x>0.5)—'|‘0'5 f(x)dx—J‘o'5 (2x—x )dx—(x —?H =2-1-—+—==

0.5

This is the complementary event of the event in part b.

49 15
P0O<x<05=1-P(x>05)=1-—=—
64 64
V2
7 5 2%° x° 42 42 82
= x f(x)dx = 2% —xY)dx =| —-=— = - = =~ 0.754
u=l, wfeode= [ ) (3 5)]0 3 5 15
m 1 m 1 4\ 1 4 1
J‘f(x)dx=—=>J. (2x-x")dx === - ecsm -t e st —am+2=0
0 2 2 4 )| 2 4 2

Again, to find the value of m, we need to solve the biquadratic equation by using a simple

substitution.
4+16-8
2

m =r=r'—4r+2=0=r= =242 =r=2-V2=>m=v2-2 =0.765

We have discarded the other possible solution for r, as well as the negative solution for m, since they
exceed the interval [O, V2 ] .

2 4 6\ V2
Gzzjozxzf(x)dx—uz:Gzzjoﬁ(2x3—x5)dx—(ﬂJ :(x__x_)] 128

15 2 6 /], 225
4 128 22 22 V22
=2-————=—=0=,—=——=0.3127
3 225 225 225 15

k(x+1) 0sx<1

f(x)=13 2kx* 1sx<2

a)

b)

0 otherwise

J:f(x)dx+j12f(x)dx=1:>I:(k(x+1))dx+j12(2kx2)dx=1=>

X2 L (2k\T k 16k 2k 37k 6
k|—+x + =l —4k+———=1l=—=1=k=—
2 ) 3 2 3 3 6 37

1

In this case, since the complementary event is just using one part of the piecewise function, it is
simpler to calculate the probability by using the complementary event.

2 0.5

378 2
0
63 5 _148-15 133

37 84 148 148
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5(12 4x\]® 27 4 19
c) P(1<x<1.5)=j15(—x2)dx: i | I A .
1 37 37 )|, 74 37 74

frlptie-3vacn+l )| [Tofnlnt ce-37RE (x
pfa B L2+ RInt C12) (41 2. 0 Ba La+fRlnt
FAPRF R 1 20vFral |C12-37 0" e 1220
= —CSB-372ED

S8-37 284457688

In order to find the median, we need to find the interval in which the value of m lies. Since the first
part of the area under the probability distribution function is less than 0.5, we can conclude that the
value of m is in the second interval.

frInt (6~37CE+10,

“aHl.12rFrac
Q37

1 9 37-18 19
The remaining part of the area is: ——— = =—

37 74 74

EGUATIOW SOLMVER | |[frnIntclz-37Ee. =4

eyniA=fnIntl12-3 | ®=1

FHEZaral.MI-19-74| mM=1.5
bound=L-1g99. 1
s ]eft—rt=A

50 3
So, the calculated values of the mean, median and standard deviation are — , —and 0.528 respectively.

2kx 0<x<l
2kx? 1<x<2
k(8—2x) 2=<x<4

5 f(x)=

0 otherwise

b) It is difficult to sketch the graph before we find the value of k; therefore, we are going to do part b
first and then part a.

J: (2kx) dx + LZ (2kx?) dx + j: (k(8—2x)dx=1=

N2
(o (25| =) =1 2 - g2k




6

a) 2
.
i
1 2\4 '
-1
C) ' L1 ’ L) ! 2 % i
L < ol J(, de+J2(,.(4.X,x )
L(”' de To find the median, we had to establish the interval in which
ﬂi Jd"r(i-xz)dx z the median lies. We saw that the area under the first interval is
R P less than 0.5, whilst the area under the first two is greater than

sove r(;_g.xz)dx%-%,m) o 0.5, and therefore the median must lie in the second interval.

. MBB;S To calculate the mean value, we must not forget to subtract

| the area under the first interval.

e J(%)dgim) m:mi

. 2
J J HJ HJ 2 ool 2] | B

° : : = The values of the mean, median and standard deviation are
200 113
Jas205 0.757091 § ,1.89 and 0.757 respectively.
7./99E

d) Looking at the previous calculation, since the area under the
first interval is 2—39 < i , we can conclude that the first quartile
(a) lies in the second interval. Additionally, since the area under
the first two intervals is % < Z , we can conclude that the third

quartile (b) lies in the third interval. Again, we must not forget to
subtract the areas of the previous intervals when calculating the
quartiles.

We have taken only one solution for the third quartile since the

48205
200

0.757091

2
53
a2
2

87 +24
6

0983428

10/9:

other solution lies outside the interval [2, 4]. So, the interquartile range is 0.983 (correct to three

significant figures).

15
—(x4—2x2+2) 0s=x=<1
76

f(x)= 15 121

——(15x-121) 1<x < —
8056 15

0 otherwise

l
o
9
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a) ,LL=J.lef(x)dxﬁL.[111251 x f (x)dx =247

Since x is measured in tens of hours, the mean life is 24.7 hours.

b) Since the value of x is measured in tens of hours, x = 2.
215
P(x>2)=|"]|———(@15x—-121) |dx
r>2)= [ g 0x-120)
So, the probability that a battery will last at least 20 hours is 0.514.

¢) Since both batteries have to work for the unit to work, we need to multiply the individual
probabilities that each battery works for more than 20 hours. (The working of one battery is

independent of the other battery.) The probability that the unit will work is 0.264.
121 8453

1 15 3420
L letoz®an)|axe B f1sx-121)fax
76 8056

8453 247164

121 8281
15 16112
( 15 -(15-x*121))dx
8056
8281 0.513965
16112

[0.51396474677259)2 026416

B
5199

3
—y (10 — 0=sy=<10
7 f()= sog Y 10-y) 0=y
0 otherwise

10
3 ¢, 5 3 (10y° »* 3 (1 1) 1
== ["(10y? = y*)dy = —| 2 -2 || =—=x10000{=->]|=60x—=5
W H=gosly 107y 500(3 4 )] 500 3 4 12

Since y is measured in tens of hours, the mean value is 50 hours.

m 1 3 R P 250
b) — (1Oy—y2)dy:—:>— 5y° S =t - s 2 s —15m? +250 =0
500 +o 2 500 3) 2 3 3
This cubic equation can be factorized, for which we can use synthetic division (Horner’s algorithm):
m’ —15m’ +250 = 0 = (m—5)(m* —10m-50) =0 => m =5
However, it is easier to solve it by using a GDC.
Flobi Flokz Flok:
SRR F-1THE+258
whe=
wh =
~Ny=
sYe=
S 2ak o
wMe= H=E =0
So, the median value is 50 hours.
3 (0 3 (5 1 ] 3 5
o o'=—| (10y’=y")dy-5 =—(— - 5)] —25=—><10000(——2)—25
) 500 -0 ( r ) 4 500 2'y S‘y o 500 2

1
=6O><5—25=5:O'=x/_:2.24

So, the standard deviation is 22.4 hours.




d)

e)

P(y>38)

b)

<)

10 2 _i
(10y y)dy_Soo

" 500 %
)—(320—— =
500

o (57)
500 3
Since the bulbs should last for more than 80 hours, the value of the variable y should be greater
than 8. ,
P(y>8)xP(y>8)= (ﬁ) =
125 15625

‘At least one has to be replaced’ is to be calculated using the complementary event. The
complementary event is that no battery has to be replaced (both batteries will last for more than

4]
512)) 3

52 13
500 125

500 — 448
3

1000
500 — ——
3

169

8 hours).

1
1_P(y>8)XP(y>8)=1_ 69 _15456

15625 15625

[ 1
-y 0=<y<2
8
- %(4—)/) 2<y<4
0 otherwise

27fty)

,u:_[:xf(x)dx+_'.24 xf(x)dng

We need to find the area under the curve in the first integral. We notice that the area is 3 > e so the
1

first quartile (a) lies in the first interval. At the same time, since 5 < Z , we can conclude that the

third quartile (b) lies in the second interval. Notice that the GDC gives us three possible values of b,
but only the middle one lies in the second interval. Finally, b —a = 2.8926 — 1.81712 = 1.08. So, the

interquartile range is 108 barrels.

7E

b=-182305 or b=2 8926 or b=4 93045 5
4199
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d) Since 10% is even less than 25%, we can conclude that the pumps will need replacing within the first

interval.
107548 a‘

1

2.8925964043784-6 >
21

A
satve| | |22 et e 10333
8 10 =
s
0
c=1.33887

2L
10232
Pt
5

So, if the production falls below 134 barrels, we need to replace

=) the pumps.

c
2sys<>5
9 fly)=40-»(-6)
0 otherwise
1 1
- I 5
| ¢ |5 5
a ————dy=1=c¢ + dy =1 :>——( Infl—y|+In|y- 6|):| 1=
> Li0-9 L 5-9 5 :
c 2cln4 5 5
——((—ln4+ln1)—(—1n1+1n4))=1=> =l=c= =
5 = = 2ln4 4In2
5
b) u= zyf(y)dy—— o= \/J y* f(y)dy - = 0916
H 1
“ 4-15(2)7 -
=T
B . J5 s ((2))3)
[EEne
JS-(S-In(Z)*S) 0916457
2n(2)
|
=l
alby—y*) 0<y<5
10 f(y)={ lby=y?) 0y
0 otherwise
5
5 o B by y | _ B 1 ~ 6 B 6
2) Jo(“(by y))dy_lzm( 2 0_1:”’_27519_1275_755_250_25(3;,_10)
2 3

Since we found a in terms of b in the previous part, we are going to use that substitution to solve this

b)
problem. .
5 6 by’ ! 5
by* = y')dy =3 25(35-10)( 4)} 2

25 (319—10)J

(12519 B 625) 125 (3b— 10) - E(‘Lb— 15) _
3 4 12 12

So, b =5.

125(3b—-10
#:419—15:319—10



6 6
25(3 X 5— 10) 125°

,_ 6 5 _ 6 (50 y°
) =1 (y )y - ()_125( 5)]

4
(5 ) 25 30-25_ 5
4

And, a

=i><625 ——1 =
125 4 4
k asx<b
= 0 otherwise 0<as<b
j"kdx=1:>(kx)]§=1:k(b—a)=1:>k=b1
a —a
AT b b+
b) i) ,u:-[b 1 ¢ dx = 1 (x° _ 1 (bz_az):M( a)=a+b
ab—a b—al 2 2(b-a) 2(b—~a 2
ii) Lmbiadxzi (x)] ZE:b%(m a) = %:m—azb;a :m:a;—b

2 3\ 2 2
o =g (2 S g2
ab—a 2 b—al\ 3 )] 2 3(b—a) 2
_(a) (b +ba+a’) a’+2ab+b
- 3(b~a) 4

1(a —2ab+ bz) (a by
12 12

1
=5 — (4a® + 4ab + 4b* — 30> — 6ab — 3b°)

5
12 f(x)=4 31
0 otherwise

75 5(x Y[ 1((17 12 1511
a) i) Pl2<x<17)= [0 dx:—(x—) =— (—) ( ) =2
2 3] 3105 Js 3110 10 4000
5
o (m5xt 1 5 (Y 1 m-1 1 . 33 33
ii) dx=—=—|=—|| =—= =—osm="—=m=j3— =175
131 2 "31\s5 )| 2 31 2 2 2

iii) We will use the complementary event since this involves a slightly simpler calculation, as the
event has 1 as a boundary.
255t 1 pksxt 35 (xs)]k 3 K-1_3 97 97

=== == k="=k=}—=189
4 31 4 4 4

1=sx<=2

5

=
k31 4 131 4 31

b) ‘Atleast one’ of them is larger means that we are going to use the complementary event, which is no
observation is larger than 1.5:

P(B)=1-(P(x <1.5))

So, to find this, we need to find the probability that one observation is smaller than 1.5.
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3 5

3

3 4 5\, —| -1

=5 5 2 ( ) 243-32 211

P(x <1.5) = '[12 * dx (x_)] _\2 = =—=0.213

31 315 )| 31 31x32 992

1

2
Therefore, we can find the probability: P(B) =1— (P (x < 1.5))° = 1— (%) =~ 0.955

0 0=x<5

13 F(x)=1 k(x’ -21x* +147x-335) 5<x<7

a)

d)

1 x>7
The cumulative distribution function is such that:
1
F(7)=1=k(7°-21x7" +147x7-335)=1= 8k =1= k=

To find the probability density function, we need to differentiate the cumulative distribution
function with respect to the variable x.

3, 21 , 147 3 ,
, —x'-—x"+— 5=x<=7 —(x=7) b5=x=7
f(x)=F'(x)=1 8 4 8 =<8
0 otherwise 0 otherwise

The median can be found by using the probability density function, or the cumulative distribution
function. Since the first method has been demonstrated in the previous question, we are going to use
the second method this time.

1 1, 5 ) 1 3 2 _
F(m)—5:>§(m —21m +147m—335)—5:>m —21m’ +147m—339 =0

Flokl Flokz Flokz
“SMIBREF-Z21REH147 R
-339
wMe=
wMar=
wMy=
B Zetn
~Me= ¥=Ey1zEgEa [v=n

So, the median value is 5.41 (correct to three significant figures).

To find the variance, we need to find the mean value first. We are going to use a GDC to speed up the
calculation.

Flokl FlokZ Flots frlntocaY1 8572
B3RS0 E-FaE +M

wMWe= S
W= frIntCEeYy . 8.5.7
wMy= A-MErFrac

wMo= 320
“Me=
~MWe=

3
Var (X) = —
(X) -



14 f(y)={

15

4yf 0<y=<1
4 4 k>0
0 otherwise

L k+1\ ! 4
dyfdy=1= 4|2 ] — 1= 4=k+1=k=3
o [ara=1s4 25 1oy

b +1

! 3 L a y 4
b u=[ayxydy=] 4y dy =4\l =3
0

¢) Since the probability is 0.5, the value of a is actually the median value. Therefore, we are going to use
the complementary event to calculate the value of a in a simpler manner.

a 1 BRI 1
P(y>a):0.5:P(y<a):O.5=>J.04y3dy:5:4(y?1| =E=>a4=5:

0
1 s
a=4~-=""=0841
2 2

_yz 2
fly)= 2ye” y=0 , where y is measured in thousands of hours.
0 otherwise

a) Firstly, we need to see that the probability density function is always non-negative.
- -y
f)=2ye =0
=0 ~
Then we have to confirm that the area under the curve is equal to 1.
. y —t? s 2\ s —o V" _(—p")) = =
hmJ.OZte dt—}l_r)ri(e )] —hm(e (e))—0+1—1

y—reo 0 y—>oo
b) P(y>2)=1-P(y<2)=1- joz 26" dt = 1—(—e‘f2)]z =1-(—e*+1)=¢™* = 00183
¢ p=lim joy 267" dt

y—eo

Notice that with respect to the values of the function, 100 can ‘play’ the role of positive infinity.

frlptc2Zuee™] =il

22 H. 18ED
 BEEZZED2SS

Timar2
 SEEZZ2E9255

O Py=m=is [tz o (o) =t o (e 1)

1
-m’ =1n5:>m2 =ln2=m=+In2 = 0.83256

EQUATION SOLMER | [frIntd2@e™0 -¥..=8
ey B=frlnt (2E5e" | B=1
CoEEdamaEHaMa—1-2| mM=. 83255461115,
bound=+{-1g99.1..
s ] eft—rt.=H




_ 1 a 7,2 _ 1 7[,2 a _ 1 *(12 _ 1 3

e) P(y$a)_2=>jo 2te”" dt = 4:>(—e ):lo = =>(—e +1)—4 =>4

3 4
—a’ = an:aZ = lngz 2In2-In3=a=+2In2-1n3 = 0.536 36
3 ("t -\ 23 =351
P(y$b)—4 :>J0 2te dt—4 :>(—e )]0—4 :>(—e +1)— gy
1
-b* = an:>b2 =ln4=2In2=b=+2In2=1.17741
Therefore, the interquartile range is: b —a = 0.641 05.
_ 0.2 —t _(_ - 02 _ [ -02? _ 1 004 _

f) P(y=02)=] 2t dt=(-e")] =(-e" +1)=1-¢"" ~003921
Since we would like not to have servicing of an engine valve, we use the
complementary event, which has a probability of 0.96079. So, to find the
probability that the engine (at least one valve) needs servicing before 200
hours of work, we calculate: 1— (0.960 79)2 ~ 0.076 88.

1 cy + y—z 0sys<2
16 f(y)=1217""
0 otherwise
1 . (o v\ 8 5
a) r— cy+y— dy=1=— P 2|l s1m2c+2=22c=2
02 3 2l 2 9| 9 9
1
i 5 ¥y 5y’ 5 1 7
b) P(y<l)=||—=y+=|dy=|—+=]|| =—+—=—
) Ply<1) -[O(ISy 6) 4 (36 18)] 36 18 36
¢) Now, in this problem, we have a binomial random variable: X ~ B|n =10, p = —

d)

Chapter 17

frlntodie™( =¥,

2l 20
 A39Z21A56AS
1-An=
 FEEATEL T2
1-Anse
I S T

7

9

7Y (29Y
p(x=3=| 1" (—) (—) ~ 0.1942
3 36 36
Let H be the event that a student needs at least one hour to complete the exam.
7 29
PH)=1-—=—
36 36

Next, let’s assume that a student needs at least 90 minutes to complete the exam. Again, for ease of

calculation, we are going to use the complementary event.

3
3 2 2 3 5
I ) Sy P
P(Y=15)=1-P(Y <15)=1—|*—y+—|dy=1—-| —+*—
( ) ( ) ) (18y 6) 4 (36 18)]0
5 v ;1
144 144 144 2
1
5 18
Therefore: P(Y = 1.5|H) = = = — = 0.6207.
29 29

36




. f(y):{ky (5-y) 0sys<5

0 otherwise
) [ kPG-ydy=1=k 522 5—1:>k><625(l—l)—1:>62—5 1o k=12
0 T 3 4] 3 4 12 625
12 YA 12
b) = ydy=—|5L -2 || = 625(§—1):3
0 625 625" 4 5)| 625 4

m 12 1 12 T 1 12 (s omt) 1
el R e Rl | I e
0 625 2 625\ 3 4 2 6250 3 4 ) 2

)/2/ 20m° —3m* 1

X === 6m" —40m’ +625=0
625 17 2 " "
To solve this equation, we need to use a calculator and the PolySmlt2 application.
ay ¥h+., +atx+anp=A ay ¥H+, +ai x+an=A
ay =6 #1BE. 237411443
a:=-48 *z=3. 871362159
az =@ #z=-1.32185345...
ai =M wy=-1.32185346...
a0 =625
[ARIMAODENICLRILORDNZOLVE] | [(HRINWAODENCOEFN 270

The only solution in the given interval is x,; therefore, the median is 3.1. To find the mode, we just
need to ﬁnd the maximum point of the probability density function.

J0) =57 (S‘y):f'(y):%(zy(f?—y)—y%%(lo—m:

, 10
f (y)=0:>y=00ry=g
The first value gives a minimum value, whilst the second value gives the maximum value; therefore,
the mode is 3.3.

12 N 12 9 3 11297
9 D=y sy = (52 L) 2 (5 2] 2,
625" 625" 3 4 )| 625 4) 625 A 625
12 5\ T 12 25
d) - Ydy-3 =—|5L L —9=—><625(5——)—9
0 625 625" 5 6 )| 625 6

5
=12><g—9=1:>c;=ﬁ=1

412 12 (v » '
+0e[2,4]=2PR2<Y<4)=P(Y <3 *(5—9y)dy=—|5%4-Z-
e U [2,4] = P( )=P(Y <3)= 625y( y)dy 625( v )|

12 4
=—((5x6_—64)_(5x§_4))=Hx(@—éo)
625 3 3 625 3
12 100 16
= =0.64
625 3 25

We notice that this is fairly close to the empirical rule of about 68% within one standard deviation of
the mean value, so we cannot say that it contradicts it.
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4

— (-t ost=<5

18 f(t)=1 625
0 otherwise

4 4 e\ 4 5\ 4x5 10
a) p= S—t(5t3 —t')dt = —(ts ——H = — x5° (1——): — ==
0 625 625 6), 5 6 6 3

To find the mode, we need to find the maximum point of the probability density function on the

given interval.

4 4 4t* (15 — 4t)
t)=— (05 —t")= f'(t)= — (15" — 41’ ) = ———2
f® 625( ) £ 625( ) 625
4t* (15 — 4t 15
f'(t):0:>¥:0:>t:00rtzi

625

15
The first value gives us the minimum probability; therefore, the mode is o

m 4 4 (st e\ 5m* m’ 625
b) [ -t)d=1=>—|Z - || =17 S22 4 5wt +3125=0
v 625 625( 4 5)|, 4 5 4

To solve this equation, we need to use a calculator and the PolySmlt2 application.

st a1 x+ar=H Fcx5+, 31 x+an=H
ac =4 w1 B3 . 3434455365,
ay=-9 wr =5 343440536,
az=H wr=-, 34251652
az =H Wy =, 934251652
a1 =4 ®E="3., 063337957
an=31235
[HATNVAODENCLRILOADNZOCYE]| |IRRINVAODENCOEFT 570

We have multiple roots but only one root is within the given interval; therefore, the median value is
3.34 (correct to three significant figures).

2 4 4 (st £\ 4 32 5 1
€ P(l<t<2)=| —('—-t")dt=—|—-—= :—x(zo————+—)
1 625 625\ 4 5)| 625 5 4 5

4 75 31 A 375-124 251
=— = x = ~ 0.0803
625

T 625 205 3125
O oo 51t2(5ts_t4)dt_(ﬂ)z_i sttt S_Q_ixf;w(z_z)_@
0625 3 625\ 6 7 )], 9 5/ 6 7 9

1 100 250 100 750-700 50 50
=500X———=—"-—=—"—"""—=—=0=,/—=0.891
42 9 21 9 63 63 63

e) Firstly, we need to calculate the probability that one plane has been delayed for more than one hour.

14 4 (5t ¢ 4 (5 1
P(t>1):1—P(t<1):1—j — (5t —t*)dt = ——(———)] =1——(———)
0625 625 4 5)] 625\4 5

4 21 21 3104

4 5

—— X = — =
625 20 3125 3125

3104\
i) PEt>1)xP(t>1)=|——| =0987
) (> 1)xP( )(3125)




ii) Again, in this case, we are going to use the complementary event:

21 Y
1-(P(t<1 2:1—(—) =~ 0.999 95
(P(t<1) 1125

iii) We can even apply the binomial distribution in this case:

3104 3104 21
X~B(n:2,p:—):>P(x:1):2><—><—z0.01335
3125 3125 3125
Solution Paper 1 type
1
—x 0sx<3
19 fx)=1°
27
— 3<x=a
8x
2\ P a
f(lx)dx+ (2—72)dx=1:>l X +Z(_ln e
o\8 3\ 8x sl2)], 8\ xJ| 16 8a 8
27 27 27 16x27 54
16 8a 16 8a 11%x 8 11

Solution Paper 2 type

19

ERUATION SOLVER | (FrInt(l-~8+¥,H. =H| [ArFrac
edr i B=fnlnt.l-8+ | H=1 o411
A By Za+rInt 2| = A=4 . 9898989894,
TACBREI B3 A1 | bound=+-1g99.1..
= lett—rt=8
lx(4—xz) O0sx=2
20 f(x)=
0 otherwise
4 m 4

lx(4—x2)dx:l:>l(2x2—x—) =l:>2m2—m—:2:>m4—8m2+8:0
0 4 2 4 4)], 2 4

This quartic equation has no rational solution, so we are going to use a GDC to solve it. Notice that there
can be only one median value and its value should be in the neighbourhood of 1.

EQUATION SOLVER | [Wd—-8H+3=08
e B=E"d -2 +5 w=1. 8823922002,
bound=4{-1e99.1..

Another way to find the median is to put the
integral value directly as the finite integral.

EQUATION SOLVER | (frIntol-d&cd4—=A

e A=frlIntl 4= | H=1

Ld—HKed M. B Ma=1-| mM=1.8323922082..,

2 bound=+-1e99.1..
s ]aft—rt=A

So, the median value is 1.08 (correct to three
significant figures).
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Exercise 17.5

Solution Paper 1 type

1 Let X be the number of hours it takes to change the batteries. X ~ N(u = 50, 6° = 7.52).

XK=
We are going to use the tables to standardize the variable. Z = Tﬂ .

P(X =< 50)= 0.5, since 50 is the mean value.

P(50 < X <75)=P(0 < Z < 3.33) = 0.9996 — 0.5 = 04996

P(X <425)=P(Z<-1)=1-P(Z<1)=1-08413=0.1587

P(425< X <575)=P(-1<Z <1)=2x08413—1= 06826

P(X>65)=P(Z>2)=1-P(Z <2)=1-09773 = 00227

P(X = 47.5) =0, since X is the continuous variable and the probability of obtaining an exact value is 0.

- Mo Q N T v

Note: The accuracy of the answers is not as given in the textbook since we were using the tables. See below for the
results obtained using a calculator.

Solution Paper 2 type

1 normCdf{-,50,50,7.5) 05
normCdf{50,75,50,7.5) 0.499571
normCdf{-® 42.5,50,7.5) 0.158655
normCdf{42.5,57.5,50,7.5) 0.682689
normCdf{65,%,50,7.5) 0.02275
normCdf{47.5,47.5,50,7.5) 0.
|

6/99]

2 a) P(z<12)=P(-12<z<12)=2x0.8849—1=0.7698
b) P(z]|>14)=P(z<-14)+P(z>14)=2%xP(z>14)=2(1-P(z<1.4))
=2(1-0.9192) = 2x0.0808 = 0.1616
Let X be the normal variable, where X ~ N ( U=3, o’ = 3).
3.7 -

V3

d) P(x>-37)= P(z 5 %) —P(z>-3868)=P(z <3868) ~1

3
<) Pu<3n=P@< ):P@<Qm@=0mm

Using a calculator gives slightly different answers:

13]

normCdf{-1.2,1.2,0,1) 0.769861
2-normCdf{1.4,#,0,1) 0.161513
normCdf{-®,3.7,3,1.732050808) 0.656947
normCdf{-3.7,,3,1.732050808) 0.999945




3 Let X be the mileage of a car, where X ~ N (u =114, 0" =1.26").
84-114
a) P(X <84)= P(Z < T) = P(Z<-238)=1-P(Z<238) =1-09911 = 0.009

b) In solving this question, we notice that both values can be written as11.4 + 3, so we can use the
previous result and this symmetry.
P(84<X<144)=P(-238<7Z2<238)=1-2xP(Z<-238)=2%xP(Z<238)—-1

=1.9822-1=0.9822
Here, we are going to use the function mode and calculate the definite integral under the normal curve.
Notice that we need to adopt the window.

Flatl Flokz Flots I OO
=M1 BEnormal FdfCxEs amin=4.4
11.4:1.262 “max=18.4
wNe= nscl=1
WMr= “Ymin=-.1
wMy= “max=.4
wMe= Yecl=.1
wMWE= Hres=1 SRR dx=. 00BEZZ06 JEORdx=BEZ7 2206

4 P(Z>2)=01=P(Z<2)=09=2=12816
5 P(Z>2,)=095=P(-z,<Z<2,)=095=2%xP(Z<z,)-1=095=
P(Z<z,)=0975=z,=196

Solution Paper 1 type

6 Let X be the scores on the examination, where X ~N(u = 550, 6 = 100°) .

a P(X<4oo)=P(Z<%)=P(Z<—1.S)=1—P(Z<1.5)=1—o.9332=o.0668
b P(450<X<650)=P(450180550 <Z< 650180550)=P(—1<Z<1) =2xP(Z<1)=1=2x08413-1= 06826

=1.2816 = a = 678.16 ; therefore, we need to score at least 679.

c P(Xsa)=0.9:P(Z<a_550)= 9= 3730

d P(|X|sa)=o.5=>P(—a_550 <7< G_SSO)=OAS=>P(Z$ 0_550)=o.75=>
100 100 100

=50 _ 6745 = g = 62745

So, a is the upper quartile, whilst to find the IQR we need to double the distance to the mean value. Hence,
IQR = 2 X (627.45 — 550) = 134.9.
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Solution Paper 2 type

6 a-b [ormalcdfs -4568. 4 ¢ |linvHorme.9,.558.1
EA, 556, 1887 (5]5 )
nDPmEiES??EE%?EE Note: —450 takes the role of —ee. 678, 13013567

«55H. 1837 Itis sufficient to tke 10 standard
« BE263343@3|  deviations from the mean value.

d Here, we will demonstrate a solution by using the function feature on the calculator. We are going to find the
distance between the mean value and the upper or lower quartile. The IQR will then be calculated by doubling that
distance.

Flatl Flokz Flok
=M1 Bnormal cdf (55
B-¥, 550+, 550, 18

A2
=zB.S
Nz=

why= Inkerseckion
=Ne= W=B7.44B9E: Y=E

IQR =2 x 6745 =1349

7  In this problem, we are going to use Solver on a GDC. Solver has the option of using multiple variables,
changing them according to the information given in the question, yet solving the equation for one
variable at a time.

a) [EGRUATION SOLVER normalcdf s -18.. =8
=4t B=normal codf o M=512
-1888. 588, M. S -F S=5.7
sP=_ 817634141684 .
bound=+L -1 99,1
s left—rt=4
So, 1.8% of the bags would be underweight.
b) [mormalcdfe-18.=A] © |[hormalcdft-16.=@
(=509, 9789877 2. =514
S=5.7 n 5=, P 1204800863,
F=.04 F=.0A4
bound=< -1 29, 1. bound={-1e99,1..
s left—rt=-Se-14 s ]aft—rt=H

So, the mean setting (part b) must be 509.979. And, the standard deviation (part c)
should be 5.712.

8 Let X be the heights of the students, where X ~ N ( u=151,0" = 64) .

a)-b)  [mormalcdfi(rl. 166
2151.50
. SEDERITOEZE
nahmalchi145=15
7.151.25
LS4E7454411




9 Let X be the number of minutes, where X ~ N ( u=12, o’ = 4). To find the number of days, the
calculated probabilities will be multiplied by 180 school days.

a),b) &) 180-normCdf{17,,12,2) 111774 &
180-normCdff-,10,12,2) 28.5579
180-normCdf{9,13,12,2) 112.438

™
3/991

So, the answers are 1 day (part a), 29 days (part b) and 112 days (part c).

Solution Paper 1 type

10 P(X<16.56)=o,64:>p(z<M) 0.56

=064 =—=03585= O'=ﬂ= 1.56
o 0.3585

Solution Paper 2 type

10 Again, we will use Solver on a GDC.

EQUATION SOLMVER | |mormalcdfc -18.=
ot B=fnormal cdf C| = 5=1. 536224303933
-188, 16.56: 16,52 || bound={ -1 99,
—. 54 s ]left-rt=A

Solution Paper 1 type

104—91)
o

=O.754:>E=O.68713:>0= =
o 0.68713

1 P(X>104)=O.246:>P(X<104)=O.754:>P(Z<

Solution Paper 2 type

11 Again, we will use Solver.

EQUATION SOLVER | |hormalcdfclid,. =
o B=fnormalcdf | mS5=18. 919243877
184, 1860, 91 . 52—(| boynd=L-199,

. 2 s left—rt=6

12 Using Solver on a GDC: EGUATION SOLVER | |hormalcd
e B=normal cdf o = M=30.81
%%éﬁlelEB:H:S}—. I:u:-und=+-=5
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Solution Paper 1 type

13 P(X>63)=O.878:>P(X<63)=O.122:>P(Z< 633"2“)=o.122:>

83 K 1165= 63— = —372815=> u~1003

Solution Paper 2 type

13 EQUATION SOLVER |[hormalcdfiEs, . =
edn: B=normal cdf | = M=180. 22151836
G 18EAA. M. 32—, || bound=L-199.1...
are s ]left—rt=8

14 Given that the variance is 25, we have to be careful and input the standard deviation of 5 into the
calculator.

EIHLIFITIIIIH SOLVER | mormalcdfd -18.=

fiiE=normalcdfC| =M=29,9568945141..
'1EIEIEI 27.5:M: 52— | bound={-19%,1...
312 v left-rt=6

15 To solve this problem, we need to set up a system of two equations with two unknowns.

14.6 14.6
p(z> “)=0.935 Pz < g L
P(X > 14.6) = 0.935 } - -
=
P(X > 29.6) = 0.022 29.6 - 29.6 -
( ) P(Z > “) = 0.022 P(Z < ”) ~0.978
(0} (o)
146-u 146-pu
- = invNorm (0.065) invNorm (0.065)
=
29.6 - 29.6 -
E _ invNorm (0.978) A =
c invNorm (0.978)

We are going to use a graphical method on our GDC to solve this system.

Flakl Flokz Flot
MBI, E—E s i
Harmi (513

zEER0 BT i
HDPmﬂ Q7S

WA= /\\
Wy = Inkcrkseckion

wMe= n=cl 07156 JY=h.2E1468E .

The variables x and y are the mean value and the standard deviation respectively.




16 Again we need to set up a system of two equations with two unknowns.

19.6 19.6 -
P(Z > /,L) =0.16 P (Z < u) =0.84
P(X >19.6) = 0.16 } - -
=
P(X <17.6)=10.012 17.6 — 17.6 —
( ) P|Z < 'u) =0.012 P(Z < 'u) =0.012
o o
19.6— | 19.6— 1
=1 — =0
invNorm (0.84) invNorm (0.84)
17.6 — 17.6 —
® _ invNorm (0.012) a =0
c ] invNorm (0.012)
Flokl Flokz Floks
SR 1= L R e B T
Mot . S )
MEBCLE L BRI S inw
Mormd . @122
wNr=
iy = Intcrseckion
~YE= H=1B.9B6%2E V= B150B4ZY .
17 Again, we need to set up a system of two equations with two unknowns.
162 — 162 —
plz>=2"H)=0122 P(Z <227 H) 0878
P(X >162) = 0.122 o o
P(X <56)= 00276 [ 56 — 56— -
e pz< “):0.0276 P(Z< “):0.0276
c o
162 — | 162 —
invNorm (0.878) invNorm (0.878)
56 — 56 —
K invNorm (0.0276) £ _
Lo ] invNorm (0.0276)
Flotl Flokz Flots
WECIEZ=HI sinwi
oM. 378
MNeRCSE—HI S inubo
. 8276
wha=
iy = Interseckion
~Ne= H=iZl.BE4PY =34, 3E030E ,

18 a) We need to set up a system of two equations with two unknowns.
6.3— 63—
P(Z< “):o.oz P(Z< “):0.02

P(X <6.3) = 0.02 - o
P(X >7.5) = 0.05 75— - 75— -
e P(Z> ' “):0.05 P(Z< ' “):0.95

c o

63— | 63-u
o invNorm (0.02) invNorm (0.02)
=
7.5— 7.5—
2 _ invNorm (0.95) S

o invNorm (0.95)




b)
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Flaktl Flakz Flot
~MiBCE, 3RS 1nui
(al ol Ry S ey )
] - LA e R N TR

armi . 930
wr=
iy = Intersection .
whE= HeB.9BEIFEY V=.32YY4EEF
binomrdf (28, .87,
The probability that a pole is rejected is the sum of the probabilities 22

that a pole was too short or too long: p = 0.02 +0.05 = 0.07, and, since
there are 20 poles, we have a binomial distribution with the following

parameters: Y ~ B (n = 20, p = 0.07).

P(y=2)~0.252

2521485843

19 Let X be the number of millilitres of water in a bottle, where X ~ N ( u=1012, o’ = 25) .

1010 —1012
a) P(X >1010)= P(Z > f) =P(Z>-04)=P(Z <0.4)=0.6554

1000 —1012
b) P (X <1000) = P(Z < #) =P(Z<-24)=1-P(Z <24)=1-0.9918 = 0.0082

<)

n=10000x P (X <1000) =10 000 x 0.0082 = 82

20 Let X be the cholesterol level, where X ~ N ( U =184, o’ = 222).

a)

d)

-b) norpalcdf C2EE. 23 ¢) ERUATION SOLVER
a9, 2222 e B=normalcdt o
ey AT 184—H, 184+, 184,
normalcdf (2468, 4@ 22a=-.3
d. 184,222
HAS4S68022

rormalcdfCl2d. =A
=14, 838769541 .
boynd=4 -1e99.1..
s left—rt=4

So, the IQR = 2x14.838 7695 = 29.678.

EEUHTIDH SOLVEER
h: B=normalcdf .

% 4E4 184, 220-.08

normalcdf v s, 4. =8
=229, 18244540,
bound={-1e99, 1..
s ] eft—rt=0

21 Let X be the treadlife of the tyres, where X ~ N ( M =52000, o’ = 40002).

a)

—c) normCdf{64000,%,52000,4000) 0.00135 5

normCdf{-,48000,52000,4000) 0.158655

normCdf{48000,56000,52000,4000)

0.682689

™

3/99

So, it is not likely (0.14% chance) that a set of tyres last more than 64 000 km (part a); you would
expect 15.87% of the tyres to last less than 48 000 km (part b); and you would expect 68.27% to last
between 48 000 km and 56 000 km (part c).




d)

e)

22 a)

b)

V)

< So, the mean value and the standard deviation are 64.13 and 7.54 respectively.

;}'r ¥

1{x)=normCdf{-=, 52000+x,52000,4000)

02

rﬁﬂﬂ
5

100

So, the IQR =2 x 2700 =

5400 (correct to 3 s.f.).

057

005 12(x)=0.02

1(x)=normCdf{-» x,52000,4000)

X

(4.38e+4,0.02)

%

64000

So, the minimum life the company should guarantee is 43800 km (correct to 3 s.f.).

EEUHTIDH SOLVER
hi B=rormal oot
g% 1@@@@ BV 50—,

EEUHTIDH SOLVER
ni B=rormal cof
gg 1EEEE S51.5x-.

P (X < 53) = 0.07
P(X =73)=0.12

53—

= invNorm (0.07)

73—
o

= invNorm (0.88)

53-u
invNorm (0.07)
=
73—l _
invNorm (0.88)

Flatl Flokz Flots
M ECSEI—H A 1nHo
(o LA 5 P )

h?&EiE?-H}flhan

M=
~My=

Inkerseckion

wNe=

n=BEY. 14777 LY SR EYYBERE
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23 Let X be the diameter of a bearing, where X ~ N (,LL =3.0005, 0° = 0.0012) .

We are going to use the complementary event that the bearing is accepted.

l—rormalcdf 2. 99
2. 3.8602, 3. 8005, 8
. HEAL

A7 ZA1 69685

1-P(2.998 < X < 3.002) = 0.0730

24 Let X be the amount of fill in a can, where X ~ N (,u, o’ = 92) .

EQUATION SOLMVER | rormalcdf cZ237..=6
ot B=normalcdf | pM=216. A6Z2E37FEA. .
237 186888, M, 93— | bhound=L-199.1...
.81 s ]l aft—rt=0

So, the mean value is 216 cc.

25 Since we can translate the normal curve horizontally along the x-axis without changing the standard
deviation, we can write: X ~ N (u =0, 0'2) .

P (-30 < x < 30) = 0.95

EQUATION SOLYER | hormalcdfd -36..=A
ey B=fnormalcdt | mS=15. 38641 @54,
30, 3A0.A,5)—,95 bound={-1e99.,1..
s left—rt=0

26 a) Let X be the speeds of cars on the main highway, where X ~ N ( U, 62) .

P (X < 140) = 0.95
P (X < 90) = 0.1

140 140
} P(Z < H ) - 0.95 K _ invNorm (0.95)
(o}

- 90 —
P(Z < 20 ,u) =0.1 # _ invNorm (0.1)
(o2 o

140-p
invNorm (0.95)
90 —
L _s
invNorm (0.1)

Flokl Flatz Flobs

S ECLdBE-Er s inwH
ormE . 350 .

R = D] S R T TN T
[ A

wMar=

why= Inkcroeckion

wMo= H=i11.H867E _¥=17 0HCHOY .

So, the mean speed is 112 km/h and the standard deviation is 17.1 km/h.




b) We can use the stored values of x and y in the calculator for the following calculation.
tormalodf (118, 18

B a0
o 1EYEL

So, 54.4% of the cars exceed the speed of 110 km/h.
27 X ~N(u, o)

10— u 10— u
Pl Z = = 0.67 =i
P(X$1m2067} ( s ) pu invNorm (0.67)
=
P(X <12) = 0.937 12— _
( ) P(Z < /J) =0.937 H _ jnvNorm (0.937)
o o
10— u B
invNorm (0.67)
12—-u

=0
invNorm (0.937)

Flokl Flokz Plot3

S BC1A-S0 1Mo
(L S )
SNMeBClZ2-s0simwHo
[ L=

W=

“My=
wNe=

Einx
9198342 LY=1.B346025 .

So, the expected value is actually the mean value which is 9.19.

28 a) In this case, we can use Solver on a GDC since we will be keeping some values and recalculating
others with respect to the calculated values.
i) BOATION SOLVEE hﬁtm?échiIEEm=E

=i : B=pormal codf . =
1868, 188, M.52-P -Sfll.E%SSEEISIEES...

hound={-1e99, 1...
mleft—rt=-1e-14

)  Formalodiilon. =a
R H=118, 3res3ais.
o T

F=. 54
bound=L 199, 1..
e Teft-ri=1.%6-1%

b) Since A and B are symmetrical with respect to the mean, we can use one variable, x, to find both
values.
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COATIOH SOLVEFR
=i : B=pormal codf .
M- M+E. M. 52-F

=
=T zI=E0
[ s | I T | B T

nnrmalng(llE:lE
T sq4187T1L






